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NOTICE. 


This  set  of  volumes  differs  from  those  printed  for  the 
first  edition  by  reason  of  the  fact  that  Volumes  VI  and  VII, 
the  Tables  and  Formulas  and  Key  Volumes,  have  been 
placed  under  one  cover,  thus  making  six  volumes  in  the 
set,  instead  of  seven  as  formerly.  Otherwise  there  are  no 
changes,  except  the  correction  of  a  few  typographical 
errors  and  the  removal  of  the  volume  numbers  from  the 
title  pages  and  backs. 


PREFACE  TO   FIRST    EDIT  ION. 


The  Instruction  and  Question  Papers  which  are  furnished 
to  the  students  of  the  International  Correspondence  Schools 
become  so  badly  Avorn  and  soiled  when  a  student  has  com- 
pleted his  Course,  that  he  has  worn  them  out,  and  they  are 
no  longer  suitable  for  reference  or  review.  Since  the  In- 
struction Papers  are  very  valuable,  especially  to  those  who 
have  studied  them,  there  has  grown  up  a  demand  for  Sets 
of  the  Instruction  and  Question  Papers,  indexed  for  con- 
venient reference,  and  durably  bound  for  preservation.  To 
meet  this  demand,  we  decided  to  issue  a  new  edition  of  all 
the  Instruction  and  Question  Papers  of  our  various  Tech- 
nical Courses,  which  should  be  uniform  in  style  and  type, 
and  suitable  for  publication  in  book  form. 

The  volumes  for  the  present  Course,  the  Electrical 
Engineering  (formerly  the  Mechanical-Electrical),  are  six 
in  number: 

iii 


iv  PREFACE. 

Volume  I  contains  the  Instruction  and  Question  Papers 
on  Arithmetic,  Algel^ra,  Logarithms,  Geometry  and  Trigo- 
nometry, Elementary  Mechanics,  Hydromechanics,  Pneu- 
matics, and  Heat. 

Volume  II  contains  the  Instruction  and  Question  Papers 
on  Steam  Engines,  Strength  of  Materials,  Applied  Mechan- 
ics, and  Steam  Boilers. 

Volume  III  contains  the  Instruction  and  Question  Papers 
on  Machine  Design,  Principles  of  Electricity  and  Magnet- 
ism, Electrical  Measurements,  Batteries,  and  Applied  Elec- 
tricity. 

Volume  IV  contains  the  Instruction  and  Question  Papers 
on  Electric  Transmission,  Electric  Railways,  Electric  Light- 
ing, Uynamo-Electric  Machine  Design  (Continuous-Cur- 
rent), Motor  Design  (Continuous-Current),  Theory  of 
Alternating-Current  Apparatus,  and  Design  of  Alternating- 
Current  Apparatus. 

Volume  V  contains  the  Instruction  Papers  on  Geometrical 
and  Mechanical  Drawing,  and  the  plates  that  go  with  them, 
and  the  instructions  for  drawing  them. 

Volume  VI  contains  the  Tables,  Rules,  and  Formulas  in 
common  use.  All  the  principal  formulas,  with  the  defini- 
tions of  the  letters  used  in  them,  are  conveniently  arranged 
for  reference,  so  that  the  student  can  save  the  labor  and 
time  of  hunting  them  out  in  the  Instruction  Papers. 

This  volume  also  contains  the  answers  to  the  questions 
and  the  solutions  to  the  examples  in  the  Question  Papers. 

International   Corresi'ondence    Schools. 
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ARITHMETIC 


DEFINITIONS. 

1.  Arithmetic  is  the  art  of  reckoning^  or  the  study  of 
numbers. 

2.  A  unit  is  one^  or  a  single  thing,  as  one^'one  boy,  one 
horse,  one  dozen. 

3.  A  number  is  a  unit  or  a  collection  of  units,  as  one^ 
three  apples,  five  boys. 

4.  The  unit  of  a  number  is  one  of  the  collection  of 
units  wh4ch  constitutes  the  number.  Thus,  the  unit  of 
twelve  is  onc^  of  twenty  dollars  is  one  dollar. 

5.  A  concrete  number  is  a  number  applied  to  some 
particular  kind  of  object  or  quantity,  as  three  horses,  five  dol- 
lars, t&n  p.oimds. 

6.  An  abstract  number  is  a  number  that  is  not  ap-' 
plied  to  any  object  or  quantity,  as  three,  five,  ten. 

7.  Like  numbers  are  numbers  which  express  units  of 
the  sajne  kind,  as  6  days  and  10  days,  3  feet  and  5  feet. 

8.  Unlike  numbers  are  numbers  which  express  units 
of  different  kinds,  as  ten  months  and  eight  miles,  seven  dollars 
and  fiv&feet. 

NOTATION   AND  NUMERATION. 

9.  Numbers  are  expressed  in  three  ways :  (1)  bywords; 
(2)  by  figures;  (3)  by  letters. 

10.  Notation  is  the  art  of  expressing  numbers  by 
figures  or  letters. 

11.  Numeration  is  the  art  of  reading  the  numbers 
which  have  been  expressed  by  figures  or  letters. 

For  notice  of  the  copyright,  see  page  immediately  following  the  title  page. 
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12.  The  Arabic  notation  is  the  method  of  expressing 

numbers   by  figures.     This   method   employs  ten   different 

figures  to  represent  numbers,  viz. : 

Figures         0  12         3         436789 

ncughe.,    one      two     three    four     five       six     seven   eight    nine 
Names       cipher^ 
or  zero. 

The  first  character  (0)  is  called  naught,  cipher,  or  zero, 

and,  when  standing  alone,  has  no  value. 

The  other  nine  figures  are  called  digits,  and  each  one 
has  a  value  of  its  own. 

Any  whole  number  is  called  an  integer. 

13.  As  there  are  only  ten  figures  used  in  expressing 
numbers,  edich.  figure  vanst  express  a  different  value  at  differ- 
ent times. 

14.  The  value  of  a  figure  depends  upon  \Xjs,  position  in 
relation  to  others. 

15.  Figures  have  simple  values  and  local  or  relative 
values. 

16.  The  simple  value  of  a  figure  is  the  value  it  ex- 
presses when  standing  alone. 

1 7.  The  local  or  relative  value  is  the  increased  value 
it  expresses  by  having  other  figures  placed  on  its  right. 

For  instance,  if  we  see  the  figure  6  standing  alone, 

thus ,.   .  .  6 

we  consider  it  as  six  icnits,  or  simply  six. 

Place  another  G  to  the  left  of  it;  thus 66 

The  original  figure  is  still  six  units^  but  the  second 

one  is  ten  times  6,  or  6  tens. 

If  a  third  6  be  now  placed  still  one  place  further  to 

the  left,  it  is  increased  in  value  ten  times  more,  thus 

making  it  6  hundreds 666 

A  fourth  6  would  be  G  thousands 6666 

A  fifth  G  would  be  G  tens  of  thousands,  or  sixty 

thousand GGG66 

A  sixth  G  would  be  G  hundreds  of  thousands  .      666666 

A  seventh  G  would  be  G  millions 6G6G666 

The  entire  line  of  seven  figures  is  read  six  millions,  six 

hundred  sixty-six  thousands,  six  hundred  sixty-six. 
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18.  The  increased  value  of  each  of  these  figures  is  its 
local  or  relative  value.  Each  figure  is  ten  times  greater  in 
value  than  the  one  immediately  on  its  right. 

19.  The  cipher  (0)  has  no  value  itself,  but  it  is  useful  in 
determining  the  place  of  other  figures.  To  represent  the 
number  four  hundred  five,  two  digits  only  are  necessary,  one 
to  represent  four  hundred,  and  the  other  to  represent  five 
units ;  but  if  these  two  digits  are  placed  together,  as  45,  the 
4  (being  in  the  second  place)  will  mean  4  tens.  To  mean  4 
hundreds,  the  4  should  have  two  figures  on  its  right,  and  a 
cipher  is  therefore  inserted  in  the  place  usually  given  to  tens^ 
to  show  that  the  number  is  composed  of  hundreds  and  units 
only,  and  that  there  are  no  tens.  Four  hundred  five  is  there- 
fore expressed  as  405.  If  the  number  were  four  thousand 
and  five,  two  ciphers  would  be  inserted;  thus,  4005.  If  it 
were  four  hundred  fifty,  it  would  have  the  cipher  at  the  right- 
hand  side  to  show  that  there  were  no  units,  and  only  hun- 
dreds and  tens  ;  thus,  450.  Four  thousand  and  fifty  would  be 
expressed  4050,  the  first  cipher  indicating  that  there  are  no 
hundreds  and  the  second  that  there  are  no  units. 

Note. — When  speaking  of  the  figures  of  a  number  by  referring  to 
them  as  first  figure,  second  figure,  etc.,  always  begin  to  count  at  the  , 
left.     Thus,   in  the   number  41,625,  4  is  the  first  figure,   6  the  third 
figure,  5  the  fifth  or  last  figure,  etc. 

20.  In  reading  figures,  it  is  usual  to  point  off  the  num- 
ber into  groups  of  three  figures  each,  beginning  with  the 
right-hand  or  units  column,  a  comma  (,)  being  used  to 
point  off  these  groups. 
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In  pointing  off  th^se.  figures,  begin  at  the  right-hand  figure 
and  count — units,  tens,  hundreds ;  the  next  group  of  three 
figures  is  thousands,  therefore,  we  insert  a  comma  (,)  before 
beginning  with  them.  Beginning  at  the  figure  5,  we  say 
thousands,  tens  of  tJiousands,  hundreds  of  tJiousands,  and  in- 
sert another  comma ;  we  next  read  millions,  tens  of  millions, 
hundreds  of  millions,  and  insert  another  comma;  we  then 
read  billions,  tens  of  billions,  hundreds  of  billions. 

The  entire  line  of  figures  would  be  read:  Four  liundred 
tJiirty-tivo  billions,  one  hiuidred  ninety-eight  millions,  seven 
Jiundred  sixty- five  tJiousands,  four  hundred  thirty-tzvo.  When 
we  thus  read  s.  line  of  figures  it  is  called  numeration,  and 
if  the  numeration  be  changed  back  to  figures,  it  is  called 
notation. 

For  instance,  the  writing  of  the  figures, 

72,584,623, 
would   be   the   notation,  and  the  numeration  would  be 
seventy-two  viillions,  five  Jiundred  eigJity-four  tJiousands,  six 
Jiundred  twenty -tJiree. 

21 .  Note. — It  is  customary  to  leave  the  s  off  the  words  millions, 
thousands,  etc.,  in  cases  like  the  above,  both  in  speaking  and  writing; 
hence,  the  above  would  usually  be  expressed,  seventy-two  million,  five 
hundred  eighty-four  thousand,  six  hundred  twenty-three. 

22.  The  four  fundamental  processes  of  Arithmetic  are 
addition,  subtraction,  multiplication,  and   division. 

They  are  called  fundamental  processes,  because  all  opera- 
tions in  Arithmetic  are  based  upon  them. 


ADDITION. 

23.  Addition  is  \\iQi  process  oi  finding  W^o,  sum  of  two  or 
-more  numbers.  The  sign  of  addition  is  +  ,  It  is  read  plus, 
and  means  more.  Thus,  5  +  6  is  read  5  plus  6,  and  means 
that  5  and  G  are  to  be  added. 

24.  The  sign  of  equality  is  =  .  It  is  read  equals  or  is 
equal  to.     Thus,  5  +  0  =  11  may  be  read  5  plus  6  equals  11. 

25.  LiJie  numbers  can  be  added,  but  unliJce  numbers  can- 
not. Thus,  G  dollars  can  be  added  to  7  dollars,  and  the  sum 
will  be  13  dollars,  but  G  dollars  cannot  be  added  to  1  feet. 
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26.     The  following  table  gives  the  sum  of  any  two  num- 
bers from  1  to  12: 

TABLE    1. 


This  table  should  be  carefully  committed  to  memory.  Since  0  has 
no  value,  the  sum  of  any  number  and  0  is  the  number  itself;  thus,  17 
and  0  are  17. 

27.  For  addition,  place  the  numbers  to  be  added  directly 
under  each  other,  taking  care  to  place  iinits  under  units,  tens 
under  tens,  luuidrcds  under  hundreds,  and  so  on. 

When  the  numbers  are  thus  written,  the  rigJit-Jiand  figure 
of  one  number  is  placed  directly  under  the  right-Jiand  figure 
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of  the  number  above  it,  thus  bringing  the  unit  figures  of  all 
the  numbers  to  be  added  in  the  same  vertical  line.  Proceed 
as  in  the  following  examples: 

28.      Example.— What  is  the  sum  of  131,  222,  21,  2,  and  413  ? 

Solution.—  131 

222 

31 

2 

413 


sum    7  8  9    AnSi 

Explanation. — After  placing  the  numbers  in  proper 
order,  begin  at  the  bottom  of  the  right-hand  or  units 
column,  and  add,  mentally  repeating  the  different  sums. 
Thus,  three  and  two  are  five  and  one  are  six  and  two  are 
eight  and  one  are  nine,  the  sum  of  the  numbers  in  units 
column.  Place  the  9  directly  beneath  as  the  first  or  units 
figure  in  the  sum. 

The  sum  of  the  numbers  in  the  next  or  tois  column  equals 
8  tens,  which  is  the  second  or  tens  figure  in  the  sum. 

The  sum  of  the  numbers  in  the  next  or  Jmndrcds  column 
equals  7  Jmndreds,  which  is  the  third  or  Jiundreds  figure  in 
the  sum. 

The  sum  or  answer  is  789. 

29.     Example.— What  is  the  sum  of  425.  36,  9,215,  4,  and  907  ? 

Solution. —  4  2  5 

36 

9215 

4 

907 


27 

60 

1500 

9000 


sum    10  5  8  7    Ans. 
Explanation. — The  sum  of   the  numbers  in  the  first  or 
units  column  is  seven  and  four  are  eleven  and  five  are  six- 
teen and  six  are  twenty-two  and  five  are  twenty-seven,  or 
27  units;  i.  e.,  two  tens  and  seven  units.  Write  27  as  shown. 
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The  sum  of   the   numbers  in  the  second  or  tens  column  is 

six  tens,  or  GO.     Write  GO  underneath    27    as   shown.     The 

sum  of  the  numbers  in  the  third  or  hundreds  column  is  15 

hundreds,    or   1,500.     Write   1,500  under  the  two  preceding 

results  as  shown.     There  is  only  one  number  in  the  fourth 

or  thousands  column,  nine,  which  represents  9,000.     Write 

9,000  under  the  three  preceding  results.     Adding  these  four 

results,  the  sum  is  10,587,  which   is   the    sum   of   425,    36, 

9,215,  4,  and  907. 

Note. — It  frequently  happens,  when  adding  a  long  column  of  fig- 
ures, that  the  sum  of  two  numbers,  one  of  which  does  not  occur  in  the 
addition  table,  is  required.  Thus,  in  the  first  column  above,  the  sum  of 
16  and  6  was  required.  We  know  from  the  table  that  6+  6  =  12; 
hence,  the  first  figure  of  the  sum  is  2.  Now,  the  sum  of  any  number  less 
than  20  and  of  any  number  less  than  10  must  be  less  than  thirty,  since 
20  +  10  =  30;  therefore,  the  sum  is  22.  Consequently,  in  cases  of  this 
kind,  add  the  first  figure  of  the  larger  number  to  the  smaller  number 
and,  if  the  result  is  greater  than  9,  increase  the  second  figure  of  the  larger 
number  by  1.     Thus,  44  +  7  =  ?     4  +  7  =  11 ;  hence,  44  +  7  =  51. 

30.     The  addition  may  also  be  performed  as  'follows: 

425 

36 

9215 

4 

907 


sum     10  5  8  7    Ans. 

Explanation. — The  sum  of  the  numbers  in  units  column 
=  27  units^  or  2  tens  and  7  units.  Write  the  7  units  as  the 
first  or  right-hand  figure  in  the  sum.  Reserve  the  two  tens 
and  add  them  to  the  figures  in  tens  column.  The  sum  of 
the  figures  in  the  tens  column,  plus  the  2  tens  reserved  and 
carried  from  the  units  column  =  8,  which  is  written  down  as 
the  second  figure  in  the  sum.  There  is  nothing  to  carry  to 
the  next  column,  because  8  is  less  than  10.  The  sum  of  the 
numbers  in  the  next  column  is  15  hundreds,  or  1  thousand 
and  5  hundreds.  Write  down  the  5  as  the  third  or  hundreds 
figure  in  the  sum  and  carry  the  1  to  the  next  column.  1  -j- 
9  =  10,  which  is  written  down  at  the  left  of  the  other 
figures. 

The  second  method  saves  space  and  figures,  but  the  first 
is  to  be  preferred  when  adding  a  long  column. 


ARITHMETIC. 

31.      Example. — Add  the  numbers  in  the  column  below. 

Solution. —  8  9  0 

82 

90 
393 
281 

80 
770 

83 
492 

80 
383 

84 
191 


sum    3  8  9  9    Ans. 

Explanation. — The  sum  of  the  digits  in  the  first  column 
equals  19  7inits^  or  1  ten  and  9  units.  Write  down  the  9  and 
carry  1  to  the  next  column.  The  sum  of  the  digits  in  the 
second  column  +  1  =  109 /r;w,  or  10  hundreds  and  9  tens. 
Write  down  the  9  and  carry  the  10  to  the  next  column.  The 
sum   of  the  digits  in  this  column  plus  the  10  reserved  =  38. 

The  entire  sum  is  3,899. 

32.  Rule. — I.  Begin  at  the  right,  add  each  cohivin 
separately,  and  write  the  sum,  if  it  be  only  one  figtire,  under 
the  column  added. 

II.  If  the  sum  of  any  column  consists  of  two  or  more  fig- 
ures, put  the  right-hand  figure  of  the  sum  under  that  column, 
and  add  the  remaining  figure  or  figures  to  the  next  column. 

33.  Proof. —  To  prove  addition,  add  each  column  from 
top  to  bottom.  If  you  obtain  the  same  result  as  by  adding 
from  bottom  to  top,  the  work  is  probably  correct. 


EXAMPLES  FOR   PRACTICE 

34.      Find  the  sum  of 

(a)  104  +  203  +  G13  +  214. 

(b)  1,875  +  3,143  +  5,826  +  10,832.  ^^^    ^ 
{c)    4,865  +  2,145  +  8,173  +  40,084. 
(</)  14,204  +  8,173  +  1,065  +  10,042. 


{d)  1,134. 
(b)  21,676. 
{c)    55,267. 
{d)  33,484 
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ie)  10,832  +  4,145  +  3,133  +  5,872. 

(/)  214  +  1,231  +  141  +  6,000.  . 

(£■)  123  +  104  +  425  +  12G  +  327.  "^" 

iJi)  6,354  +  2,145  +  2,042  +1.111  +  3.333. 


{e)  23,982. 

(/)  6,586. 

(^)  1.105. 

{A)  14,985. 


SUBTRACTION. 

35.  In  Arithmetic,  subtraction  is  the  process  of  find- 
ing how  much  greater  one  number  is  than  another. 

The  greater  of  the  two  numbers  is  called  the  minuend. 
The  smaller  of  the  two  numbers  is  called  the  subtraliend. 
The  number  left  after  subtracting  the  subtrahend  from  the 
minuend  is  called  the  difference,  or  remainder. 

36.  The  sign  of  subtraction  is  —  .  It  is  read  minus, 
and  means  less.  Thus,  12  —  7  is  read  13  minus  7,  and  means 
that  7  is  to  be  taken  from  12. 

37.  Example.— From  7,568  take  3,425. 

Solution. —  mimcend  7  5  6  8 

subtrahend  3  4  2  5 


remahider  414  3    Ans. 

Explanation. — Begin  at  the  right-hand  or  units  column 
and  subtract  in  succession  each  figure  in  the  subtrahend  from 
the  one  directly  above  it  in  the  minuend,  and  write  the  re- 
mainders below  the  line.     The  result  is  the  entire  remainder. 

38.  When  there  are  more  figures  in  the  minuend  than  in 
the  subtraJund,  and  when  some  figures  in  the  minuend  are 
less  than  the  figures  directly  under  them  in  the  subtrahend, 
proceed  as  in  the  following  example: 

Example. — From  8,453  take  844. 

Solution.—  minuend  8  4  5  3 

subtrahe7id     8  4  4 


remainder  7  6  0  9    Ans. 

Explanation. — Begin  to  subtract  at  the  right-hand  or 
units  column.  We  cannot  take  4  from  3,  and  must,  therefore, 
borrow  1  from  5  in  tens  column  and  annex  it  to  the  3  in 
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Wilts  column.  The  1  ten  =  10  nniis,  which  added  to  the  3 
in  iinifs  column  =  13  units.  4  from  13  =  U,  the  first  or  utiits 
figure  in  the  remainder. 

Since  we  borrowed  1  from  the  5,  only  4  remains ;  4  from  4  = 
0,  the  second  or  tens  figure.  We  cannot  take  8  from  4,  and 
must,  therefore,  borrow  1  from  8  in  thousands  column.  Since 
1  thousand  =10  hundreds,  10  hujidreds -\- ^  hu)tdreds  =  14: 
hundreds,  and  8  from  14  =  G,  the  third  or  hundreds  figure  in 
the  remainder. 

Since  we  borrowed  1  from  8,  only  7  remains,  from  which 
there  is  nothing  to  subtract;  therefore,  7  is  the  next  figure 
in  the  remainder  or  answer. 

The  operation  of  borrowing  is  placing  1  before  the  figure 
following  the  one  from  which  it  is  borrowed.  In  the  above 
example  the  1  borrowed  from  5  is  placed  before  3,  making  it 
13,  from  which  we  subtract  4.  The  1  borrowed  from  8  is 
placed  before  4,  making  14,  from  Avhich  8  is  taken. 

39.      Example. — Find  the  difference  between  10,000  and  8,763. 

Solution. —  mzmiend  10  0  0  0 

subtrahend    8  7  6  3 


remainder  12  3  7  Ans. 
Explanation. — In  the  above  example  we  borrow  1  from 
the  second  column  and  place  it  before  0,  making  10 ;  3  from 
10  =■  7.  In  the  same  way  we  borrow  1  and  place  it  before 
the  next  cipher,  making  10;  but  as  we  have  borrowed  1  from 
this  column  and  taken  it  to  the  units  column,  only  9  remains, 
from  which  to  subtract  G ;  G  from  9  =  3.  For  the  same 
reason  we  subtract  7  from  9  and  8  from  9  for  the  next  two 
figures,  and  obtain  a  total  remainder  of  1,237. 

40.  Rule. — Place  the  subtrahend  or  smaller  number  under 
the  minuend  or  larger  number,  in  the  same  mariner  as  for 
addition,  and  proceed  as  in  Arts.  37,  38,  and  39. 

41.  Prt><>f. —  To  prove  an  example  in  subtraction,  add  the 
remainder  to  the  subtrahend.  The  sum  should  equal  the  min- 
uend. If  it  does  not,  a  mistake  has  been  made,  and  the  work 
should  be  done  over. 
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Proof  of  the  above  example: 

sttbtrahend    8  7  6  3 
remainder    12  3  7 


minuend  10  0  0  0 


EXAMPLES   FOR  PRACTICE. 
42.      From 

{a)  94,278  take  63,574. 

{b)  53,714  take  25,824. 

\c)  71,832  take  58,109. 

{d)  20,804  take  10,408. 

{e)  310,465  take  102,141. 

(/)  (81,043  +  1,041)  take  14,831. 

(^)  (20,482  +  18,216)  take  21,214 

{Ji)  (2,040  +  1,213  +  542)  take  3,791. 


Ans. 


{a)  31,704. 

{b)  27,890. 

{€)  13,723. 

[d)  10,396. 

{e)  208,324. 

(/)  67,253. 

(,g)  17,484. 

{h)  4. 


MULTIPLICATION. 

43.  To  multiply  a  number  is  to  add  it  to  itself  a  cer 
tain  number  of  times. 

44.  Multiplication  is  the  process  of  multiplying  one 
number  by  another. 

The  munber  thus  added  to  itself,  or  the  number  to  be 
multiplied,  is  called  the  multiplicand. 

The  number  which  shows  how  many  times  the  nmltipli- 
cand  is  to  be  taken,  or  the  munber  by  which  we  multiply^  is 
called  the  multiplier. 

The  result  obtained  by  multiplying  is  called  the  product. 

45.  The  sign  of  multiplication  is  x .  It  is  read  times 
or  multiplied  by.  Thus,  9  x  6  is  read  9  times  6,  or  9  multi- 
plied by  6. 

46.  It  matters  not  in  what  order  the  numbers  to  be 
multiplied  together  are  placed.  Thus,  6  X  9  is  the  same  as 
9  X  G. 

47.  In  the  following  table,  the  product  of  any  two  num 
bers  (neither  of  which  exceeds  twelve)  may  be  found; 
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1  times    1  is 

1 

2  times 

1  are 

2 

3  times 

1  are 

3 

1  limes    2  are 

2 

2  times 

2  are 

4 

3  limes 

2  are 

6 

1  times    3  are 

3 

2  times 

3  are 

6 

3  limes 

3  are 

9 

1  times    4  are 

4 

2  limes 

4  are 

8 

3  limes 

4  are 

12 

1  times    5  are 

5 

2  times 

5  are 

10 

3  times 

5  are 

15 

1  times    6  are 

6 

2  times 

6  are 

12 

3  times 

6  are 

18 

1  times    7  are 

7 

2  times 

7  are 

14 

3  times 

7  are 

21 

1  times    8  are 

8 

2  times 

8  are 

16 

3  times 

8  are 

24 

1  times    9  are 

9 

2  times 

9  are 

18 

3  times 

9  are 

27 

1  times  10  are 

10 

2  times  10  are 

20 

3  limes  10  are 

30 

1  times  11  are 

11 

2  times  11  are 

22 

3  limes  ' 

1  are 

33 

1  times  12  are 

12 

2  times  12  are 

24 

3  times  ' 

12  are 

36 

4  times    1  are 

4 

5  times 

1  are 

5 

6  times 

1  are 

.6 

4  times    2  are 

8 

5  times 

2  are 

10 

6  times 

2  are 

12 

4  times    3  are 

12 

5  times 

3  are 

15 

6  limes 

3  are 

18 

4  times    4  are 

16 

5  times 

4  are 

20 

6  times 

4  are 

24 

4  times    5  are 

20 

5  times 

5  are 

25 

6  times 

5  are 

30 

4  times    6  are 

24 

5  times 

6  are 

30 

6  times 

6  are 

36 

4  times    7  are 

28 

5  times 

7  are 

35 

6  limes 

7  are 

42 

4  times    8  are 

32 

5  times 

8  are 

40 

6  times 

8  are 

48 

4  times    9  are 

36 

5  times 

9  are 

45 

6  times 

9  are 

54 

4  times  10  are 

40 

5  times  10  are 

50 

6  times 

10  are 

60 

4  times  11  are 

44 

5  times  11  are 

55 

6  limes 

11  are 

66 

4  times  12  are 

48 

5  times  12  are 

60 

6  times  12  are 

72 

7  times    1  are 

7 

8  times 

1  are 

8 

9  times 

1  are 

9 

7  times    2  are 

14 

8  times 

2  are 

16 

9  times 

2  are 

18 

7  times    3  are 

21 

8  times 

3  are 

24 

9  times 

3  are 

27 

7  times    4  are 

28 

8  times 

4  are 

32 

9  times 

4  are 

36 

7  times    5  are 

35 

8  times 

5  are 

40 

9  times 

5  are 

45 

7  times    6  are 

42 

8  times 

6  are 

48 

9  times 

6  are 

54 

7  times    7  are 

49 

8  times 

7  are 

56 

9  times 

7  are 

63 

7  times    8  are 

56 

8  times 

8  are 

64 

9  times 

8  are 

72 

7  times    9  are 

63 

8  times 

9  are 

72 

9  limes 

9  aje 

81 

7  limes  10  are 

70 

8  times 

10  are 

80 

9  times 

10  are 

90 

7  times  11  are 

77 

8  times 

11  are 

88 

9  trmes  11  are 

99 

7  times  12  are 

84 

8  times  12  are 

96 

9  limes  12  are 

108 

10  times    1  are 

10 

11  times 

1  are 

11 

12  times 

1  are 

12 

10  times    2  are 

20 

11  times 

2  are 

22 

12  limes 

2  are 

24 

10 'times    3  are 

30 

11  limes 

3  are 

33 

13  limes 

3  are 

36 

10  times    4  are 

40 

11  times 

4  are 

44 

12  times 

4  are 

48 

10  times    5  are 

50 

11  times 

5  are 

55 

12  times 

'5  are 

60 

10  times    6  are 

60 

11  times 

6  are 

66 

12  times 

6  are 

72 

10  times    7  are 

70 

11  times 

7  are 

12  limes 

7  are 

84 

10  times    8  are 

80 

11  times 

8  are 

88 

12  times 

8  are 

96 

10  times    9  are 

90 

11  times 

9  are 

99 

12  times 

9  are 

108 

10  times  10  are 

100 

11  limes 

10  are 

110 

12  times 

10  are 

120 

10  times  11  are 

110 

11  times 

11  are 

121 

12  times 

11  are 

132 

10  times  12  are 

120 

11  limes 

12  are 

132 

12  times  12  are 

144 

This  table  should  be  carefully  committed  to  memory. 
Since  0  has  no  value,  the  product  of  0  and  any  number  is  0 
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48.     To  multiply  a  number  by  one  figure  only : 

Example. — Multiply  425  by  5. 

Solution. —  multiplicand       42  5 

multiplier  5 

product    212  5    Ans. 

Explanation. — For  convenience,  the  vmltiplier  is  gener- 
ally written  iiudcr  the  right-hand  figure  of  the  Diultiplicand. 
On  looking  in  the  multiplication  table,  we  see  that  5X5  are  25. 
Multiplying  the  first  figure  at  the  right  of  the  multiplicand, 
or  5,  by  the  multiplier  5,  it  is  seen  that  5  times  5  units  are  25 
units,  or  2  tens  and  5  units.  Write  the  o  units  in  units  place 
in  the  product,  and  reserve  the  2  tens  to  add  to  the  product  of 
tens.  Looking  in  the  multiplication  table  again,  we  see  that 
5X2  are  10.  Multiplying  the  second  figure  of  the  multipli- 
cand by  the  multiplier  5,  we  see  tJiat  5  times  2  tens  are  10 
tens,  plus  the  2  tens  reserved,  are  12  tens,  or  1  hundred  plus 
2  tens.  Write  the  2  tens  in  tens  place,  and  reserve  the  1  hun- 
dred to  add  to  the  product  of  hundreds.  Again,  we  see  by 
the  multiplication  table  that  5x4  are  20.  Multiplying  the 
third  or  last  figure  of  the  multiplieand  by  the  multiplier  5,  we 
see  that  5  times  4  hundreds  are  20  hundreds, //^/j-  the  1  hun- 
dred reserved,  are  21  hundreds,  or  2  thousands //wi"  1  hundred, 
which  we  write  in  thousands  and  hundreds  places,  respectively. 

Hence,  Xh^  product  is  2,125. 

This  result   is  the  same  as  adding  425  five  times.     Thus, 

425 
425 
425 
425 
425 


sum    212  5    Ans. 


EXAMPLES  FOR  PRACTICE. 

49.      Find  the  product  of 
{a)     61,483  X  6. 

ib)     12,375x5.  ^^^ 

(c)     10,426  X  7. 
(</)    10,835X3. 


(fl)  368,898. 

{b)  61,875. 

{c)  72,982. 

(d)  32.505. 
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{e)     98,376  X  4. 

(J)    10,873X8. 

(g)    71,543x9.  '^^-  ^ 

(//)    318,734x2. 


{e)  393,504 

(/)  86,984. 

(^)  643,887. 

{h)  437,468, 


50.     To  multiply  a  number  by  two  or  more  fig' 
ures : 

Example.— Multiply  475  by  234. 

Solution. —       multiplicand  4  7  5 

multiplier  2  34 

1900 

1435 
950 


product    11115  0    Ans. 

Explanation. — For  convenience,  the  Diidtiplicr  is  gener- 
ally written  under  the  iniUtiplicand,  placing  units  under 
units,  tens  under  tens,  etc. 

We  cannot  multiply  by  234  at  one  operation;  we  must, 
therefore,  multiply  by  the  parts  and  then  add  the  partial 
products. 

The  parts  by  which  we  are  to  multiply  are  4  units,  3  tens, 
and  2  hundreds.  4  times  475  ==  1,900,  the  first  partial  prod- 
uct;  3  times  475  =  1,425,  the  second  partial  product,  the 
rigJit-hand  figure  of  which  is  written  directly  under  the  fig- 
ure multiplied  by,  or  3 ;  2  times  475  =  950,  the  third  partial 
product,  the  rigJit-Jiand  figure  of  which  is  written  directly 
under  the  figure  multiplied  by,  or  2. 

The  sum  of  these  three  partial  products  is  111,150,  which 
is  the  entire  product. 

51.  Rule. — I.  Write  the  multiplier  binder  the  multipli- 
cand, so  that  units  are  under  units,  tens  under  tens,  etc. 

II.  Begin  at  the  right  and  multiply  each  figure  of  the  multi- 
plicand by  each  successive  figure  of  the  multiplier,  placing  the 
rigJit-Jiand  figure  of  each  partial  product  directly  under  the 
figiire  used  as  a  multiplier. 

III.  The  sum  of  the  partial  products  will  equal  the  required 
product. 
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52.  Proof. — Review  the  zvork  carefully^  or  imiltiply  the 
tmiltiplier  by  the  umltiplicand ;  if  the  results  agree,  the  zvork 
IS  correct. 

53.  When  there  is  a  cipher  in  the  multiplier,  multiply 
the  entire  multiplicand  by  it;  since  the  result  will  be  zero, 
place  a  cipher  under  the  cipher  in  the  multiplier.     Thus, 


(a) 
0 

xo 


2 
XO 


0  Ans. 


0  Ans. 


15 

X  0 


708 
X   0 


Ans. 


3114 
203 

9342 
62280 


(/) 
4008 
305 

20040 
120240 


6  32142  Ans.    12  22440  Ans. 


0  Ans. 

ig) 
31264 
1002 

62528 
3126400 

3132  6-5  28  Ans. 


In  examples  (r),  (/),  and  (^),  we  multiply  by  0  as  directed 
above;  then  multiply  by  the  next  figure  of  the  multiplier 
and  place  the  first  figure  of  the  product  alongside  the  0,  as 
shown. 
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14. 

Find  the  product  of 

(«) 

3,842  X  26. 

(^) 

3,716  X  45. 

(^) 

1,817  X  124. 

{d) 

675  X  38. 

{e) 

1,875  X  33. 

(/) 

4,836  X  47. 

Kg) 

5,682  X  543. 

(/.) 

8,257  X  246. 

(0 

2,875  X  302. 

U) 

17,819  X  1,004 

{k) 

38,674x205. 

(/) 

18,304  X  100. 

{m) 

7,834  X  10. 

(«) 

87,543  X  1,000. 

Kd) 

48.763  X  100. 

Ans.- 


(«) 

99,892. 

(b) 

167,220. 

{c) 

225,308. 

id) 

25,650. 

{e) 

61,875. 

(/) 

227,292. 

(^) 

3,085,326 

(/.) 

801,223. 

(O 

868,250. 

if) 

17,890,276. 

ik) 

7,928,170. 

(/) 

1,830,400. 

(7,1) 

78,340. 

in) 

87,543,000 

iP) 

4,876,300. 
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DIVISION. 

55.  Division  is  the  process  of  finding  how  many  times 
one  number  is  contained  in  another  of  the  same  kind. 

The  number  to  be  divided  is  called  the  dividend. 

The  number  by  which  we  divide  is  called  the  divisor. 

The  number  Avhich  sJiows  how  many  times  the  divisor  is 
contained  in  the  dividend  is  called  the  quotient. 

5B.     The  sign  of  division  is   -=-  .      It  is  read  divided  by. 

54  -h  9  is  read  54  divided  by  9.     Another  way  to  write  54 

54  54 

divided  by  9  is  — -.     Thus,  54  -4-  9  =  0,  or  ^  =  6. 

In  both  of  these  cases  54  is  the  dividend  and  9  is  the 
divisor. 

Division  is  the  reverse  of  multiplication. 

57.  To  divide  when  the  divisor  consists  of  but 
one  figure,  proceed  as  in  the  following  example: 

Example. — What  is  the  quotient  of  875  -=-  7  ? 

divisor  dividend  quotient 

Solution.—  7)875(135    Ans. 

7 

T? 

14 


35 
35 

remainder        0 

Explanation. — 7  is  contained  in  8  linndrcds  1  hundred 
times.  Plac^the  one  as  the  first  or  left-hand  figure  of  the 
quotient.  Multiply  the  divisor  7  by  the  1  Jiundred  of  the 
quotient,  and  place  the  product  7  Jitindreds  under  the  8 
Jinndreds  in  the  dividend,  and  subtract.  Beside  the  remain- 
der 1,  bring  down  the  next  or  tens  figure  of  the  quotient, 
in  this  case  7,  making  17  te)is  ;  7  is  contained  in  17,  2  times. 
Write  the  2  as  the  second  figure  of  the  quotient.  Multiply 
the  divisor  7  by  the  2  in  the  quotient,  and  subtract  the 
product  from  17.  Beside  the  remainder  3,  bring  down  the 
next  or  nnits  figure  of  the  dividend,  in  this  case  5,  making 
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35  tinits.  7  is  contained  in  35,  5  times,  which  is  placed  in 
the  quotient.  Multiplying  the  divisor  by  the  last  figure  of 
the  quotient,  5  times  7  =  35,  which  subtracted  from  35, 
under  which  it  is  placed,  leaves  0.  Therefore,  the  quotient 
is  125.      This  method  is  called  long  division. 

58.  In  short  division,  only  the  divisor,  dividend,  and 
quotient  are  written,  the  operations  being  performed  men- 
tally. 

divtiieitd 
divzso7-    7  )  8'7'^5 

quotient    12    5     Ans. 

The  mental  operation  is  as  follows:  7  is  contained  in  8, 
once  and  one  remainder;  1  placed  "before  7  makes  17;  7  is 
contained  in  17,  2  times  and  3  over;  the  3  placed  before  5 
makes  35 ;  7  is  contained  in  35,  5  times.  These  partial  quo- 
tients placed  in  order  as  they  are  found,  make  the  entire 
quotient  125. 

The  small  figures  are  placed  in  the  example  given  to  better 
illustrate  the  explanation;  they  are  never  written  when 
actually  performing  division  in  this  way. 

59.  If  the  divisor  consists  of  2  or  more  figures,  proceed 
as  in  the  following  example: 

Example.— Divide  3,702,826  by  63. 

divisor  dividend  quotient 

Solution.—  63  )2702826(42902    Ans. 

252 


182 
126 


568 
567 


126 
126 


Explanation. — As  63  is  not  contained  in  the  first  two  fig- 
ures, 27,  we  must  use  the  first  three  figures,  270.  Now,  by 
trial,  we  must  find  how  many  times  63  is  contained  in  270; 
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6  is  contained  in  the  first  two  figures  of  270,  4  times.  Place 
the  4  as  the  first  or  left-hand  figure  in  the  quotient.  Multi- 
ply the  divisor  G3  by  4,  and  subtract  the  product  252  from 
270.  The  remainder  is  IR,  beside  which  we  write  the  next 
figure  of  the  dividend,  2,  making  1S2.  Now,  G  is  contained 
in  the  first  two  figures  of  182,  3  times,  but  on  multiplying 
03  by  3,  we  see  that  the  product  189  is  too  great,  so  we  try 
2  as  the  second  figure  of  the  quotient.  Multiplying  the 
divisor  63  by  2,  and  subtracting  the  product  126  from  182, 
the  remainder  is  56,  beside  which  we  bring  down  the  next 
figure  of  the  dividend,  making  568;  6  is  contained  in  56 
about  9  times.  Multiply  the  divisor  63  by  9  and  subtract 
the  product  567  from  568.  The  remainder  is  1,  and  bringing 
down  the  next  figure  of  the  dividend,  2,  gives  12.  As  12  is 
smaller  than  63,  Ave  write  0  in  the  quotient  and  bring  down 
the  next  figure,  6,  making  126.  63  is  contained  in  126,  2 
times,  without  a  remainder.  Therefore,  42,902  is  the  quo- 
tient. 

60.  Rule. — I.  Write  the  divisor  at  the  left  of  the  divi- 
dend, ivith  a  line  betzveen  them. 

II.  Find  hozv  many  times  the  divisor  is  eontained  in  the 
lowest  number  of  the  left-Jiand  figures  of  the  dividend 
that  tvill  contain  it,  and  ivrite  the  result  at  the  right  of  the 
dividend,  ivith  a  line  betiveen,  for  the  first  figure  of  the 
quotient. 

III.  Multiply  the  divisor  by  this  quotient ;  write  the produet 
tinder  the  partial  dividend  iised,  and  subtract,  annexing  to  the 
remainder  the  next  figure  of  the  dividend.  Divide  as  before, 
and  thus  continue  until  all  the  figures  of  the  dividend  have 
been  used. 

IV.  If  any  partial  dividend  will  not  contain  the  divisor, 
write  a  cipher  in  the  quotient,  annex  the  next  fi{>;ure  of  the 
dividend  and  proceed  as  before. 

v.  If  there  be  a  remainder  at  last,  write  it  after  the  quo- 
tient, tvith  the  dinnsor  underneath. 
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6 1 .  Proof. — Multiply  the  quotient  by  the  divisor,  and  add 
the  remainder,  if  tlicre  be  any,  to  tJie  product.  The  result  will 
he  the  dividend. 

divisor  dividend  quotient 
Thus,  63)4235(67^1    Ans. 

378 


45  5 

441 

remahider 

14 

Proof,                   qtiotient 

67 

divisor 

63 

201 

402 

4221 

remainder 

14 

dividend 

4235 

EXAMPLES   FOR 

* 

PRACTICE. 

62.      Divide  the  following: 

(a)    126,498  by  58. 

r    (a)   2,181. 

{b)    3,207,594  by  767. 

{b)   4,182. 

(6-)    11,408,202  by  234. 

{c)    48,753 

{d)  2,100,315  by  581. 

Ans.  ' 

{d)  3,615. 

{e)    969,936  by  4,008. 

{e)    242. 

if)   7,481,888  by  1,021. 

(/)  7,328. 

(^)  1,525,915  by  5,003. 

ig)  305. 

(^)    1,646,301  by  381. 

(//)   4,321. 

CANCELATION. 

63.  Cancelation  is  the  process  of  shortening  opera- 
tions in  division  by  casting  out  equal  factors  from  both 
dividend  and  divisor. 

64.  The  factors  of  a  number  are  those  numbers  which, 
when  multiplied  together,  will  eqjial  that  number.  Thus,  5 
and  3  are  factors  of  15,  since  5  X  3  =  15.  Likewise,  8  and  7 
are  the  factors  of  56,  since  8  X  7  =  56. 

65.  A  prime  number  is  one  which  cannot  be  divided 
by  any  number  except  itself  and  1.  Thus,  2,  3,  11,  29, etc., 
are  prime  numbers. 
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60.  A  prime  fiictor  is  any  factor  that  is  a  prime 
number. 

Any  number  that  is  not  a  prime  is  called  a  composite 
number,  and  may  be  produced  by  multiplying  together  its 
prime  factors.  Thus,  CO  is  a  composite  number,  and  is  equal 
to  the  product  of  its  prime  factors,  2  X  2  X  3  x  5. 

Numbers  are  said  to  be  prime  to  eacli  other  Avhcn  no 
two  of  them  can  be  divided  by  any  number  except  1  ;  the 
numbers  themselves  may  be  either  prime  or  composite. 
Thus,  the  numbers  3,  5,  and  11  arc  prime  to  each  other,  so 
also  are  22,  25,  and  21  —  all  composite  numbers. 

B7.  Canceling  equal  factors  from  both  dividend  and  divi- 
sor does  not  change  the  quotient. 

The  canceling  oi  ii  factor  in  botJi  dividend  and  divisor  is  the 
same  as  dividing  them  both  by  the  same  number^  which,  by 
the  principle  of  division,  does  not  change  the  quotient. 

Write  the  numbers  which  make  the  dividend  dihowo.  the  li)ie^ 
and  those  which  make  the  divisor  below  it. 

68.     Example.— Divide  4  X  45  X  60  by  9  x  24. 
Solution. — Placing  the  dividend  over  the  divisor,  and  canceling 

5       10 
^XffxW.^50 

1 

Explanation. — The  4  in  the  dividend  and  24  in  the  divisor 
are  both  divisible  by  4,  since  4  divided  by  4  equals  1,  and  24 
divided  by  4  equals  G.  Cross  off  the  four  and  write  the  1 
over  it ;  also,  cross  off  the  24  and  write  the  G  under  it.  Thus, 

^  X  45  X  60 

6 

60  in  the  dividend  and  G  in  the  divisor  are  divisible  by  6, 

since  GO  divided  by  6  equals  10,  and  G  divided  by  G  equals  1. 

Cross  off  the  GO  and  write  10  over  it ;  also,  cross  off  the  G  and 

write  1  under  it.     Thus, 

1  10 

^  X  45  X  ^P 

9X?^       ■ 

1 
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Again,  45  in  the  dividend  and  9  in  the  divisor  are  divisible 

by  9,  since  45  divided  by  9  equals  5,  and  9  divided  by  9  equals 

1.     Cross  off  the  45  and  write  the  5  over  it ;  also,  cross  off  the 

9  and  write  the  1  under  it.     Thus, 

1       5      10 
^  X  ^P  X  ^P 


1       ^ 
1 

Since  there  are  no  two  remaining  numbers  (one  in  the  divi- 
dend and  one  in  the  divisor"!  divisible  by  any  number  except 
1,  without  a  remainder,  it  is  impossible  to  cancel  further. 

Multiply  all    the    uncanceled    numbers    in    the  dividend 

together,  and  divide  their  product  by  the  product  of  all  the 

uncanceled  numbers  in  the  divisor.      The  result  will  be  the 

quotient.     The  product  of  all  the  uncanceled    numbers  in 

the  dividend  equals  5  X  1  X  10  =  50 ;  the  product  of  all  the 

uncanceled  numbers  in  the  divisor  equals  1x1  =  1. 

1      ;5      10 

^  X  ^3  X  ^P     1  X  5  X  10 


Hence, 


9  xU 
1      ^ 

1 


ixi 


50.     Ans. 


It  is  usual  to  omit  the  I's  when  canceling  them,  instead 
of  writing  them  as  above. 

69.  Rule. — I.  Cancel  the  connnon  factors  from  both  the 
dividend  and  divisor. 

II.  TJien  divide  tJic  product  of  tJie  remaining  factors  of  tJie 
dividend  by  tJie  product  of  tJie  remaining  factors  of  tJie  divisor ^ 
and  the  result  zvill  be  the  quotient. 


EXAMPLES  FOR  PRACTICE. 
70.      Divide 

{a)   14  X  18  X  16  X  40  by  7  X  8  X  6  X  5  X  B. 
{b)    3  X  65  X  50  X  100  X  60  by  30  X  60  X  13  X  10. 
{c)    8  X  4  X  3  X  9  X  11  by  11  X  9  X  4  X  3  X  8. 
{d)   164  X  321  X  6  X  7  X  4  by  83  X  321  X  7. 
{e)    50  X  100  X  200  X  72  by  1,000  X  144  X  100. 
if)   48  X  63  X  55  X  49  by  7  X  21  X  11  X  48. 
(^<- )  110  X  150  X  84  X  32  by  11  X  15  X  100  X  64. 
Ih)    115  X  120  X  400  X  1,000  by  23  X  1,000  X  60  X  800 


Ans. 


{a)  33. 

lb)  250. 

(r)  1. 

(rtT)  48. 

{e)  5. 

(/)  105. 

{g)  42. 

(//)  5. 
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FRACTIONS. 

71.  A  fraction  is  a  part  of  a  zvJiole  number:  One-Jialf, 
07ie-third,  tivo-fifths  are  fractions. 

72.  7"w^  numbers  are  required  to  express  a  fraction, 
one  called  the  numerator,  and  the  other  the  denomi- 
nator. 

73.  The  numerator  is  placed  above  the  denominator^ 
with  a  line  between  them ;  as,  f .  3  is  the  denominator^  and 
shows  into  how  many  equal  parts  the  unit  or  one  is  divided. 
The  numerator  2  shows  hoAV  many  of  these  equal  parts  arc 
taken  or  considered.  The  denominator  also  indicates  the 
names  of  the  parts. 

\  is  read  one-half, 

\  is  read  three-fourths. 

-|  is  read  three-eighths. 

-^  is  read  five-sixteenths. 

|-|  is  read  twenty-nine-forty-sevenths. 

74.  In  the  expression  "f  of  an  apple,"  the  denominator 
4  shows  that  the  apple  is  to  be  (or  has  been)  cut  into  4  equal 
parts,  and  the  numerator  3  shows  that  three  of  these  parts, 
ov  fourths,  are  taken  or  considered. 

If  each  of  the  parts,  or  fourths,  of  the  apple  were  cut  in 
two  equal  pieces,  there  would  then  be  twice  as  many  pieces 
as  before,  or  4x2  =  8  pieces  in  all;  one  of  thesef  pieces  would 
be  called  one-eighth,  and  would  be  expressed  in  figures  as  |. 
Three  of  these  pieces  would  be  called  three-eighths,  and 
written  |.  The  words  three-fourths,  three-eighths,  five- 
sixteenths,  etc.,  are  abbreviations  of  three  one-fourths,  three 
one-eighths,  five  one-sixteenths,  etc.  It  is  evident  that  the 
larger  the  denominator,  the  greater  is  the  number  of  parts 
into  which  anything  is  divided;  consequently,  the  parts 
themselves  are  smaller,  and  the  value  of  the  fraction  is  less 
for  the  same  number  of  parts  taken.  In  other  words,  ^,  for 
example,  is  smaller  than  -J-,  because  if  an  object  be  divided 
into  9  parts,  the  parts  are  smaller  than  if  the  same  object 
had  been  divided  into  8  parts;  and,  since  ^  is  smaller  than  \, 
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it  is  clear  that  7  one-ninths  is  a  smaller  amount  than  7  one- 
eighths.      Hence,  also,  -f  is  less  than  |. 

75.  The  value  of  a  fraction  is  the  mimerator  divided  by 
the  denoDiinator ;  as,  4  =  2,  f  =  3. 

TG.  The  line  between  the  numerator  and  denominator 
means  divided  by,  or  H-. 

\  is  equivalent  to  3  -^  4. 
I  is  equivalent  to  5  -^  8. 

77.  The  numerator  and  denominator  of  a  fraction,  when 
considered  together,  are  called  the  terms  of  atfraction. 

78.  The  value  of  a  fraction  whose  jiumerator  and  denomi- 
nator are  equal  is  1. 

A   or  four-fourths,  =  1. 

•f,  or  eight-eighths,  =  1. 

•|A,  or  sixty-four-sixty-fourths,  =  1. 

79.  A  proper  fraction  is  a  fraction  whose  numerator 
is  less  than  its  denominator.     Its  value  is  less  than  1 ;  as,  f, 

5       1 
•ffj  T5"- 

80.  An  improper  fraction  is  a  fraction  whose  numer- 
ator equals  or  is  greater  than  the  denominator.  Its  ■iY?/;/^'  is 
^;z^  or  more  than  ^//r;  as,  f,  f,  -|-f . 

81.  A  mixed  number  is  a  w/^c'/^  number  and  a  frae- 
tion  united,  -if  is  a  mixed  number,  and  is  equivalent  to 
4  +  f .      It  is  read  four  and  two-thirds. 


REDUCTION    OF    FRACTIOXS. 

82.  Reduction  of  fractions  is  the  process  of  chan- 
ging their  form  without  changing  their  value. 

83.  K  fraction  is  reduced  to  higher  terms  by  multiplying 
both  terms  of  the  fraetion  by  the  same  number.  Thus,  |  is 
reduced  to  -|  by  multiplying  both  terms  by  2. 

3  X  2_6 

4  X  2~-8' 

The  value  is  not  changed,  since  |  =  |.  For,  suppose  that 
an  object,  say  an  apple,  is  divided  into  8  equal  parts.      If 
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these  parts  be  arranged  into  4  piles,  each  containing  2  parts, 
it  is  evident  that  each  pile  will  be  composed  of  the  same 
amount  of  the  entire  apple  as  would  have  been  the  case  had 
the  apple  been  originally  cut  into  4  equal  parts.  Now,  if 
one  of  these  piles  (containing  2  parts)  be  removed,  there 
will  be  3  piles  left,  e'ach  containing  2  equal  parts,  or  G  equal 
parts  in  all,  i.  e.,  six-eighths.  But,  since  one  pile,  or  one 
quarter,  was  removed,  there  are  three-quarters  left.  Hence, 
I  =  .|.  The  same  course  of  reasoning  may  be  applied  to 
any  similar  case.  Therefore,  multiplying  both  terms  of  a 
fraction  by  the  same  number  does  not  alter  its  value. 

84.  To  reduce  a  fraction  to  an  equal  fraction 
having  a  given  denominator  : 

Example. — Reduce  |-  to  an  equal  fraction  having  96  for  a  denomi- 
nator. 

Solution. — Both  the  numerator  and  the  denominator  must  be  multi- 
plied by  the  same  number  in  order  not  to  change  the  value  of  the  frac- 
tion. The  denominator  must  be  multiplied  by  some  number  which 
will,  in  this  case,  make  the  product  90;  this  number  is  evidently  96 -j- 

7  X  12      84 
8  =  12,  since  8  X  12  =  96.     Hence,  g"  C  jg  =  gg-     ^"S- 

85.  Rule. — Divide  the  given  denominator  by  the  denomi- 
nator of  the  given  fraction^  and  multiply  both  terms  of  the 
fraction  by  the  result. 

Example. — Reduce  f  to  lOOths. 

3  X  25       75 

Solution. —    100  -v-  4  =  25 ;  hence,  j-     ^^  =  ^.     Ans. 

86.  A  fraction  is  reduced  to  lozocr  terms  by  dividing 
both  terms  by  the  same  number.  Thus,  -^  is  reduced  to  \ 
by  dividing  both  terms  by  2. 

_8_  -^  2_4 

10  -4-  2  ~  5  * 
That  tV  =  i  is  readily  seen  from  the  explanation  given  in 
Art.  83 ;  for,  multiplying  both  terms  of  the  fraction  \  by  2, 
*^|  =  -^«g-,  and,  if  I  =  y^^,  yV  must  equal  |.  Hence,  dividing 
both  terms  of  a  fraction  by  the  same  number  does  not  alter 
its  value. 

87.  A  fraction  is  reduced  to  lozvest  terms  when  its  numer- 
ator and  denominator  cannot  both  be  divided  by  the  same 


{a) 

j\  to  128ths. 

r  («) 

(^) 

■^^  to  its  lowest  terms. 

(^) 

W 

yf^jj  to  its  lowest  terms. 

Ans.  - 

(^-) 

(d) 

f  to  49ths. 

(./) 

W 

II  to  lO.OOOths. 

I  (^) 
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7iumher  without  a  remainder;  as,  |,  |,  |-^,  ■^.  In  other 
words,  the  numerator  and  denominator  are  prime  to  each 
other.  

EXAMPLES  FOR   PRACTICE. 

88.  Reduce  the  following; 

6  8 
2 

TT- 

8 

35 
T»- 
S1S5 

89.  To  reduce  a  whole  number  or  mixed  num- 
ber to  an  improper  fraction  : 

Example. — How  m3.n.y  four iks  in  5  ? 

Solution. — Since  there  are  4: fourths  in  1  (|^  =  1),  in  5  there  will  be 
5x4  fourths,  or  20  fourths;  i.  e.,  5  X  |  =  ^.     Ans. 
Example. — Reduce  8f  to  an  improper  fraction. 
Solution.— 8  X|  =  V.     y  +  f  =  ^.     Ans. 

90.  Rule. — Multiply  the  xvJiole  niunber  by  the  denomi- 
nator of  the  fraction,  add  the  numerator  to  the  product,  and 
place  the  denominator  under  the  result.  If  it  is  desired  to  re-, 
duce  a  zvhole  tiumber  to  a  fraction,  multiply  the  whole  num- 
ber by  the  denominator  of  the  given  fraction,  and  write  the 
result  over  the  denominator. 


EXAMPLES  FOR  PRACTICE. 

91.     Reduce  to  improper  fractions: 
{a)    ^. 

Kc)    10^.  Ans.  J    (^) 


(.')    50t. 

(/")    Reduce  7  to  a  fraction  whose  denominator  is  IG. 


{b) 


4fi 

lOS 

151 

354 
6     • 
112 


92.     To  reduce  an  improper  fraction  to  a  whole 
or  mixed  number : 

Example. — Reduce  -^  to  a  mixed  number. 

Solution. —  4  is  contained  in  21,  5  times  and  1  remaining  (see  Art. 
75) ;  as  this  is  also  divided  by  4,  its  value  is  \.  Therefore,  5  +  |,  or  5|, 
is  the  number.     Ans, 
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93.  Rule. — Divide  the  numerator  by  the  denominator^ 
the  quotient  will  be  the  zvJiole  number ;  the  remainder,  ij 
tJiere  be  any,  will  be  the  7iumerator  of  tJie  fractional  part  of 
whieh  the  denominator  is  the  same  as  the  denominator  of  the 
improper  fraction. 


EXAMPLES  FOR  PRACTICE. 

94.     Reduce  to  whole  or  mixed  numbers: 


Ans. 


(«) 

^F- 

ib) 

i|^. 

{c) 

701 

6    • 

id) 

i|^. 

(^) 

H- 

(/) 

w. 

r  («) 

~4^. 

(^) 

61|. 

ic) 

116f 

{d) 

49|. 

{e) 

4 

.(/) 

5. 

95.  A  common  denominator  of  two  or  more  frac- 
tions is  a  number  which  will  contain  ( i.  e. ,  which  may  be 
divided  by)  all  of  the  denominators  of  the  fractions  without 
a  remainder.      The  least   common  denominator  is  the 

least  number  that  will  contain  all  of  the  denominators  of 
the  fractions  without  a  remainder. 

96.  To  find  the  least  common  denominator : 

Example. — Find  the  least  common  denominator  of  \,  \,  \,  and  ■^. 

Solution. — We  first  place  the  denominators  in  a  row,  separated  by 
commas.  3)4,     3,     9,  16 

2)2,     3.     9,     8 

3)1,     3,     9,     4 

1,     1,     3,     4 

3x2x3x3x4  =  144,  the  least  common  denominator.     Ans. 

Explanation. — Divide  the  numbers  by  some  prime  num- 
ber that  will  divide  at  least  two  of  them  without  a  remain- 
der (if  possible),  bringing  down  to  the  row  below  those 
denominators  which  will  not  contain  the  divisor  without  a 
remainder.  Dividing  each  of  the  numbers  by  2,  the  second 
row  becomes  2,  3,  0,  8,  since  2  will  not  divide  3  and  9  with- 
out a  remainder.     Dividing  again  by  2,  the  result  is  1,  3,  9,  4. 
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Dividing  the  third  row  by  3,  the  result  is  1,  1,  3,  4.      Since 
the  remaining  numbers  are  prime  to  each  other,  we  cease 
dividing   further.      The  product  of   all  the  divisors  and  of 
the  numbers  prime  to  each   other,  is  2x2x3x3x4=144 
which  is  the  required  least  common  denominator. 

97.  Example. — Find  the  least  common  denominator  of  |,  ^,  ^, 
Solution.—  •  3 )  9,  12,  18 

3)3,     4,    "6 
2)1,     4,     2 
1,     2,     1 
3x3x2x2  =  36.     Ans. 

98.  To  reduce  two  or  more  fractions  to  frac- 
tions having  a  common  denominator  : 

Example. — Reduce  f,  f,  and  |  to  fractions  having  a  common 
denominator. 

Solution. — The  common  denominator  is  any  number  which  will 
contain  3,  4,  and  2.  The  /t^as^  common  denominator  is  12,  because  it  is 
the  smallest  number  which  can  be  divided  by  3,  4,  and  2  without  a 
remainder.  i—s       .i_9       i_b 

3   —    15'       T  —  TS'       ?  —  T3- 

Reducing  f  (see  Art.  84),  3  is  contained  in  12,  4  times.  By  multi- 
plying both  numerator  and  denominator  of  f  by  4,  we  find 

-^       .  =  r-j.     In  the  same  way  we  find  |  =  ^  and  I  =  ys. 

99.  Rule.  —  Divide  the  covtmon  denominator  by  the 
denominator  of  the  given  fractioji^  and  multiply  both  terms  of 
the  fraction  by  the  quotient. 


EXAMPLES  FOR  PRACTICE. 

lOO.      Reduce  to  fractions  having  a  common  denominator: 


{a) 
(^) 


3       5       7 
?•    5>    ¥• 

3  3        7 

T5'  T>  TJ- 

7        7        10 

5.  5?.  n-  Ans. 

3      5      11 
5'  B^>  T5* 

4  6  9 

TT5'  T5'  Y^' 

,7        17       21 

IE'   3D'  OT' 


{a) 
{b)   i 

id) 

(^) 

(/) 


6 

5> 

5 

7 
5- 

3¥' 

11. 

A 

77 

55> 

80 
SS 

24 

¥0' 

85 

TTT' 

11 
T5 

M' 

TTT> 

To 

rS' 

1  7 
3(5' 

3  1 
30 

iU.  E.     1.-3 
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ADDITION    OF    FRACTIONS. 

101.  Fractions  cannot  be  added  tcnless  they  have  a  com- 
mon denominator.  We  cannot  add  \  to  \  as  they  now  stand, 
since  the  denominators  represent  parts  of  different  sizes. 
Fourths  cannot  be  added  to  eighths. 

Suppose  we  divide  an  apple  into  4  equal  parts,  and  then 
divide  2  of  these  parts  into  two  equal  parts.  It  is  evident 
that  we  shall  have  2  one-fourths  and  4  one-eighths.  Now, 
if  we  add  these  parts,  the  result  is  2  -|-  4  =  0  something.  But 
what  is  this  something  ?  It  is  not  fourths,  for  six  fourths 
are  1|,  and  Ave  had  only  1  apple  to  begin  with  ;  neither  is  it 
eighths,  for  six  eighths  are  |,  which  is  less  than  1  apple. 
By  reducing  the  quarters  to  eighths,  we  have  f  =  f ,  and 
adding  the  other  4  eighths,  4  -f-  4  =  8  eighths.  This  result 
is  correct,  since  -|  =  1.  Or,  we  can,  in  this  case,  reduce 
the  eighths  to  quarters.  Thus,  |-  =  f;  whence,  adding 
2  +  3  =  4  quarters,  a  correct  result  since  f  =  1. 

Before  adding,  fractions  should  be  reduced  to  a  common 
denominator,  preferably  the  least  common  denominator. 

102.  Example. — Find  the  sum  of  \,  |,  and  f. 

Solution. — The  least  cotmnon  denominator,  or  the  least  number 
which  will  contain  all  the  denominators,  is  8. 

1  4       a  «       5  B 

■2  —  S'    X  —  Sy    'S  —  S' 

Explanation. — As  the  denominator  tells  or  indicates  the 
names  of  the  parts,  the  numerators  only  are  added  in  order 
to  obtain  the  total  number  of /(^r/j  indicated  by  the  denomi- 
nator. Thus,  4  one-eighths  plus  G  one-eighths  plus  5  one- 
eighths  = 

4  _l_  6  _l_   5   —   4  +  6  +  5   —   1__5   —  17  A  n <S 

g  -p  g  -p  -g-  —         g         —  -g    —  j.g.        xi-iia.     » 

1 03.  Example.— What  is  the  sum  of  12|,  14|,  and  Ty^^  ? 

Solution. — The  least  common  denominator  in  this  case  is  16. 

12|  =  12}! 
14f  =  \A\\ 

•T   B     7  5 


sum  =  33  +  f  J  =  33  +  \\\  =  34|J.     Ans- 
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The  sum  of  the  fractions  =  f^  or  1^,  which  added  to  the  sum  of  the 
whole  numbers  =  34|^. 

Example.— What  is  the  sum  of  17,  13^\,  ^%,  and  3^  ? 
Solution. — The    least  common  denominator    is  33.      13^  =  13^ 
3i  =  3^.  17 


sum  33|4.     Ans. 

1 04.  Rule  I. — Reduce  tJie  given  fractions  to  fractions 
having  the  least  common  deiiojninator,  and  write  the  sum  of 
the  numerators  over  the  common  denominator. 

II.  When  there  are  mixed  numbers  and  tvJiole  numbers, 
add  tlie  fractions  first,  and  if  their  sum  is  an  improper  frac- 
tion, reduce  it  to  a  mixed  number,  a)id  add  the  whole  number 
with  the  other  whole  mimbcrs. 


EXAMPLES  FOR  PRACTICE. 

105.      Find  the  sum  of 
(a) 
(^) 
(^) 

(")      o.    va.    IS-  . 

(a\        10        6        »-«  .rtXlSl. 

K'^l       TT'    3  3' 

GO 
(^) 


1. 

7 

f- 

f. 

A- 

«• 

i 

f.A- 

5 
5' 

1 1 

T5> 

13 

ii 

6 
'    33 

33 

If 

.H 

.«• 

A 

>    ■g^ 

I  'STJ- 

f. 

H. 

f. 

(«) 

1^. 

(^) 

ItV 

(^) 

lA- 

(^) 

ifi- 

(^) 

Iff- 

(/) 

If- 

(.^) 

1^. 

(^) 

1. 

SUBTRACTION    OF    FRACTIONS. 

106.  Fractions  cannot  be  subtracted  without  first  re- 
ducing them  to  a  common  denominator.  This  can  be  shown 
in  the  same  manner  as  in  the  case  of  addition  of  fractions. 

Example. — Subtract  f  from  if. 

Solution. — The  common  denominator  is  16. 

-I  o  G 

S   6  13   6     —  7  Anc 

■?  —  T5-     rs      rff  —       jg       —  T?-     -f^us. 

107.  Example. — From  7  take  |. 

Solution. —     1  =  1;    therefore,    since   7  =  6  +  1,  7  =  6  +  |  =  61,   or 


I  =  6|.     Ans. 
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108.      Example. — What  is  the  difference  between  ITj^j  and  9i|  ? 


Solution. — The  common  denominator  of  the  fractions  is  32.     17y\  = 


np 


viiiiKcnd      l"^!! 
stibtrahcnd        9^ 


differeiice        8-^^    Ans. 
1 OO.      Example. — From  9J  take  4jV 
Solution. — The  common  denominator  of  the  fractions  is  16.     9^  = 


Q  4, 


vtmiiend    9y\  or  8f  J 
subtrahe7id    4^       4/^^ 


difference  4||  4}|  Ans. 
Explanation. — As  Xh^  fraction  in  the  siibtrahmd  is  greater 
than  the  fraction  in  the  minuend^  it  cannot  be  subtracted; 
therefore,  borrow  1,  or  {|^,  from  the  9  in  the  minuend  and 
rr^^  it  to  the  T^;  T^  +  if  =  f|.  ^^^  from  f|  =  if.  Since  1 
was  borrowed irova  9,  8  remains ;  4  from  8  =  4;  4  +  ir  —  ^tt- 

110.  Example. — From  9  take  8^. 

Solution. —  mznuend    9     or  8|| 

subtrahend    8y\       8^ 

difference      \%        |f     Ans. 
Explanation, — As  there  is   no   fraction  in   the  minuend 
from  which  to  take  the  fraction  in  the  subtrahend,  borrozu  1, 
or  II,  from  9.     -^  from  |-f  =  ^.      Since  1  was  borrowed  from 
9,  only  8  is  left.     8  from  8  =  0. 

111.  Rule  I. — Reduce  the  fractions  to  fractions  having 
a  common  denominator.  Subtract  one  numerator  from  the 
other  and  place  the  remainder  over  the  commojt  denominator. 

II.  IVhcji  there  are  mixed  numbers,  subtract  tJie  fractions 
and  ivJiole  numbers  separately,  and  place  the  remainders  side 
by  side. 

III.  WJien  the  fraction  in  tJie  subtrahend  is  greater  than 
the  fraction  in  the  mimiend,  borrow  1  from  the  whole  number 
in  the  minuend  and  add  it  to  the  fraction  in  the  minuend,  from 
which  subtract  the  fraction  in  the  S7ibtrahend. 

IV.  When  the  minuend  is  a  ivhole  number,  borrow  1 ;  reduce 
it  to  a  fraction  ivhose  denominator  is  the  same  as  the  denomi- 
nator of  the  fraction  in  the  subtrahend,  and  place  it  over  thai 
fraction  for  subtraction. 
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EXAMPLES   FOR   PRACTICE 

112.      Subtract 

(a)   HfromH- 

(c)  ^'Vfrom^V 

(d)  i|  from  f|. 
(^)  if  from  f|. 
(/)  13^  from  30|. 
(^'■)  12|  from  27." 
(//)  5|-  from  30. 


(a) 

1 

{b) 

8 

•2S- 

{c) 

M- 

{d) 

A- 

{e) 

i- 

(/) 

m 

U) 

14| 

(/.) 

24f 

MULTIPLICATION    OF    FRACTIONS. 

113.  In  multiplication  of  fractions  it  is  not  necessary 
to  reduce  the  fractions  to  fractions  having  a  coininon  denomi- 
nator. 

114.  Multiplying  the  numerator  or  dividing  the  denomi- 
nator multiplies  the  fraction. 

Example. — Multiply  f  by  4. 

Solution.—  |x4  =  ^^     =J^  =  3.     Ans. 

Or|x4  =  |-^^=|  =  3.     Ans. 

The  word  "of"  in  multiplication  of  fractions  means  the 
same  as  X,  or  times.      Thus, 

I  of  4  =  1x4  =  3. 

1  of  -C  —  i  V  -5-  —    .  5  _ 

Example. — Multiply  |  by  2. 

3  y  2 
Solution.—  2  x  f  =  tt        =f  =  T-     Ans. 


3^ 

8  --2 

115.      Example. — What  is  the  product  of  -^^  and  |? 

4  X  7 
16  X  8 


Or   2X1  =  1-  ,   o  =  |.     Ans. 


Solution.-  ^4^  x  |  =  t^t^  = -^  =  A-     Ans. 


or,  by  cancelation,  ^A2  =  _^^  =  ^.     Ans. 

4 

116.      Example.— What  is  f  of  |  of  i|  ? 

Solution.-  ^2il2^_^  =  _A_  =  A     Ans- 

8x^X3;^       8x2        16-     ^"^ 
2 
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117.  Example. — What  is  the  product  of  9J  and  5|  ? 
Solution.— 9 J  =  ^^  ;  5|  =  Y. 

¥v  i  «  —  -_!:  '^__  —  J7r.e  K4.2  7       Ant: 
X  •'g    —  -^       -y-  —  ■'"s^-  —  O'tj,^.     /vns 

118.  Example.— Multiply  15|  by  3. 

Solution. —  15|  15| 

3    or       3 

47f  45  +  V-  =  45  +  2f  =^  47|.     Ans. 

119.  Rule. — I.  Divide  the  product  of  the  numerators 
by  tJie  product  of  tlie  denominators.  All  factors  common  to 
the  numerators  and  denominators  should  first  be  cast  out  by 
cancelation. 

II.  To  multiply  o)ie  mixed  number  by  ajwther,  reduce  them 
both  to  improper  fractions. 

III.  To  multiply  a  mixed  number  by  a  wJiole  number.,  first 
imdtiply  the  fractional  part  by  the  multiplier,  and  if  the 
product  is  an  improper  fraction,  reduce  it  to  a  mixed  number, 
ail d  add  the  wJiole  number  part  to  the  product  of  the  multi- 
plier and  whole  number. 


EXAMPLKS  FOR   PRACTICE 

1  20.      Find  the  product  of 

ip)    14XtV 
if)   li  X  1^. 


W   fix  7. 

(/)  1^1  X  7. 

(^)i^|X32. 

(Ji)  if  X  14. 


(«)  lA- 
{b)   4f. 

W   "A- 
{d)  2^. 

(/)  125. 
(^)15- 


DIVISION    OF    FRACTIONS. 

121.  In  division  of  fractions  it  is  not  necessary  to  reduce 
the  fractions  to  fractions  having  a  common  denominaior. 

1 22.  Dividing  the  numerator  or  mtdtiplying  the  denomi- 
nator, divides  the  fraction. 

Example. — Divide  |  by  3. 

Solution.— When  dividing  the  numerator,  we  have 


6^3 
8 


Z  =  -  '      =|  =  i.     Ans. 
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When  nitcltiplying  the  denominator,  we  have 

8  X3 


e_:^Q  —  _  —    6     1  Ana 


EXAMPLE.- 

—Divide 

A  by 

2. 

SOLUTIOX. 
EXAMPLE.- 

— Divide 

i|by 

.  o 

7. 

8 
~16 

X3 

3 

—   35- 

/ 

SOLUTION. 

— 

M-^ 

7  = 

.14  -f 
32 

-7_ 

tV. 

Ans. 


Ans. 

1 23-     To  invert  a  fraction  is  to  turn  it  upside  down  ; 
that  is,  make  the  numerator  and  denominator  change  places 
Invert  f  and  it  becomes  -|. 

1 2-4.      Example. — Divide  ^^  by  -j^. 

Solution. — 1.  The  fraction  y\  is  contained  in  xs->3  times,  for  the 
denominators  are  the  same,  and  one  nutnerator  is  contained  in  the 
other  3  times.  2.  If  we  now  inT/ert  the  divisor  ■^^,  and  jmiltiply, 
the  solution  is 

This  brings  the  j«;;z^  qtiotient  as  in  the  first  case. 

125.      Example. — Divide  |  by  \. 

Solution. — We  cannot  divide  f  by  \,  as  in  the  first  case  above,  for 
the  denominators  are  not  the  same,  therefore,  we  must  solve  as  in  the 
second  case. 

s^i  —  3v4_      ^  '^  —  _  nr  1 1        Anc 

2 

1  26.      Example. — Divide  5  by  ^. 
Solution. —    \%  inverted  becomes  \\. 

1  2T.      Example. — How  many  times  is  3f  contained  in  7^  ? 


Solution.—  3 J  =  ^  ;  7^^ 


119 


i^  inverted  equals  j% 


119      ^_  119  X  :i  _  119 

Te"  ^  15  ~  ;^  X  15  ~  CO 

4 


X  T^  =  .,.,,.:  =  —  =  IM-     Ans. 


1 28.     Rule. — Invert  the  divisor^  and  proceed  as  in  multi- 
plication. 
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1  29.  We  have  learned  that  a  Hne  placed  between  two 
numbers  indicates  that  the  number  above  the  line  is  to  be 
divided  by  the  number  below  it.  Thus,  y-  shows  that  18 
is  to  be  divided  by  3.  This  is  also  true  if  a  fraction  or  a 
fractional  expression  be  placed  above  or  below  a  line. 


rv 


0  3  X   . 

r  means  that  0  is  to  be  divided  by  -|  ; means  that 


6  X  7  is  to  be  divided  by  the  value  of 


16 

8  +  4 

IG    • 


f  is  the  same  as  -|-  -f-  |. 
I 


It  will  be  noticed  that  there  is  a  heavy  line  between  the  9 
and  the  f .  This  is  necessary,  since  otherwise  there  would 
be  nothing  to  show  as  to  whether  9  was  to  be  divided  by  f, 
or  -|  was  to  be  divided  by  8.  Whenever  a  heavy  line  is  used, 
as  shown  here,  it  indicates  that  all  above  the  line  is  to  be 
divided  by  all  below  it. 


EXAMPLES   FOR 

PRACTICE. 

130. 

Divide 

(a) 

15  by  6f. 

r  («) 

2*. 

(^) 

30  by  |. 

{b) 

40. 

(0 

172  by  %. 

{c) 

215. 

{d) 

W  by  IxV 

Ans.'  - 

{d) 

Hf. 

{e) 

ifa  by  14|. 

(^■) 

1  IS 

(/) 

W-  by  17^. 

(/) 

i-h- 

(^) 

\\  by  W- 

{g) 

m- 

(//) 

-¥/  by  721. 

(/o 

tjVt- 

131.  Whenever  an  expression  like  one  of  the  three 
following  is  obtained,  it  may  always  be  simplified  by 
transposing  the  denominator  from  above  to  below  the  line,  or 
from  below  to  abo7>e,  as  the  case  may  be,  taking  care  how- 
ever to  indicate  that  the  denominator  when  so  transferred 
is  a  multiplier. 

1.      I  =  g-^  =  A  =  tV;    for,    regarding    the    fraction 

above  the  heavy  line  as  the  numerator  of  a  fraction  whose 

denominator  is  9,  J       ,  = -,  as  before. 

'9X4       9X4' 


2. 

I"^ 

"      3 

case. 

3. 

1 

r 

5X4 
"3X9 
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9x4 

12.      The  proof  is  the  same  as  in  the  first 


|-5-  ;    for,    regarding   |  as  the  numerator 

of    a  fraction  whose    denominator  is  |,  f       '  =  — — — ;   and 

*   I  X  9      3  X  '.) 

5X45X4       „„  ,  4 

=  14,  as  above. 


3X9       ^-3X9 

-r-x4 

This  principle  may  be  used  to  great  advantage  in  cases  like 

i '- — — ; .      Reducing  the  mixed  numbers  to  frac- 

40  X  4i  X  51 

1  X  310  X  }l  X  72      .^ 

tions,    the    expression     becomes —r ,        , , — .      Now 

^  40  X  I  X  -V- 

transferring  the  denominators  of  the  fractions  and  canceling, 

3 

;0        3        0  3 

1  X  31G  X  27  X  72  X  2  X  6       1  x  ^;p  x  2/  x  /72  x  2  x  ^ 
40  X  9  X  31  X  4  X  12       ~        ^p  X  ^  X  ^;  X  ^  X  ;2       ~ 

i  2        ' 

Greater  exactness  in  results  can  usually  be  obtained  by 
using  this  principle  than  can  be  obtained  by  reducing  the 
fractions  to  decimals.  The  principle,  however,  should  not 
be  employed  if  a  sign  of  addition  or  subtraction  occurs  either 
above  or  below  the  dividing  line. 


DECIMALS. 
13^2.     Decimals  are  toith  fractions  ;  that  is,   the  parts 
of  a  unit  are  expressed  on  the  scale  of  ten,  as  tenths,  hun- 
dredths, tJiousandtJis,  etc. 

1 33.  The  denominator,  which  is  always  ten  or  a  multiple 
of  ten,  as  10,  100,  1,000,  etc.,  is  not  expressed  as  it  would  be 
in  common  fractions,  by  writing  it  under  the  numerator, 
with  a  line  between  them ;  as,  ^,  yf^ ,  yoVo  •  The  denomi- 
nator is  always  understood,  the  numerator  consisting  of  the 
figures  on  the  right  of  the  unit  figure.      In  order  to  distinguish 
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the  unit  figure,  a  period  (.),  called  the  decimal  point, 
is  placed  between  the  unit  figure  and  the  next  figure  on  the 
right.  The  decimal  point  may  be  regarded  in  two  ways  : 
first,  as  indicating  that  the  number  on  the  right  is  the  nu- 
merator of  a  fraction  whose  denominator  is  10,  100,  1,000,  etc. ; 
and,  second,  as  a  part  of  the  Arabic  system  of  notation, 
each  figure  on  the  right  being  10  times  as  large  as  the  next 
succeeding  figure,  and  10  times  as  small  as  the  next  prece- 
ding figure,  serving  merely  to  point  out  the  unit  figure. 

134.  The  reading  of  a  decimal  number  depends  upon  the 
number  of  deeimal  places  in  it,  or  the  number  of  figures  to 
the  rigJit  of  the  unit  figure. 

The  first  figure  to  the  right  of  the  unit  figure  expresses 
tentJis. 

The  second  figure  to  the  right  of  the  unit  figure  expresses 
hundredths. 

The  third  figure  to  the  right  of  the  unit  figure  expresses 
tJiousandtJis. 

The  fourth  figure  to  the  right  of  the  unit  figure  expresses 
ten-tJiousandtlis. 

The  fifth  figure  to  the  right  of  the  unit  figure  expresses 
//  u  ndred-  thousandths. 

The  sixth  figure  to  the  right  of  the  unit  figure  expresses 
milliontJis. 

=  3  tenths. 

=  3  hundredths, 

=  3  thousandths. 

=  3  ten-thousandths. 

=  3  hundred-thousandths. 

=  3  millionths. 

The  first  figure  to  the  right  of  the  unit  figure  is  called  the 
first  decimal  place  ;  the  second  figure,  the  second  decimal 
place,  etc.  We  see  in  the  above  that  the  number  of  decimal 
places  in  a  decimal  equals  the  number  of  ciphers  to  the  right 
of  the  figure  1  in  the  denominator  of  its  equivalent  fraction. 
This  fact  kept  in  mind  will  be  of  much  assistance  in  reading 
and  writing  decimals. 


Thus: 

.3 

:= 

■h 

.03 

= 

3 

loo 

.003 

=: 

3 

1  0  00 

.0003 

= 

3 

1  0  0  0  0 

.00003 

z= 

,        3 

10  0  000 

.000003 

=  . 

3 

1  n  (t  11  It  n  i\ 
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Whatever  may  be  written  to  the  left  of  a  decimal  point  is 
a  whole  number.  The  decimal  point  affects  only  the  figures 
to  its  right. 

When  a  whole  number  and  decimal  are  written  together, 
the  expression  is  a  mixed  niLmber.  Thus,  8.13  and  17.25  are 
mixed  numbers. 

The  relation  of  decimals  and  whole  numbers  to  each  other 
is  clearly  shown  by  the  following  table  : 
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The  figures  to  the  left  of  the  decimal  point  represent  xuhole 
numbers  ;  those  to  the  right  are  decimals. 

In  both  the  decimals  and  whole  numbers,  the  tmits  place 
is  made  the  starting  point  of  notation  and  numeration.  The 
decimals  decrease  on  the  scale  of  ten  to  the  right^  and 
the  whole  numbers  increase  on  the  scale  of  ten  to  the  left. 
The  frst  figure  to  the  left  of  units  is  tens,  and  the  frst  figure 
to  the  right  of  units  is  tenths.  The  second  Hgxire  to  the  left  of 
units  is  hundreds,  and  the  second  figure  to  the  right  is  //?/«- 
dredths.  The  tJiird  figure  to  the  left  is  thousands,  and  the 
third  to  the  rz^/^/  is  thousandths,  and  so  on  ;  the  tvJiole  num- 
bers on  the  left  and  the  decimals  on  the  rig] it.  The  figures 
equally  distant  from  units  place  correspond  in  name.  The 
decimals  have  the  ending  ths,  which  distinguishes  them  from 
whole  numbers.  The  following  is  the  numeration  of  the 
number  in  the  above  table  :  Nine  hundred  eighty-seven 
million,  six  hundred  fifty-four  thousand,  three  hundred 
twenty-one,  and  twenty-three  million,  four  hundred  fifty- 
six  thousand,  seven  hundred  eightv-niiie  hundred  millionths. 
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Tlic  decimals  increase  to  the  left,  on  the  scale  of  ten,  the 
same  as  zvliole  numbers  ;  for,  beginning  at,  say,  \-thoii- 
sandths,  in  the  table,  the  next  figure  to  the  left  is  hundredths, 
which  is  ten  times  as  great,  and  the  next  tenths,  or  ten  times 
the  Inindredths,  and  so  on  through  both  decimals  and  whole 
numbers. 

135.  Annexing  or  taking  away  a  cipher  at  the  right  of  a 
decimal  does  not  affect  its  value. 

.5  is  y5_j  .50  is  -^^^,  but  -^^  —  ■^^^\  therefore,  .5  =  .50. 

1 36.  Inserting  a  cipher  between  a  decimal  and  the  deci- 
mal point  divides  the  decimal  by  10. 

K  —     5     .       6     .jL-   1  n  —       5       —     AK 
.O   —  y„-,     Y^     .      i.yj  —   y-jj-g-  —   .UO. 

137.  Taking  away  a  cipher  ivom  the  left  of  a  decimal 
mill  tip  lies  the  decimal  by  10. 

0 T  —     5    .      5     vin  —    5    —    K 
•^'^  —  Tinr>    TTTff  ^   ^^^  —  Tu  —  ■"^• 

138.  In  some  cases  it  is  convenient  to  express  a  mixed 
decimal  fraction  in  the  form  of  a  common  (improper)  frac- 
tion. To  do  so  it  is  only  necessary  to  write  the  entire  num- 
ber, omitting  the  decimal  point,  as  the  numerator  of  the 
fraction,  and  the  denominator  of  the  decimal  part  as  the 
denominator  of  the  fraction.     Thus,   127.483  =  J-fJ-^P;  for, 

127   4-S.^  —   197_4_§_3_  —    127  0  00  +  48  3    —    1  2  7  483 
J.fJl  .tHJO  —    X/i(jy„y    —  1000  1000* 


ADDITION    OF    DECIMALS. 

139.  The  only  respect  in  which  addition  of  decimals 
differs  from  addition  of  tvJiole  numbers,  is  that  while  the  unit 
figures  are  placed  under  each  other  in  both  cases,  the  right- 
hand  figures  are  not  necessarily  in  line  when  adding  decimals. 

Whole  numbers  begin  at  units  and  increase  on  the  scale  of 
10,  to  the  left.  Decimals  decrease  on  the  scale  of  10,  to  the 
right.  Whole  numbers  are  to  the  left  of  the  decimal  point 
and  decimals  are  to  the  right  of  it.  In  whole  numbers  the 
right-Jiand  side  of  a  column  of  figures  to  be  added,  must  be  in 
line,  and  in  decimals,  the  left-hand  side  must  be  in  line, 
which  brings  the  decimal  points  directly  under  each  other. 
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whole  numbers 

342 

4334 

26 

3 


sum    4605     Ans. 


decimals 
.342 
.4234 
.26 
.03 

su7n     1.0554    Ans. 


mixed  numbers 
342.032 
4284.5 
26.6782 
3.06 


sum    4606.2702    Ans. 


140.  A  decimal,  as  .342,  ought  really  to  be  expressed  as 
0.342,  but  it  is  quite  customary  to  omit  the  cipher  on  the 
left  of  the  decimal  point,  though  many  authors  use  it. 

Example.— What  is  the  sum  of  242,  .36,  118.725,  1.005,  6,  and  100.1  ? 
Solution. —  242. 

.36 
118.725 
1.005 
6. 
100.1 


su7n     468.190     Ans. 

141.  Rule. — Place  the  numbers  to  be  added  so  tJiat  the 
decimal  points  luill  bt;  directly  nnder  each  other.  Add  as  in 
luholeniimbers,  and  place  the  decimal  point  in  the  sum  directly 
under  the  decimal  points  above. 


EXAMPLES   FOR   PRACTICE. 

142.      Find  the  sum  of 

(a) 

.2143,  .105,  2.3042,  and  1.1417. 

\{a) 

3.7652. 

{b) 

783.5,  21.473,  .2101,  and  .".Sie. 

{i) 

805.9647. 

{c) 

21.781,  138.73,  41.8738,  .72.  and  1.413. 

(0 

204.5078. 

{d) 

.3724,  104.15,  21.417,  and  100.042. 

Ans.  - 

id) 

225.9814. 

{e) 

200.172,  14.105,  12.1465,  .705,  and  7.2. 

{e) 

234.3285. 

(/) 

1,427.16,  .244,  .32,  .032,  and  10.0041. 

if) 

1,437.7601. 

{g) 

2,473.1,  41.65,  .7243,  104.067,  and  21.073. 

ig) 

3,640.6143. 

{k) 

4,107.2,  .00375,  21.716,  410.072,  and  .0345. 

{k) 

4,539.02625 

SUBTRACTION    OF    DECIMALS. 

143.  For  the  same  reason  as  in  addition  of  decimals, 
the  left-hand  figures  of  decimal  numbers  are  placed  in  line 
and  the  decimal  points  under  each  other. 
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Example.— Subtract  .133  from  .3003. 
Solution. —  mimccnd    .3063 

subira/icnil    .13  2 


difference    .17  4  3     Ans. 

14:4.      Example. — What  is  the  difference  between  7.895  and  .725  ? 

Solution. —  minuend    7.8  9  5 

subtrahend      .7  2  5 


difference     7.1  7  0  or  7.17     Ans. 

1 45.      Example. — Subtract  .025  from  11. 

Solution. —  mimieiid    11.0  0  0 

subtrahend         .0  2  5 


difference     1  0. 3  7  5     Ans. 

146.  Rule. — Place  the  stibtraJicnd  under  the  minuend,  so 
that  the  decimal  points  will  he  directly  under  each  other.  Sub- 
tract, as  in  zvhole  numbers,  and  place  the  decimal  point  in  the 
remainder,  directly  under  the  decimal  points  above. 

WJien  t lie  figures  in  the  decimal  part  of  the  subtrahend  ex- 
tend beyond  those  in  the  minuend,  place  cipJiers  in  the  minuend 
above  them^  and  subtract  as  before. 


EXAMPLES  FOR  PRACTICE. 


147.      From 

(a)  407.385  take  235.0004 

(Jb)  22.718  take  1.7042. 

(<r)  1,368.17  take  13.0817. 

id)  70.00017  take  7.000017. 

{c)  030.630  take  .0304. 

if)  421.73  take  217.162. 

(^)  1.000014  take  .00001. 

(//)  .783653  take  .542314 


Ans.  ' 


{a) 

1'72.3846. 

{b) 

21.0138. 

{c) 

1,3.54.4883 

('0 

63.000153. 

{e) 

629.9996. 

if) 

204.568. 

{^) 

1.000004" 

ill) 

.241338. 

MULTIPLICATION    OF    DECIMALS. 
148.     In  multiplication  of  decimals,  we  do  not  place  the 
decimal  points  directly  under  each  other  as  in  addition  and 
subtraction.     We  pay  no  attention  for  the  time  being  to  the 


ARITHMETIC.  41 

decimal  points.  Place  the  multiplier  under  the  multiplicand, 
so  that  the  right-hand  figure  of  the  one  is  under  the  right- 
hand  figure  of  the  other,  and  proceed  exactly  as  in  multipli- 
cation of  whole  numbers.  After  multiplying,  count  the 
number  of  decimal  places  in  both  niultiplicand  and  multiplier^ 
and  point  off  tJie  same  number  in  the  product. 

Example.— Multiply  .825  by  13. 

SoL,UTioN. —        multiplicand        .8  2  5 
inultiplier  1 3 

2475 

825 


product    1  0. 7  2  5    Ans. 

In  this  example  there  are  three  decimal  places  in  the  mul- 
tiplicand and  none  in  the  multiplier;  therefore,  3  decimal 
places  are  pointed  off  in  the  product. 

1 49.  Example.— What  is  the  product  of  426  and  the  decimal  .005  ? 

Solution. —  viultiplicand       4  2  6 

multiplier      .0  0  5 

product    2.13  0  or  2.13    Ans. 

In  this  example  there  are  3  decimal  places  in  the  multi-. 
plier  and  none  in  the  multiplicand;  therefore,  3  decimal 
places  are  pointed  oti'  in  the  product. 

1 50.  It  is  not  necessary  to  multiply  by  the  ciphers  on  the 
left  of  a  decimal ;  they  merely  determine  the  number  of  deci- 
mal places.  Ciphers  to  the  right  of  a  decimal  should  be  re- 
moved, as  they  only  make  more  figures  to  deal  with,  and  dc 
not  change  the  value. 


'C3' 


151.      Example.— Multiply  1.205  by  1.15. 

Solution. —      jnultiplicattd         1.3  0  5 
multiplier  1.15 

6025 
1205 

1205 


product     1.385  75     Ans. 
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In  this  example  there  are  3  decimal  places  in  the  multipli- 
cand, and  2  in  the  multiplier;  therefore,  3  +  2,  or  5,  decimal 
places  must  be  pointed  ofiE  in  the  product. 

152.  Example.— Multiply  .232  by  .001. 
Solution. —     multiplicand  .2  3  2 

multiplier  .0  01 

product  .000232  Ans. 
In  this  example  we  multiply  the  multiplicand  by  the  digit 
in  the  multiplier,  which  makes  232  in  the  product,  but  since 
there  are  3  decimal  places  in  each,  the  multiplier  and  the 
multiplicand,  we  must  prefix  3  ciphers  to  the  232,  to  make 
3  -j-  3,  or  G,  decimal  places  in  the  product. 

1 53.  Rule. — Place  the  multiplier  under  the  multiplicand, 
disregarding  the  position  of  the  decimal  points.  Multiply  as  in 
whole  numbers,  and  in  the  product  point  off  as  many  decimal 
places  as  there  are  decimal  places  in  both  multiplier  and  mul- 
tiplicand^ prefixing  ciphers  if  necessary. 


EXAMPLES   FOR 

PRACTICE. 

54. 

Find  the  product 

of 

{a) 

.000492  X  4.1418. 

'    {a)   .0020377656 

{b) 

4,003.2x1.2. 

{b)   4,803.84. 

{C-) 

78.6531x1.03. 

{c)   81.012693. 

{d) 

.3685  X. 042. 

Ans.  - 

{d)  .015477. 

(^) 

178, 352  X.  01. 

{e)  '1,783.52. 

(/) 

.00045  X  .0045. 

(/)  .000002025. 

<<g) 

.  714  X.  00002. 

{g)  .00001428. 

Ut) 

.00004  X  .008. 

{h)  .00000032. 

DIVISION    OF    DECIMALS. 

155.  In  division  of  decimals  we  pay  no  attention  to  the 
decimal  point  until  after  the  division  is  performed.  The 
number  of  decimal  places  in  the  dividend  must  equal  {be  made 
to  equal  by  annexing  ciphers)  the  number  of  decimal  places  in 
the  divisor.  Divide  exactly  as  in  whole  numbers.  Subtract 
the  number  of  decimal  places  in  the  divisor  from  tJie  number  of 
decimal  places  in  the  dividend,  and  point  off  as  many  decimal 
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places  in  the  quotient  as  there  are  units  in  the  reijiainder  thus 
found. 

Example. — Divide  .625  by  25. 

divisor  dividend  quotient 

Solution.—  2  5  )  .6  2  5  (  .0  2  5    Ans. 

50 


125 
125 


re7nainder       0 

In  this  example  there  are  no  decimal  places  in  the  divisor, 
and  3  decimal  places  in  the  dividend;  therefore,  there  are  3 
minus  0,  or  3,  decimal  places  in  the  quotient.  One  cipher 
has  to  be  prefixed  to  the  25,  to  make  the  3  decimal  places. 

1  56.      Example.— Divide  G.035  by  .05. 

divisor    dividend    quotient 

Solution.—  .05)6.035(120.7    Ans. 

5 

iT 
10 


35 
35 

remarndtr    0 

In  this  example  we  divide  by  5,  as  if  the  cipher  were  not 
before  it.  There  is  one  more  decimal  place  in  the  dividend 
than  in  the  divisor;  therefore,  one  decimal  place  is  pointed 
off  in  the  quotient. 

157.      Example. — Divide  .125  by  .005. 

divisor  dividend  quotient 
Solution.—  .005).125(25    Ans. 

10 


25 


rcinai)idcr    0 


In  this  example  there  are  .the  same  number  of  decimal 
places  in  the  dividend  as  in  the  divisor;  therefore,  the  quo- 
tient has  no  decimnl  places,  and  is  a  whole  number. 

M.  E.     I.— 4 
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1  58.      Example.— Divide  326  by  .25. 

divisor     dividend    quotient 
Solution.—  .2  5  )  3  2  6.0  0  (  1  3  0  4     Ans. 

25 


76 

75 


100 
100 


remainder      0 
In  this  problem  two  ciphers  were  annexed  to  the  dividend, 
to  make  the  number  of  decimal  places  equal  to  the  number 
in  the  divisor.     The  quotient  is  a  whole  number. 

1 59.     Example.— Divide  .0025  by  1.25. 
Solution.  -  1.2  5  )  .0  0  2  5  0  ( .0  0  2    Ans. 

250 


remainder  0 
Explanation. — In  this  example  we  are  to  divide  .0035  by 
1.25.  Consider  the  dividend  as  a  whole  number,  or  25  (dis- 
regarding the  two  ciphers  at  its  left,  for  the  present) ;  also, 
consider  the  divisor  as  a  whole  number,  or  125.  It  is  clearly- 
evident  that  the  dividend  25  will  not  contain  the  divisor  125; 
we  must,  therefore,  annex  one  cipher  to  the  25,  thus  making 
the  dividend  250.  125  is  contained  twice  in  250,  so  we  place 
the  figure  2  in  the  quotient.  In  pointing  off  the  decimal 
places  in  the  quotient,  it  must  be  remembered  that  there 
were  only  four  decimal  places  in  the  dividend;  but  one 
cipher  was  annexed,  thereby  making  4  +  1,  or  5,  decimal 
places.  Since  there  are  5  decimal  places  in  the  dividend  and 
2  decimal  places  in  the  divisor,  we  must  point  off  5  —  2,  or  3, 
decimal  places  in  the  quotient.  In  order  to  point  off  3  deci- 
mal places,  two  ciphers  must  be  prefixed  to  the  "figure  2, 
thereby  making  .002  the  quotient.  It  is  not  necessary  to 
consider  the  ciphers  at  the  left  of  a  decimal  when  dividing, 
except  when  determining  the  position  of  the  decimal  point  in 
the  quotient. 

160.     Rule. — I.     Place  the  divisor  to  tJie  left  of  the  divi- 
detid,  and  proceed  as  in  division  of  whole  numbers ;    in  the 
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quotient,  point  off  as  many  decimal  places  as  the  number  of 
decimal  places  in  the  dividend  exceed  those  in  the  divisor,  pre- 
fixing ciphers  to  the  quotient,  if  necessary. 

II.  If  in  dividing  one  number  by  another  there  be  a  re- 
mainder, the  remainder  can  be  placed  over  the  divisor,  as  a 
fractional  part  of  the  quotient,  but  it  is  generally  better  to 
annex  ciphers  to  the  remainder,  and  continue  dividing  until 
there  are  3  or  Jf.  decimal  places  in  the  quotient,  and  then  if 
there  still  be  a  remainder,  terminate  the  quotient  by  tJie plus 
sign  (  +  ),  which  shows  that  it  can  be  carried  further. 

161.      Example. — What  is  the  quotient  of  199  divided  by  15  ? 

Solution.—  1  5  )  1  9  9  ( 1  3  +  ^*5    Ans. 

15 


49 

45 

remainder      4 

Or. 

15  )1  99.0 00(  13.266 
15 

+ 

49 

45 

40 

30 

100 

90 

100 

90 

remainder       1 0 

13^%  =  13.266  + 

4=      .266  + 

Ans, 


162.  It  frequently  happens,  as  in  the  above  example, 
that  the  division  will  never  terminate.  In  such  cases,  de- 
cide to  how  many  decimal  places  the  division  is  to  be  carried, 
and  carry  the  work  one  place  further.  If  the  last  figure  of 
the  quotient  thus  obtained  is  5  or  a  greater  number,  increase 
the  preceding  figure  by  1,  and  write  after  it  the  minus  sign 
(  — ),  thus  indicating  that  the  quotient  is  not  quite  as  large 
as  indicated;  if  the  figure  thus  obtained  is  less  than  5,  write 
the  plus  sign  (-]-)  after  the  quotient,  thus   indicating   that 
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the  number  is  slightly  greater  than  as  indicated.  In  the 
last  e.xample,  had  it  been  desired  to  obtain  the  answer  cor- 
rect to  f(nir  decimal  places,  the  work  would  have  been  car- 
ried to  five  places,  obtaining  13.20000,  and  the  answer  would 
have  been  given  as  13.2007  —  .  This  remark  applies  to  any 
other  calculation  involving  decimals,  when  it  is  desired  to 
omit  some  of  the  figures  in  the  decimal.  Thus,  if  it  is  de- 
sired to  retain  three  decimal  places  in  the  number  .2471253, 
it  would  be  expressed  as  .247  +  ;  if  it  was  desired  to  retain 
five  decimal  places,  it  would  be  expressed  as  .24713  —  .  Both 
the  4-  and  —  signs  are  frequently  omitted ;  they  are  seldom 
used  outside  of  Arithmetic,  except  in  exact  calculations,  when 
it  is  desired  to  call  particular  attention  to  the  fact  that  the 
result  obtained  is  not  quite  exact. 


EXAMPLES   FOR   PRACTICE. 

163.      Divide 

{a)    101.6688  by  2.36. 

r    {a)    43.08. 

{b)    187.12264  by  123.107. 

{b)    1.52. 

{c)     .08  by  .008. 

(r)     10. 

{d)    .0003  by  3.75. 

{e)     .0144  by  .024.                             ^"^^^  " 

{d)   .00008. 
{€)     .6. 

(/)    .00375  by  1.25. 

(/)   .003. 

(^)    .004  by  400. 

{g)  .00001. 

{h)    .4  by  .008. 

(//)    50. 

TO  REDUCE  A  FRACTION  TO 

A  DECIMAL. 

1 64.      Example.  —  \  equals  what  decimal  ? 

Solution.—                               4)3.0  0        ,       ,^       , 

^— ^,  orf  =  .75.     Ans. 

Example. — What  decimal  is  equivalent  to  |  ? 

Solution.—                      8)  7.0  0  0  (.8  7  5 

64 

60 

5  6        or|  =  .8 

75.     Ans. 

40 
40 


0 

1 65.  Rule. — Aniiex  ciphers  to  the  numerator  and  divide 
by  the  denominator.  Point  off  as  many  decimal  places  in  the 
quotient  as  there  are  ciphers  annexed. 
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EXAMPLES   FOR    PRACTICE. 

1 66.      Reduce,  the  following  common  fractions  to  decimals: 

{a) 

(^) 
(^) 
(^) 
(/) 
U) 


if- 

'  {a) 

.46875. 

I 

(^) 

.875. 

81 
5^- 

(0 

.65625. 

SI 
ST- 

Ans.  - 

.796875 
.16. 

1- 

(/) 

.625. 

10 

(.r) 

.05. 

"10  0  o- 

.004 

167.      To  reduce    incties    to    decimal    parts    of   a 
foot : 

Example. — What  decimal  part  of  a  foot  is  9  inches  ? 

Solution. — Since  there  are  12  inches  in  one  foot,  1  inch  is  ^i^  of  a 
foot,  and  9  inches  is  9  X  ^  or  ^  of  a  foot.  This,  reduced  to  a  decimal 
by  the  above  rule,  shows  what  decimal  part  of  a  foot  9  inches  is. 

1  2  )  9.0  0  (  .7  5  of  a  foot.     Ans. 
84 


60 
60 

~~0 

168.     Rule  I. — To  reduce  inches  to    decimal  parts  of  a 
foot,  divide  the  nuviher  of  inches  by  12. 

II.  SJiould  the  resulting  decimal  be  an  unending  one  and  it 
is  desired  to  terminate  the  division  at  some  point,  say,  the 
fourth  decimal  place,  carry  the  division  one  place  further ,  and 
if  the  fifth  figure  is  5  or  greater,  iricrease  the  fourth  figure 
by  1.     Omit  the  sig?is  -f-  and  — . 


EXAMPLES   FOR   PRACTICE. 

169.     Reduce  to  the  decimal  part  of  a  foot: 


(a)  3  in. 

{b)  A\  in. 

(f )  5  in. 

{d)  6fin. 

(<f)  11  in. 


Ans.    ' 


\{a) 

.25. 

(^) 

.375. 

{c) 

.4167, 

id) 

.5521 

.  {e) 

.9167 
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TO  REDUCE  A    DECIMAL  TO  A  1  KACTION. 

1  70.     Example. — Reduce  .125  to  a  fraction. 
Solution.—  .  125  =  ^Vq^j  =  fs  =  i-     ■^"s. 

Example. — Reduce  .875  to  a  fraction. 
Solution.—  .875  ^/o^ffj  =  |g  =  |.     Ans. 

171.  liule- —  Under  the  figures  of  the  decimnl^place  1  with 
as  ina7iy  cipJicrs  at  its  right  as  there  are  decimal  places  in  the 
decimal,  and  reduce  the  resulting  fraction  to  its  lowest  terms  by 
dividing  both  numerator  and  denominator  by  the  same  number. 


172. 


EXAMPLES  FOR    PRACTICE. 

Reduce  the  following  to  common  fractions  ; 

'    («) 

W 

if) 

I    i.h) 


(^) 

.125. 

{b) 

.625. 

(0 

.3125. 

id) 

.04. 

(.e) 

.06. 

(/) 

.75. 

U) 

.15625. 

Ans. 


{k)     .875. 


1 

I- 

s 
T5- 

1 

3 
?• 

7 

5- 


173.  To  express  a  decimal  approximately  as  a 
fraction  having  a  given  denominator  : 

1 74.  Example.— Express  .5827  in  64ths. 

37  ''928 
Solution.—        .5827  X^-  — -^ — .  say  ||. 

Hence,  .5827  =  f|,  nearly.     Ans. 

Example. — Express  .3917  in  12ths. 

r,  or.-.«        ,»  4.7004  . 

Solution.—        .3917x11  =  ^ — p— .  say  ^. 
Hence,  .3917  =  ■^^,  nearly.     Ans. 

175.  Rule. — Reduce  1  to  a  fraction  having  the  given 
denominator.  Multiply  the  given  decimal  by  the  fraction  so 
obtained^  and  the  result  will  be  tJie  fraction  required- 


176. 


EXAMPLES  FOR 

PRACTICE. 

Express 

(«)     .625  in  8ths. 

r  («) 

«. 

(b)     .3125  in  16ths. 

ib) 

h 

(<:)     .15625  in  32ds. 
(rf)    .77in64ths. 

Ans.  - 

{c) 

{d) 

n 

(<r)     .81  in  48ths. 

ie) 

H 

(/)    .923in96ths. 

U/) 

H 
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1 77.  The  sign  for  dollars  is  $.  It  is  read  dollars.  125 
is  read  25  dollars. 

Since  there  are  100  cents  in  a  dollar,  one  cent  is  1-one- 
hundredth  of  a  dollar;  the  first  two  figures  of  a  decimal 
part  of  a  dollar  represent  cents.  Since  a  mill  is  Jg-  of  a  cent, 
or  YoVo  of  a  dollar,  the  third  figure  represents  mills. 

Thus,  i;25.16  is  read  twenty-five  dollars  and  sixteen  cents; 
125.168  is  read  twenty-five  dollars,  sixteen  cents  and  eight 
mills. 

178.  The  vinculum ,  parenthesis   (  ),   bracket 

[  ],   and  brace   {  \  are  called  symbols  of  aggregation, 

and  are  used  to  include  numbers  which  are  to  be  considered 
together;  thus,  13  X  8  —  3,  or  13  X  (8  —  3),  shows  that  3  is  to 
be  taken  from  8  before  multiplying  by  13. 

13  X  (8-3)  =  13  X  5  =  65.     Ans. 

13  X    8-3   =  13  X  5  =  65.     Ans.. 
When  the  vinculum  or  parenthesis  is  not  used,  we  have 

13x8  —  3  =  101-3=101.     Ans. 

1 79.  In  any  series  of  numbers  connected  by  the  signs  +, 
— ,  x,  and  -=-,  the  operations  indicated  by  the  signs  must  be 
performed  in  order  from  left  to  right,  except  that  no  addition 
or  subtraction  may  be  performed  if  a  sign  of  multiplication 
or  division  follows  the  number  on  the  right  of  a  sign  of 
addition  or  subtraction,  until  the  indicated  multiplication  or 
division  has  been  performed.  In  all  cases  the  sign  of  multi- 
plication takes  the  precedence,  the  reason  being  that  when 
two  or  more  numbers  or  expressions  are  connected  by  the 
sign  of  multiplication,  the  numbers  thus  connected  are  re- 
garded as  factors  of  the  product  indicated,  and  not  as  sepa- 
rate numbers. 

Example. — What  is  the  value  of  4  x  21  —  8  +  17  ? 
Solution. — Performing  the  operations  in  order  from  left  to  right, 
4X24  =  96;  96-8  =  88;  88  +  17  =  105.     Ans. 

180.  E.XAMPLE. — What  is  the  value  of  the  following  expression  : 
1,296  -- 12  -t-  160  -  22  x  3J-  =  ? 

Solution.— 1,296-5-12  =  108;  108  +  160  =  268;  here  we  cannot  sub- 
tract 22  from  268  because  the  sign  of  multiplication/'6'//tfw.y  22;  hence, 
multiplying  22  by  3^,  we  get  77,  and  268  -  77  =  191.     Ans. 
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Had  the  above  expression  been  written  1,200  -4-  12  -}-  l^^O  — 
22  X  3 J-  -^  7  +  25,  it  would  have  been  necessary  to  have  divi- 
ded 22  X  3  J-  by  7  before  subtracting,  and  the  final  result  would 
have  been" 22  x  3i  =  77;  77-4-7  =  11;  208-  11  =  257;  257 
-j-  25  =  282.  Ans.  In  other  words,  it  is  necessary  to  per- 
form all  of  the  multiplication  or  division  included  between 
the  signs  -\-  and  — ,  or  —  and  +,  before  adding  or  subtracting. 
Also,  had  the  expression  been  written  1,290  -^  12  -|-  160 
—  24^  ^  7  X  3^  -f-  25,  it  would  have  been  necessary  to  have 
multiplied  3^  by  7  before  dividing  24^,  since  the  sign  of 
multiplication  takes  the  precedence,  and  the  final  result 
would  have  been  3|-  X  7  =  24^;  24^  -4-  24^  =  1 ;  208  -  1  = 
207 ;  207  +  25  =  292.     Ans. 

It  likewise  follows  that  if  a  succession  of  multiplication 
and  division  signs  occurs,  the  indicated  operations  must  not 
be  performed  in  order,  from  left  to  right — the  multiplication 
must  be  performed  first.  Thus,  24  X  3  H-  4  X  2  -=-  9  X  5  =  -|. 
Ans.  In  order  to  obtain  the  same  result  that  would  be 
obtained  by  performing  the  indicated  operations  in  order, 
from  left  to  right,  symbols  of  aggregation  must  be  used. 
Thus,  by  using  two  vinculums,  the  last  expression  becomes 
24  X  3-4-4  X  2"n)X  5  =  20,  the  same  result  that  would  be 
obtained  by  performing  the  indicated  operations  in  order, 
from  left  to  right.  


EXAMPLES   FOR   PRACTICE. 

181.  Find  the  values  of  the  following  expressions 

{a)  (8  4-5-1) -5- 4. 

<^b)  5  X  24  -  32. 

(r)  5  X  24  --  15. 

(d)  144  -  5  X  24. 

(^)  (1,691  -  540  +  559)  -^  3  X  57. 

(/)  2,080  +  120-80x4-1,670. 

(^)  (90  +  60  --  25)  X  5  -  29. 

ih)  90-1-60  -I-  25  X  5. 


Ans. 


{a) 

3. 

{b) 

88. 

(0 

8. 

(^) 

24. 

(^) 

10. 

(/) 

210. 

U) 

1. 

kh) 

1.9. 
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PERCENTAGE. 

182.  Percentage  is  the  process  of  calculating  by  hun 
dredtJis. 

1 83.  The  term  per  cent,  is  an  abbreviation  of  the  Latin 
words  per  eentuin,  which  mean  by  tlic  Jiundreci.  A  certain 
per  cent,  of  a  number  is  the  number  of  hundredths  of  that 
number  which  is  indicated  by  the  number  of  units  in  the  per 
cent.  Thus,  6  per  cent,  of  125  is  125  X  yio-  =  7. 5 ;  25  per  cent, 
of  80  is  80  X  tVtt  =  20 ;  43  per  cent,  of  432  pounds  is  432  X 
^0(j.  =185.76  pounds. 

184:.  The  sign  of  per  cent,  is  ^,  and  is  read  per  cent. 
Thus,  G^  is  read  six  per  cent.;  12|^  is  read  twelve  and  one- 
Jialf  per  cent. ,  etc. 

When  expressing  the  per  cent,  of  a  number  to  use  in  cal- 
culations, it  is  customary  to  express  it  decimally  instead  of 
fractionally.  Thus,  instead  of  expressing  6,^^,  25,^,  and  43^  as 
rfo"'  tVo>  ^"d  Timj>  it  i^  usual  to  express  them  as  .00,  .25, 
and  .43. 

The  following  table  will  show  how  any  per  cent,  can  be 
expressed  either  as  a  decimal  or  as  a  fraction : 


Per  Cent.       Decimal.      Fraction.       Per  Cent.       Decimal.      Fraction. 


lie 

"Hi 

6<fc 
lOfo 

25^ 
50^ 

75^ 
100^ 
125^ 


.01 
.02 
.05 
.10 
.25 
.50 
,75 
1.00 
1.25 


g 
Tinr 

5 
roT5 

TTTo 

_2_5. 
10  0 

r<  n 

10  0 

T  5 
10  0 

1  0  n 

10  0 
12_5 
10  0 


1 

0  0 

or 
or 


To 

1 

"5^0 


or-Jy 


JL 

1  0 

or    i 
1 


or 
or   I 
orl 
or  11 


150  fc. 
500  fo. 

Ifc. 
ifo. 

iclfo. 

621  fc. 


1.50 

5.00 
.0025 
.005 
.015 
.08^ 
.125 
.161 
.625 


ls_o  or  1 1 

■5  0  0  or  ^ 
1  ¥o  "^  ^ 

i    or  ,A~ 

TuTS  ^'^    21)1) 

H   or  -  3 

TT)5  ^^  "Siro 

vk  or  tV 

12i  nr  1 

T-51)  or  -g 

16*  or  1 

Tu  u  or  J 

021  5 

TTST)  ^^  ¥ 


For  notice  of  the  copyriLjht,  see  page  immediately  following  the  title  page. 
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185.  The  names  of  the  different  elements  used  in  per- 
centage are:  the  base,  the  rate  per  cent,,  the  percentage,  the 
amount,  and  the  difference. 

186.  The  base  is  the  number  on  which  tlie  per  cent,  is 
computed. 

187.  The  rate  is  the  number  of  hundredths  of  the 
base  to  be  taken. 

1 88.  The  percentage  is  the  part,  or  number  of  hnn- 
drcdths,  of  the  base  indicated  by  the  rate  ;  or,  the  percent- 
age is  the  result  obtained  by  multiplying  the  base  by  the  rate. 

Thus,  when  it  is  stated  that  7^  of  $25  is  $1.75,  $25  is  the 
base,  7^  is  the  rate,  and  $1.75  is  the  percentage. 

1 89.  The  amount  is  the  sum  of  the  base  and  percentage. 

190.  The  difference  is  the  remainder  obtained  by 
subtracting  the  percentage  from  the  base. 

Thus,  if  a  man  has  $180,  and  he  earns  C^  more,  he  will  have, 
altogether,  $180  +  $180  X  .OG,  or  $180  +  $10.80  =  $190.80. 
Here  $180  is  the  base;  G-fo,  the  rate;  $10.80,  the  percentage, 
and  $190.80,  the  amount. 

Again,  if  an  engine  of  125  horsepower  uses  10^  of  it  in 
overcoming  friction  and  other  resistances,  the  amount  left 
for  obtaining  useful  Avork  is  125  —  125  x  .10  =  125  —  20  = 
105  horsepower.  Here  125  is  the  base;  IG^,  the  rate;  20, 
the  percentage,  and  105,  the  diffcroice. 

191.  From  the  foregoing  it  is  evident  that  to  find  the 
percentage,  the  base  must  be  multiplied  by  the  rate.  Hence, 
the  following 

Rule. —  To  find  the  percentage,  multiply  the  base  by  the 
rate  expressed  decimally. 

Example. — Out  of  a  lot  of  300  bushels  of  apples,  76^  were  sold. 
How  many  bushels  were  sold  ? 

Solution. — 76^,   the  rate,  expressed  decimally,  is  .76  ;  the  base  is 

300;  hence,  the  number  of  bushels  sold,  or  the  percentage,  is  by  the 

above  rule. 

300  X.  76  =  228  bushels.     Ans. 

Expressing  the  rule  as  a 

Formula,  percentage  =  base  X  rate. 


ARITHMETIC.  53 

192.  When  the  percentag^e  and  rate  are  given,  the  base 
may  be  found  by  dividing  the  percentage  by  the  rate.  For, 
suppose  that  12  is  6^,  or  Yhfy  of  some  number;  then,  1^,  or 
Y^,  of  the  number,  is  13  -^  6,  or  2.  Consequently,  if  2  =  1^, 
or  Too-,  100,^,  or  |^,  =  2  X  100  =  200.  But,  since  the  same 
result  may  be  arrived  at  by  dividing  12  by  .06,  for  12  ^  .06 
=  200,  it  follows  that 

Rule. —  W/ien  tJie  percentage  and  rate  are  given^  to  find  the 
base,  divide  the  percentage  by  the  rate,  expressed  decimally. 

Formula,  base  =  percentage  -~  rate. 

Example. — Bought  a  certain  number  of  bushels  of  apples  and  sold 
76^  of  them.      If  I  sold  228  bushels,  how  many  bushels  did  I  buy  ? 

Solution. — Here  238  is  the  percentage,  and  76:?;,  or  .76,  is  the  rate; 
hence,  applying  the  rule, 

228  -f-  .76  =  800  bushels.     Ans. 

193.  When  the  base  and  percentage  are  given,  to  find 
the  rate,  the  rate  may  be  found,  expressed  decimally,  by  di- 
viding the  percentage  by  the  base.  For,  suppose  that  it  is 
desired  to  find  what  per  cent.  12  is  of  200.  1^  of  200  is  200 
X  .01  =  2.  Now,  if  1^  is  2,  12  is  evidently  as  many  per 
cent,  as  the  number  of  times  that  2  is  contained  in  12,  or  12 
-4-  2  =  6fo.  But  the  same  result  may  be  obtained  by  dividing 
12,  the  percentage,  by  200,  the  base,  since  12  -4-  200  =  .06 
=  6^.      Hence, 

Rule. —  When  the  percentage  and  base  are  given,  to  find  the 
rate,  divide  the  percentage  by  the  base,  and  the  result  zuill  be 
the  rate,  expressed  decimally. 

Formula,  rate  ^=  percentage  ~-  base. 

Example. — Bought  300  bushels  of  apples  and  sold  228  bushels.  What 
per  cent,  of  the  total  number  of  bushels  was  sold  ? 

Solution. — Here  300  is  the  base  and  228  is  the  percentage  ;  hence, 
applying  rule,  rate  =  228  --  300  =  .  76  =  76^.     Ans. 

Example. — What  per  cent,  of  875  is  25  ? 

Solution. ^Here  875  is  the  base  and  25  is  the  percentage  ;  hence, 
applying  rule,  25  -^  875  =  .  02f  =  2f ^.     Ans. 

Proop.— 875  X  .Oa^  =  25. 
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KXAMPMCS    VO'-i    r»l*  ACTICK 

1  J-)-t.      What  per  cent,  of 

(a)  mo  is  00  ? 

(^)  900  is  aCO  ? 

(c)  125  is  25  ? 

(^)  150  is  750  ? 

(^)  280  is  112?  ^"^• 

(/)  400  is  200  ? 

(£■)  47  is  94? 

(//)  500  is  250  ? 


(^0  25^. 

(/^)  40^. 

(c)  20<^. 

(.')  40;^. 

(/)  r^o^. 

(-)  200^. 

(//)  50<?:. 


195.  The  amount  may  be  found,  when  the  base  and  rate 
are  given,  by  multiplying  the  base  by  1  plus  the  rate,  ex- 
pressed decimally.  For,  su'ppose  that  it  is  desired  to  find 
the  amount  when  200  is  the  base  and  G;^  is  the  rate.  The 
percentage  is  200  X  .00  =  12,  and,  according  to  definition, 
Art.  189,  the  amount  is  200  +  12  =  212.  But  the  same 
result  may  be  obtained  by  multiplying  200  by  1  +  .00,  or 
LOG,  since  200  X  1.06  =  212.      Hence, 

I J tile. —  ]riicii  tJic  base  and  rate  arc  given ^  to  find  the 
avioiint,  vinltiply  the  base  by  1  plus  the  rate,  expressed  deci- 
mally. 

Formula,  amount  =  base  x  (1  +  rate). 

Example. — If  a  man  earned  $725  in  a  5-ear,  and  the  next  year  10^ 
more,  how  much  did  he  earn  the  second  year  ? 

Solution. — Here  725  is  the  base  and  10';^  is  the  rate,  and  the  amount 
is  required.     Hence,  applying  the  rule, 

725  X  1.10  =  $797.50.     Ans. 

196.  When  the  base  and  rate  are  given,  the  difference 
may  be  found  by  multiplying  the  base  by  1  minus  the  rate, 
expressed  decimally.  For,  suppose  that  it  is  desired  to  find 
the  difference  when  the  base  is  200  and  the  rate  is  G^'._  The 
percentage  is  200  X  .OG  =  12;  and,  according  to  definition, 
Art.  190,  the  difference  =  200  —  12  =  1S8.  But  the  same 
result  may  be  obtained  by  multiplying  200  by  1  —  .(>*;,  or  .94, 
since  200  X  .04  =  188.      Hence, 

Kule- —  ]  Vhen  the  base  and  rate  are  given .^  to  find  the  differ- 
ence, vinltiply  the  base  by  1  minus  the  rate,  expressed  decimally. 
Formula,  difference  =  base  X  (1  —  rate). 
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Example. — Bought  300  bushels  of  apples,  and  sold  all  but  24^  of 
them.     How  many  bushels  were  sold  ? 

Solution. — Here  300  is  the  base,  24%  is  the  rate,  and  it  is  desired  to 
find  the  difference.     Hence,  applying  the  rule, 

300  X  (1  —  .24)  =  228  bushels.     Ans. 

197.  Whf.n  the  amount  and  rate  are  given,  the  base  may 
be  found  by  dividing  the  amount  by  1  plus  the  rate.  For, 
suppose  th^t  it  is  known  that  212  equals  some  number  in- 
creased by  ()'/o  of  itself.  Then  it  is  evident  that  212  equals 
106^  of  the  number  (base)  that  it  is  desired  to  find.      Con- 

212 
sequently,  if  212  =  106,^,  Ifo  ^^ttttt  =  2,  and  100^  =  2  X  100  = 

200  =  the  base.      But   the  same  result  may  be  obtained  by 
dividing  212  by  1  +  .00,  or  1.06,  since  212  -^  1.06  =  200. 
Hence, 

Rule. —  ]Vhcn  the  atnoiint  and  rate  are  given,  to  find  the 
base,  divide  the  amount  by  1  plus  the  rate,  expressed  deci- 
mally. 

Formula,  base  =  amount  -4-  (1  -f-  rate). 

Example. — The  theoretical  discharge  of  a  certain  pump,  when  run- 
ning at  a  piston  speed  of  100  feet  per  minute,  is  278,910  gallons  per  day 
of  10  hours.  Owing  to  leakage  and  other  defects,  this  value  is  25^ 
greater  than  the  actual  discharge.     What  is  the  actual  discharge  ? 

Solution. — Here  278,910  equals  the  actual  discharge  (base)  increased 
by  25,'?  of  itself.  Consequently,  278,910  is  the  amount;  25,'?  is  the  rate, 
and,  applying  rule, 

actual  discharge  =  278,910  -r- 1.25  =  223,128  gallons.     Ans. 

198.  When  the  difference  and  rate  are  given,  the  base 
may  be  found  by  dividing  the  difference  by  1  minus  the  rate. 
For,  suppose  that  188  equals  some  number  less  6^  of  itself. 
Then,  188  evidently  equals  100  —  6  =  94^  of  some  number. 
Consequently,  if  188  =  94^,  1^  =  188  -^  94  =  2,  and  100^  = 
2  X  100  =  200.  But  the  same  result  may  be  obtained  by 
dividing  188  by  1  —  .06,  or  .94,  since  188-^.94  =  200. 
Hence, 

Rule. —  When  the  difference  and  rate  are  given,  to  find  the 
base,  divide  the  difference  by  1  minus  the  rate,  expressed  decu 
mally. 

Formula,  base  =  difference  -=-  (1  — rate). 
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Example. — Bought  a  certain  number  of  bushels  of  apples  and  sold 
16%  of  them.  If  llicre  were  73  bushels  left  unsold,  how  many  bushels 
did  I  buy  ? 

Solution. — Here  72  is  the  difference  and  16%  is  the  rate.      Applying 

rule, 

72  -^  (1  -  .76)  =  300  bushels.     Ans. 

E.\AMPLE. — The  theoretical  number  of  foot-pounds  of  work  per 
minute  required  to  operate  a  boiler  feed-pump  is  127,344.  If  30:^  of  the 
total  number  actually  required  be  allowed  for  friction,  leakage,  etc., 
how  many  foot-pounds  are  actually  required  to  work  the  pump  ? 

Solution. — Here  the  number  actually  required  is  the  base;  hence, 
137,344  is  the  difference,  and  30,'^  is  the  rate.     Applying  the  rule, 

137,344  -T-  (1  -  .30)  =  181,920  foot-pounds.     Ans. 

199.  Example. — A  certain  chimney  gives  a  draft  of  2.76  inches 
of  water.  By  increasing  the  height  20  feet,  the  draft  was  increased  to 
3  inches  of  water.     What  was  the  gain  per  cent.  ? 

Solution. — Here  it  is  evident  that  3  inches  is  the  amount  and  that 
2.76  inches  is  the  base.  Consequently,  3  —  3.76  =  .24  inch  is  the  per- 
centage, and  it  is  required  to  find  the  rate.  Hence,  applying  the  rule 
given  in  Art.  193, 

gainpercent.  =  .24-v-3.76  =  .087  =  8.7$^.     Ans. 

200.  E.XAMPLE. — A  certain  chimney  gave  a  draft  of  3  inches  of 
water.  After  an  economizer  had  been  put  in,  the  draft  was  reduced  to 
1.3  inches  of  water.     What  was  the  loss  per  cent.  ? 

Solution. — Here  it  is  evident  that  1.3  inches  is  the  difference  (since 
it  equals  3  inches  diminished  by  a  certain  per  cent.,  loss  of  itself)  and 
3  inches  is  the  base.  Consequently,  3  —  1.3  —  1.8  inches  is  the  per- 
centage.    Hence,  applying  the  rule  given  in  Art.   193; 

loss  per  cent.  =  1.8  -r-  3  =  .60  =  60,^.     Ans. 

!201.     To  find  the  gain  or  loss  per  cent.: 

Rule. — Find  tJie  difference  betiveen  the  initial  and  final 

values;  divide  this  difference  by  the  initial  value. 

Example. — If  a  man  buys  a  house  for  $1,860,  and  some  time  after- 
wards builds  a  barn  for  3.1'?  of  the  cost  of  the  house,  does  he  gain  or 
lose,  and  how  much  per  cent.,  if  he  sells  both  house  and  barn  for  $3,100? 

Solution. — The  cost  of  the  barn  was  §1,860  X -25  =  §465  ;  conse- 
quently, the  initial  value,  or  cost,  was  §1,860  +  §465  =  §2,325.  Since 
he  sold  them  for  §3,100,  he  lost  §3,335 —  §3,100  =  §335.  Hence,  apply- 
ing rule, 

235  -i-  2, 325  =  .  0968  =  9. 68^  loss.     Ans. 


{a) 

$112.50 

(^) 

5.016. 

{c) 

18. 

{d) 

1461?. 

{e) 

940.8. 

if) 

16|^. 

U) 

^m- 

(//) 

40^. 
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EXAMPLES  FOR   PRACTICE. 

202.      Solve  the  following: 

{a)  What  is  12^^  of  $900? 

{b)  What  is  f  ^  of  627  ? 

{c)  What  is  m\%  of  54  ? 

{d)  101  is  68f^  of  what  number  ?  ^^^ 

{e)  784  is  83i^  of  what  number  ? 

(/)  What.'^of  960is  160? 

(  g )  What  %  of  $3, 606  is  $450f  ? 

{h)  What  5^  of  280  is  112  ? 

1.  A  steam  plant  consumed  an  average  of  3,640  pounds  of  coal  per 
day.  The  engineer  made  certain  alterations  which  resulted  in  a  saving 
of  250  pounds  per  day.     What  was  the  per  cent,  of  coal  saved  ? 

Ans.  1%,  nearly. 

2.  If  the  speed  of  an  engine  running  at  126  revolutions  per  minute 
should  be  increased  Q\%,  how  many  revolutions  per  minute  would  it 
then  make  ?  Ans.  134.19  revolutions. 

3.  The  list  price  of  a  lot  of  silk  goods  is  $1,400  ;  of  some  laces,  $1,150, 
and  of  some  calico,  $340.  If  25,'^  discount  was  allowed  on  silk,  22 jj 
on  the  laces,  and  12\%  on  the  calico,  what  was  the  actual  cost  of  the 
purchase?  Ans.  $2,244.50. 

4.  If  I  lend  a  man  $1,100,  and  this  is  18|^  of  the  amount  that  I  have 
on  interest,  how  much  money  have  I  on  interest  ?  Ans.  $5,945.95. 

5.  A  test  showed  that  an  engine  developed  190.4  horsepower,  15^ 
of  which  was  consumed  in  friction.  How  much  power  was  available 
for  use?  Ans.  161.84  H. P. 

6.  By  adding  a  condenser  to  a  steam  engine,  the  power  was  increased 
14^  and  the  consumption  of  coal  per  horsepower  per  hour  was  decreased 
20%.  If  the  engine  could  originally  develop  50  horsepower,  and  required 
3|  pounds  of  coal  per  horsepower  per  hour,  what  would  be  the  total 
weight  of  coal  used  in  an  hour,  with  the  condenser,  assuming  the 
engine  to  run  full  power  ?  Ans.  159.6  pounds. 


DENOMINATE   NUMBERS. 

203.  A  denominate  number  is  a  concrete  number, 
and  may  be  either  simple  or  compound,  as  8  quarts,  5  feet, 
10  inches,  etc. 

204.  A  simple  denominate  number  consists  of 
units  of  but  one  denomination,  as  16  cents,  10  hours,  5  dol- 
lars, etc. 
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205.  A  compound  denominate  number  consists 
of  units  of  two  or  more  denominations  of  a  similar  kind,  as 
3  yards  2  feet  1  inch  ;  34  square  feet  57  square  inches. 

206.  In  >vliole  numbers  and  in  decimals  the  laiv  of 
increase  and  decrease  is  on  the  scale  of  10,  but  in  com- 
pound or  denominate  numbers  the  scale  varies. 


MEASURES. 
207.  A  measure  is  a  standard  unit,  established  by  law 
or  curiam,  by  which  quantity  of  any  kind  is  measured.  The 
standard  unit  of  dry  measure  is  the  Winchester  bushel  ; 
of  ^weight,  the  pound  ;  of  liquid  measure,  the  gallon, 
etc. 


208. 

Measures  are  of  six  kinds  : 

1. 

Extension.                               4. 

Time. 

2. 

Weight.                                    5. 

Angles. 

3. 

Capacity.                                 6. 

Money  or  value 

MEASURES    OF    EXTENSION. 
209.     Measures  of  extension  are  used  in  measuring 
lengths,  distances,  surfaces,  and  solids. 


LINBAR   MEASITRE. 

TABLE   3. 
Abbreviation. 


12     inches  (in.)  =  1  foot    .  .  ft. 

3     feet               =  1  yard  .  .  yd. 

5.5  yards            =  1  rod  ...  rd. 

40     rods              =  1  furlong  fur. 

8     furlongs        =  1  mile  .  .  mi. 


in.  ft.  yd.      rd.  fur.  mi. 

36=        3  =         1 
198=      16i=     5.5=      1 
7,920  =     660  =     220  =    40  =  1 
63,360  =  5,280  =1,760  =  320  =  8  =  1 


SURVEYOR'S   LINEAR   MEASURE. 

TABLE   4. 


7.92  inches 

=  1  link     .     .     . 

.     .     li. 

25  links 

=  1  rod      .     .     . 

.     .   rd. 

4  rods 
100  links 

=  1  chain  .     .     . 

.     .  ch. 

80  chains 

=  1  mile    .     .     . 

.     .  mi. 

mi.          ch. 

rd.               11. 

in. 

1       =       80       : 

=     320     =     8,000     = 

=     63.360 
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210.  The  linear  unit,  generally  used  by  surveyors,  is 
Gunter's  chain,  which  is  equal  to  4  rods,  or  66  feet. 

211.  An  engineer's  chain,  used  by  civil  engineers, 
is  100  feet  long,  and  consists  of  100  links.  In  computations, 
the  links  are  written  as  so  many  hundredths  of  a  chain. 


SQUARE   MEASURE. 

TABLE   5. 


144    square  inches  (sq.  in.). 

9    square  feet      .     .     .     , 

30^  square  yards  .     .     .     . 

160    square  rods     .     .     .     . 

640    acres 

sq.mi.       A.         sq.rd. 
1       =  640  =  102,400  = 


sq.yd. 


1  square  foot 
1  square  yard 
1  square  rod 
1  acre  .     .     . 
1  square  mile 

sq.ft. 


sq, 


in 


.  sq.ft. 
.  sq.  yd. 
,  sq.rd. 
.  .  A. 
sq.mi. 


3,097,600  =  27,878,400  =  4,014,489,600 


SURVEYOR'S   SQUARE 

TABLE   6. 

625  square  links : 

16  square  rods : 

10  square  chains : 

640  acres : 

36  square  miles  (6  mi.  square)    .  = 
sq.mi.          A.             sq.ch. 
1       =     640     =     6,400 


MEASURE. 


1  square  rod  . 
1  square  chain 
1  acre  .  .  . 
1  square  mile . 
1  township 
sq.rd.  sq.li. 

102,400     =     64,000,000 


sq.rd. 
sq.ch. 
.      A. 


sq.  mi. 
.    Tp. 


CUBIC    MEASURE. 

TABLE    7. 


1728    cubic  inches  (cu.  in.) 

27    cubic  feet      ... 

128    cubic  feet      .     .     . 


24f  cubic  feet 


cu.yd. 
1     = 


cu.ft. 
27 


1  cubic  foot 
1  cubic  yard 
1  cord     .     . 
1  perch  .     . 

cu.in. 
=     46,656 


cu.  ft. 

cu.yd. 

.    cd. 

.      P. 


MEASURES    OF    WEIGHT. 

AVOIRDUPOIS  WEIGHT. 

TABLE   8. 

16  ounces  (oz.) =     1  pound    .     .     . 

100  pounds =     1  hundredweight 

30  cwt,  or  2,0001b =     1  ton     .     .     .     . 

T.  cwt.  lb.  oz. 

1     =     20     =     2,000     =     32,000 

M.  E.    I.— 5 


.lb. 
cwt. 
.  T. 
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212.  The  ounce  is  divided  into  halves,  quarters,  etc. 
Avoirdupois  weight  is  used  for  weighing  coarse  and  heavy 
articles.     One  avoirdupois  pound  contains  7,000  grains. 

LONG   TON   TABLE. 

TABLE   9. 

16  ounces =     1  pound lb. 

112  pounds =     1  hundredweight  .     .     .       cwt. 

20  cwt.,  or  2,2401b =     1  ton T. 

213.  In  all  the  calculations  throughout  this  and  the 
succeeding  volumes,  2,000  pounds  will  be  considered  one 
ton,  unless  the  long  ton  (2,240  pounds)  is  especially  men- 
tioned. 

TROY   WEIGHT. 

TABLE   10. 

24  grains  (gr.) =     1  pennyweight ....       pwt. 

20  pennyweights =     1  ounce oz. 

12  ounces =     1  pound lb. 

lb.  oz.  pwt.  gr. 

1     =     12     =     240     =     5,760 

214.  Troy  weight  is  used  in  weighing  gold  and  silver- 
ware, jewels,  etc.     It  is  used  by  jewelers. 


MEASURES  OF  CAPACITY. 

LIQUID   MEASURE. 

TABLE   11. 

4   gills  (gi.) =     1  pint pt 

2  pints =     1  quart qt 

4   quarts =     1  gallon gal. 

31^  gallons =     1  barrel bbl. 

3  barrels,  or  6'3  gallons     .     .     .   =     1  hogshead hhd. 

hhd.      bbl.       gal.  qt.  pt.  gi. 

1    =    2    =    63    =    252    =    504  =    2,016 

DRY   MEASURE. 

TABLE    12. 

2  pints  (pt.) =     1  quart qt. 

8  quarts =     1  peck pk. 

4  pecks =     1  bushel ba 

bu.       pk.  qt.          pt. 

1    =    4    =  32    =    64 
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MEASURE    OF    TIME. 


TABLE   13. 


60  seconds  (sec. ) 

60  minutes    .     . 

24  hours   ,     .     . 

7  days     .     .     . 


1  minute min. 

1  hour hr. 

1  day da. 

1  week wk. 


365  days       i  _     ^ 


13  months 
366  days 
100  years 


common  year 


yr. 


1  leap  year. 
1  century. 


Note. — It  is  customary  to  consider  one  month  as  30  days. 


MEASURE    OF    ANGLES    OR    ARCS. 


60  seconds  (") 
60  minutes    . 
90  degrees     . 
360  degrees    . 


TABLE    14. 


1  minute '  . 

1  degree °  . 

1  right  angle  or  quadrant  L  • 
1  circle cir. 


cir. 


1     =     360°     =     21,600'     =     1,296,000" 


MEASURE    OF    MONEY. 

UNITED  STATES  MONEV. 

TABLE    15. 


10  mills  (m.)  .     .     . 
10  cents      .... 

.     .     . 

•     • 

.   =     1  cent 

.  =     1  dime 

.   —     1  dollar 

.     .    ct 
.     .      d. 

10  dimes     .... 

.     .      $: 

10  dollars  .... 

.  =     1  eagle 

ct.                  m. 
=     1,000     =     10,000 

.     .     E. 

E. 
1     = 

10    = 

d. 
100 

MISCELLANEOUS 

TABLE    16. 

13  things  are  1  dozen. 

12  dozen  are  1  gross. 

12  gross  are  1  great  gross. 

2  things  are  1  pair. 
20  things  are  1  score. 

1  league  is  3  miles. 

1  fathom  is  6  feet. 


TABLE. 


1  meter  is  nearly  39.37  inches. 

1  hand  is  4  inches. 

1  palm  is  3  inches. 

1  span  is  9  inches. 
24  sheets  are  1  quire. 
20  quires,  or  480  sheets,  are  1  ream. 

1  bushel  contains  2,150.4  cubic  in. 


1  U.  S.  standard  gallon  (also  called  a  wine  gallon)  contains  231  cubic  in. 
1  U.  S.  standard  gallon  of  water  weighs  8.355  pounds,  nearly. 
1  cubic  foot  of  water  contains  7.481  U.  S.  standard  gallons,  nearly. 
1  British  imperial  gallon  weighs  10  pounds. 

It  will  be  of  great  advantage  to  the  student  to  carefully 
memorize  all  of  the  above  tables. 
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Ri:i)i  cTiox  <>i'    i)i:\<)MJ\  V  ri:  xrMiin^s. 

215.  Wctliictioii  'if  (IcnoniinaK;  numlxjrs  is  {he  jiro- 
cess  of  <  lianj^MiiL;'  llnir  di-nominatioii  without  cliani^iiiLC  their 
vahic.  They  may  l»c  chaii^^'cd  from  a  hii^dicr  to  a  lowt^r 
(Icnomiiiatioii  or  from  a  lower  to  a  hit^her — cither  is  reduc- 
tion.     As, 

2  liours  zi-  \:H)  minutes. 

IVl  ouii'cs  =  2  pounds. 

21<>.  I'rinciplc. — Denominate  numbers  are  changed 
to  hnccr  denominations  by  Diuliiplying,  and  to  higher  de- 
nominations by  ilividing. 

To  reduce  tlciioiiiinatc  numbers  to  lower  deuoiiii- 
nations  : 

217.      ]C.\.\Mi'LE. — Reduce  5  yd.  2  ft.  7  in.  lo  inches. 
Solution. —  vd.  ft.  in. 


;j 

8 

Ts 

ft. 

ft. 

17 

ft. 

12 

34 

17 

204 

in. 

in. 

2  11  inches.  Ans. 
ExPLAXATiON. — Since  there  are  3  feet  in  1  yard,  in  5  vards 
there  are  5  X  o,  or  lo  feet,  and  15  feet  plus  2  feet  =  17  feet. 
There  are  12  inches  in  a  foot;  therefore,  12  X  IT  — 2<i4 
inches,  and  21)4  inches  phis  7  inches  =  211  inches  =. number 
of  inches  in  5  yards  2  feet  and  7  inches.      Ans. 

2  I  H.      E.x.\.MPLE. — Reduce  0  hours  to  sectjnds. 

Solution. —  6        liours. 

6  0 


3  60      minutes. 
6  0 


2  16  0  0  seconds.     Ans. 
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Explanation. — As  there  are  GO  minutes  in  one  hour,  in 
six  hours  there  are  6  X  00,  or  3G0  minutes  ;  as  there  are  no 
minutes  to  add,  we  multiply  360  minutes  by  60,  to  get  the 
number  of  seconds. 

219.  In  order  to  avoid  mistakes,  if  any  denomination 
be  omitted,  represent  it  by  a  cipher.  Thus,  before  reducing 
3  rods  6  inches  to  inches,  insert  a  cipher  for  yards  and  a 
cipher  for  feet ;  as, 

rd.       yd.       ft.       in. 
3  0  0         6 

220.  Rule. — Multiply  the  niunber  representing  tJie  Jiigh- 
est  deno7nination  by  the  7iuniber  of  units  in  the  next  lower 
required  to  make  one  of  the  higher  denomination^  and  to  the 
product  add  the  number  of  given  units  of  that  lower  denomi- 
nation. Proceed  in  this  manner  until  the  numb'er  is  reduced 
to  the  required  denomination. 


EXAMPLES  FOR   PRACTICE. 


221  •      Reduce 


{a) 

4  rd.  2  yd.  2  ft.  to  ft. 

r  («) 

74  ft 

{b) 

4  bu.  3  pk.  2  qt.  to  qt. 

(^) 

154  qt. 

{c^ 

13  rd.  5  yd.  2  ft.  to  ft. 

{c) 

231.5  ft. 

{d) 

5  mi.  100  rd.  10  ft.  to  ft. 

8  lb.  4  oz.  6  pwt.  to  gr.            ^"^- ' 

id) 

28,060  ft. 

{e) 

ie) 

48,144  gr 

if) 

52  hhd.  24  gal.  1  pt.  to  pt. 

if) 

26,401  pt 

U) 

5  cir.  16°  20'  to  minutes. 

i£-) 

108,980'. 

ill) 

14  bu.  to  qt. 

(/.) 

448  qt. 

To  reduce  low^er  to  higher  denominations : 

222.      Example. — Reduce  211  in.  to  higher  denominations. 
Solution. —  1  2  )  2  1 1  in. 

3  )  1  7  ft.  +  7  in. 


5  yd.  +  2  ft.     Ans. 
Explanation. — There    are  12    inches    in    1    foot  ;    there- 
fore, 211  divided  by  12  =  17  feet  and  7  inches  over.     There 
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arr  '.')  \ri[  in  1  }ai(l  ;  t  hcrffin'c,  17  fccL  diviflcd  by  ."i  =  5 
var<l>  ami  ".'  I'-ct  <>v<'i".  The  lasl  ([tiMiictit  and  ihc  Iwm  re- 
mainders conslilulc  the  answer,  .'>  x'ards  ;l  teet  7  inches. 

^^Ci.       llxANU'Li:. — Reduce    l.l.T:'..")    j.,a;iins  TrDy  wcigiit  to  hi^ho! 
dcnoniiii.ili'iiis. 

Solution. —  2-1)1  5  7  :;  r,  ^r.  (  0  5  5  pwL 

144 


1  :i :', 
1  20 

1  :',  r, 
120 

1   5   jr,-. 

2  0)'; .")  5  pwt.  ( ; 

6  0 

5  2 

oz, 

5  5 
40 

1  5  pwt. 

1  2  )  :5  2  oz.  (  2  lb. 
2  4 

8  oz. 

ExPLANATiox. — There  are  :M-  j^rains  in  1  pennyweip^ht,  and 
in  15, Ti)")  grains  there  are  as  many  penny \vei;.j^hts  as  t.*4  is 
contained  in  ir),"] '■)'>,  (»r  (>•").■)  i)i-nny  weiglits  and  15  grains  re- 
maining. There  are  ",21  >  pennyweights  in  1  ounce,  and  in 
Go.")  pc:nny weiglits  there  are  '.Vl  ounces  and  1.")  pennyweights 
remaining.  There  are  1:2  ounces  in  1  [jomtd,  and  in  '.Vi 
ounces  there  are  2  ])ounds  and  S  r>unces  remaining.  The 
last  (pu)tient  and  the:  three  remainders  constitute  the  an- 
swer, 2  jiounds  S  (lunces  ]  ."i   jjennywcights  1.")  grains. 

The  al)ove  i)rol)]em  is  Avorke<l  out  by  long  division,  \)e- 
cause  the  numbers  are  too  large  to  solve  easily  by  short 
division.      ^Fhe  sttident  may  use  either  method. 

224.  Kiilc. — Divuh-  the  iniiiilhr  ri-prcsc)i(i)ii:;  tlic  dc- 
!iP)iiinaiio)i  _<,'■/; v;/  hv  ihc  iiuiiihcr  of  iniiis  of  this  (iciioi)ii)iation 
required  to  iimke  one  unit  of  the  next  Iiii^'her  deiionii)iatio)i. 
The  renidinder  loill  be  of  the  same  deuominatiou,  but  the 
quotient  ici/l  be  of  the  next  Jiiglter.      Divide  this  quotient  by 
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the  number  of  units  of  its  denomination  required  to  make  one 
unit  of  the  next  higher.  Continue  until  the  highest  denomi- 
nation is  reached,  or  until  there  is  not  efiough  of  a  denomina- 
tion left  to  make  one  of  the  next  higher.  The  last  quotient 
and  the  remainders  constitute  the  required  result. 


EXAMPLES   FOR   PRACTICE. 

22S.      Reduce  to  units  of  higher  denominations  : 

{a)  7,460  sq.  in.  ;   (/;)  7.580  sq.  yd.  ;   {c)  148.760  cu.  in.  ;   (^)  7,896  cu.  ft. 
to  cd. ;  (<?)  17,651";  (/)  1,120  cu.  ft.  to  cd. ;  {g)  8,000  gi.  ;  {/i)  36,450  lb. 

{a)   5  sq.  yd.  6  sq.  ft.  116  sq.  in. 
{b)    1  A.  90  sq.  rd.  17  sq.  yd.  4  sq.  ft.  73  sq.  in. 
{c)   3  cu.  yd.  5  cu.  ft.  153  cu.  in. 
{d)  61  cd.  88  cu.  ft. 
{e)    4°  54'  11". 
(/)  8  cd.  96  cu.  ft. 
(^)  3hhd.  eigal. 
(//)   18  T.  4  cwt.  50  lb. 


Ans. 


ADDITION  OF  DENOMINATE  NUMBERS. 

2i26.      Example. — Find  the  sum  of  3  cwt.  46  lb.  13  oz. ;  8  cwt.  13  lb 
13  oz. ;  13  cwt.  50  lb.  13  oz. ;  37  lb.  4  oz. 
Solution.— 


T. 

cwt. 

lb. 

oz. 

0 

3 

46 

13 

0 

8 

13 

13 

0 

12 

50 

13 

0 

0 

37 

4 

1  4  37  10    Ans. 

Explanation. — Begin  to  add  at  the  right-hand  column  : 
4  4-  13  +  13  +  1'^  =  42  ounces  ;  as  IG  ounces  make  1  pound, 
42  ounces  -^  IG  =  2  and  a  remainder  of  10  ounces,  or 
2  pounds  and  10  ounces.  Place  10  ounces  under  ounce 
column,  and  add  2  pounds  to  the  next  or  pound  column. 
Then,  2  +  27  +  50  +  12  +  46  =  137  pounds  ;  as  100  pounds 
make  a  hundredweight,  137  -^  100  =  1  hundredweight  and 
a  remainder  of  37  pounds.  Place  the  37  under  the  pounds 
column,  and  add  1  hundredweight  to  the  next  or  hundred- 
weight column.     Next,  1  +  12 +  8  +  3  =  24  hundredweight 
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20  hundredweight  make  a  ton  ;  therefore  2i  -^  20  =  1  ton 
and  -4  hundredweight  remaining.  Hence,  the  sum  is  1  ton 
4  hundredweight  37  pounds  10  ounces.     Ans. 

6rd. 


227.     Example. -What 

is  the 

sum 

of  2  rd.  3  yd.  2  ft.  5  in. 

l£t.  10  in.;  17  rd.  11  in.; 

4  yd 

..  1  ft.  ? 

Solution. —            rd. 

yd. 

ft. 

in. 

2 

3 

2 

5 

6 

0 

1 

10 

17 

0 

0 

11 

0 

4 

1 

0 

26 

34 

0 

2 

or    26 

3 

1 

8    Ans. 

Explanation. — The  sum  of  the  numbers  in  the  first  col- 
umn =  26,  inches,  or  2  feet  and  2  inches  remaining.  The 
sum  of  the  numbers  in  the  next  column  plus  2  feet  =  G  feet, 
or  2  yards  and  0  feet  remaining.  The  sum  of  the  next  col- 
umn plus  2  yards  =  9  yards,  or  9  -4-  5|  =  1  rod  and  3|  yards 
remaining.  The  sum  of  the  next  column  plus  1  rod  =  26 
rods.  To  avoid  fractions  in  the  sum,  the  4  yard  is  reduced 
to  1  foot  and  6  inches,  which  added  to  26  rods  3  yards  0  feet 
and  2  inches  =  26  rods  3  yards  1  foot  8  inches.     Ans. 

228.      Example.— What  is  the  sum  of  47  ft.  and  3  rd.  2  yd.  2  ft. 

lOin.? 

Solution.— When  47  ft.  is  reduced  it  equals  2  rd.  4  yd.  2  ft.,  which 
can  be  added  to  3  rd.  2  yd.  2  ft.  10  in.     Thus, 

rd.  yd.  ft.  in. 

3  2  2  10 

2  4  2  0 


6  li  1  10 

or    6  2  0  4    Ans. 


229.  Rule. — Place  the  numbers  so  that  like  denomina- 
tions are  under  each  other.  Begin  at  the  right-hand  column, 
and  add.  Divide  the  sum  by  the  number  of  units  of  this 
denomination  required  to  make  one  unit  of  the  next  higher. 
Place  the  remai7ider  under  the  column  added,  and  carry  the 
quotient  to  the  next  column.  Continue  iri  this  manner  until 
the  highest  denomination  given  is  reached. 


Ans.  - 
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EXAMPLES  FOR   PRACTICE. 

230*     What  is  the  sum  of 

(a)  25  lb.  7  oz.  15  pwt.  23  gr. ;  17  lb.  16  pwt.  ;  15  lb.  4  oz.  12  pwt.-, 
IB  lb.  16  gr. ;  10  lb.  2  oz.  11  pwt.  16  gr.  ? 

(^)  9  mi.  13  rd.  4  yd.  2  ft. ;  16  rd.  5  yd.  1  ft.  5  in. ;  16  mi.  2  rd.  3  in. ; 
14rd.  1  yd.  9  in.? 

(c)    3  cwt.  46  lb.  12  oz. ;  12  cwt.  9^  lb. ;  2^  cwt.  21f  lb.? 

(^)  10  yr.  8  mo.  5  wk.  3  da. ;  42  yr.  6  mo.  7  da.  ;  7  yr.  5  mo.  18  wk. 
4  da. ;  17  yr.  17  da.  ? 

{e)  111  tons  11  cwt.  49  lb.  14  cz. ;  16  tons  47  lb.  13  oz. ;  20  tons  13  cwt. 
14  lb.  6  oz. ;  11  tons  4  cwt.  16  lb.  12  oz.  ? 

(/)     14  sq.  yd.  8  sq.  ft.  19  sq.  in. ;  105  sq.  yd.   16  sq.  ft.  240  sq.  in. , 

42  sq.  yd.  28  sq.  ft.  165  sq.  in.  ? 

'  (a)   86  lb.  3  oz.  16  pwt.  7  gr. 

Id)    25  mi.  47  rd.  1  ft.  5  in. 

(c)  18  cwt.  2  lb.  14  oz. 

(d)  78  yr.  1  mo.  3  wk.  3  da. 

(e)  65  tons  9  cwt.  28  lb.  13  oz. 
(/)   167  sq.  yd.  136  sq.  in. 

SUBTRACTION  OF  DENOMINATE  NUMBERS. 

231.      Example.— From  21  rd.  2  yd.  2  ft.  6+  in.,  take  9  rd   4  yd. 
lOi  in. 

Solution. —  rd.         yd.         ft.  in. 

21  2  2  6i 

9  4  0         lOi 

11  3^  1  8i        Ans. 

Explanation. — Since  10^  inches  cannot  be  taken  from 

6|  inches,  we  must  borrow  1  foot,  or  12  inches,  from  the  2  feet 

in  the  next  column  and  add    it   to   the    6^.      6|  +  12  =  18|. 

18^  inches  —  10^  inches  =  8|-  inches.     Then,  0  foot  from  the 

1  remaining  foot  =  1  foot.     4  yards  cannot  be  taken  from 

2  yards ;  therefore,  we  borrow  1  rod,  or  5^  yards,  from  21  rods 
and  add  it  to  2.  2  +  5^  =  7i  ;  7i  -  4  =  3A  yards.  9  rods 
from  20  rods  =:  11  rods.  Hence,  the  remainder  is  11  rods 
3|-  yards  1  foot  8^  inches.     Ans. 

To   avoid  fractions  as  much  as  possible,  we  reduce  the 

1  yard  to  inches,  obtaining  18  inches;  this  added  to  8^  inches, 
gives  26|   inches,   which  equals    2    feet    2J    inches.      Then, 

2  feet  +  1  foot  =  3  feet  =  1  yard,  and  3  yards  4-  1  yard  =  4 
yards.  Hence,  the  above  answer  becomes  11  rods  4  yards 
0  feet  2^  inches. 
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232.      Example. — What  is  the  difference  between  3  rd.  2  yd.  2  ft. 
10  in.  and  47  ft.  ? 
Solution. — 47  ft.  =  2  rd.  4  yd.  2  ft. 


rd. 

yd. 

ft. 

in. 

3 

2 

2 

10 

2 

4 

2 

0 

0  3i  0         10 

or  3  2  4    Ans. 

To  find  (approximately)  the  interval  of  time  be- 
tween two  dates: 

233.      Example. — How   many   years,    months,    days,    and   hours 
between 4 o'clock  p.m.  of  June  15, 1868,  and  10 o'clock  a.m.,  September  28, 
1891? 
Solution. —  yr.        mo.        da.        hr. 

1891  8  28  10 

1868  5  15  16 


23  3  12  18    Ans. 

Explanation. — Counting  24  hours  in  1  day,  4  o'clock 
P.M.  is  the  IGth  hour  from  the  beginning  of  the  day,  or 
midnight.  On  September  28,  8  months  and  28  days  have 
elapsed,  and  on  June  15,  5  months  and  15  days.  After  plac- 
ing the  earlier  date  under  the  later  date,  subtract  as  in  the 
previous  problems.      Count  30  days  as  1  month. 

234.  Rule. — Place  tJie  smaller  quantity  under  the  larger 
quantity,  with  like  denominations  under  each  other.  Begin- 
ning at  the  right,  subtract  successively  the  number  in  the  sub- 
trahend in  each  denomination  from  the  one  above,  and  place 
the  differences  nndcrneath.  If  the  number  in  the  minuend  of 
any  denomination  is  less  than  the  number  under  it  in  the  sub- 
trahend^ one  must  be  borrowed  from  the  minue?id  of  the  next 
higher  denomi?iation,  reduced  and  added  to  it. 


EXAMPLES   FOR   PRACTICE. 
235.      From 

(a)    125  lb.  8  oz.  14  pwt.  18  gr.  take  96  lb.  9  oz.  10  pwt.  4  gr. 
{b)    126  hhd.  27  gal.  take  104  hhd.  14  gal.  1  qt.  1  pt. 
(r)  65  T.  14  cwt.  64  lb.  10  oz.  take  16  T.  11  cwt.  14  oz. 
{d)   148  sq.  yd.  16  sq.  ft.  142  sq.  in.  take  132  sq.  yd.  136  sq.  in. 
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(e)    100  bu.  take  28  bu.  2  pk.  5  qt.  1  pt. 
(/)  14  mi.  34  rd.  16  yd.  13  ft.  11  in.  take  3  mi.  27  rd.  11  yd.  4  ft.  10  m. 

(a)  28  lb.  11  oz.  4  pwt.  14  gr. 

{^)  22  hhd.  12  gal.  2  qt.  1  pt. 

I  (c)  49  T.  3  cwt.  63  lb.  12  oz. 

^    (d)  16  sq.  yd.  16  sq.  ft.  6  sq.  in. 

(e)  71  bu.  1  pk.  2  qt.  1  pt. 

(/)  11  mi.  7rd.  5  yd.  9  ft.  1  in. 


MULTIPLICATION  OF  DENOMINATE  NUMBERS. 
236.      Example.— Multiply  7  lb.  5  oz.  13  pwt.  15  gr.  by  12. 
Solution. — 


lb. 

oz. 

pwt. 

gr. 

7 

5 

13 

15 
12 

89  8  3  12    Ans, 

Explanation. — 15  grains  x  12  =  180  grains.  180  -^  24  =  ? 
pennyweights  and  12  grains  remaining.  Place  the  12  in  the 
grain  column  and  carry  the  7  pennyweights  to  the  next. 
Now,  13  X  12  +  7  =  1G3  pennyweights  ;  163  -=-  20  =  8  ounces 
and  3  pennyweights  remaining.  Then,  5  X  12  +  8  =  68 
ounces;  68  -=-  12  =  5  pounds  and  8  ounces  remaining.     Then, 

7  X  12  +  5  =  89  pounds.     The  entire    product  is  89  pounds 

8  ounces  3  pennyweights  12  grains.     Ans. 

237.  Rule. — Multiply  the  number  representing  each  de- 
nomination by  the  multiplier,  and  reduce  each  product  to  the 
next  higher  denomination^  tvritijig  the  remainders  iinder  each 
denomination^  and  carryiftg  the  quotient  to  the  next,  as  in 
Addition  of  Denominate  Numbers. 

238.  Note.  —  In  multiplication  and  division  of  denominate 
numbers,  it  is  sometimes  easier  to  reduce  the  number  to  the  lowest 
denomination  given  before  multiplying  or  dividing,  especially  if  the 
multiplier  or  divisor  is  a  decimal.  Thus,  in  the  above  example,  had 
the  multiplier  been  1.2,  the  easiest  way  to  multiply  would  have  been  to 
reduce  the  number  to  grains;  then,  multiply  by  1.2,  and  reduce  the 
product  to  higher  denominations.  For  example,  7  lb.  5  oz.  13  pwt.  15  gr. 
=  43,047  gr.  43,047  X  1-2  =  51,656.4  gr.  =  8  lb.  11  oz.  12  pwt.  8.4  gr. 
Also,  43,047  X  12  =  516,564  gr.  =  89  lb.  8  oz.  3  pwt.  12  gr.,  as  above. 
The  student  may  use  either  method. 
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EXAMPLES   FOW    PRACTICE, 

239.      Multiply 

(a)  15  cwt.  90  lb.  by  5;  (d)  12  yr.  10  mo.  4  Avk.  3  da.  by  14:  (<:)  11  mL 
145  rd.  by  20;  (d)  12  gal.  4  pt.  by  9;  (^)  8  cd.  76  cu.  ft.  by  15;  (/)  4  hhd. 
3  gal.  1  qt.  1  pt.  by  12. 

(a)  79  cwt.  50  lb. 

ii>)  180  yr.  11  mo.  2  wk. 

(r)  229  mi.  20  rd. 

(d)  112  gal.  2qt. 

(e)  128  cd.  116  cu.  ft. 
L(/)  48  hhd.  40  gal.  2  qt. 


Ans. 


DIVISION    OF    DENOMINATE    NUMBERS. 

240.      Example.— Divide  48  lb.  11  oz.  6  pwt.  by  8. 
Solution. —               lb.           oz.           pwt.         gr. 
8  )  48  11 6 0 

6  lb.         1  oz.        8  pwt.      6  gr.     Ans. 

Explanation. — After  placing  the  quantities  as  above, 
proceed  as  follows  :  8  is  contained  in  48  six  times  without  a 
remainder.  8  is  contained  in  11  ounces  once  with  3  ounces 
remaining.  3  X  20  =  60;  60  +  6  =  C6  pennyweights;  66  pen- 
nyweights-^  8  =  8  pennyweights  and  2  remaining;  2x24 
grains  =  48  grains;  48  grains  -4-8  =  6  grains.  Therefore, 
the  entire  quotient  is  6  pounds  1  ounce  8  pennyweights  6 
grains.      Ans. 

Example. — A  silversmith  melted  up  2  lb.  8  oz.  10  pwt.  of  silver, 
which  he  made  into  6  spoons;  what  was  the  weight  of  tach  spoon  ? 

Solution. —  lb.  oz.  pwt. 

6)2  8  10 

5  oz.  8  pwt.     8  gr.     Ans. 

Explanation. — Since  we  cannot  divide  2  pounds  by  6,  we 
reduce  it  to  ounces.  2  pounds  =  24  ounces,  and  24' ounces 
-f- 8  ounces  =  32  ounces;  32  ounces  ^  6  =  0  ounces  and 
2  ounces  over.  2  ounces  =  40  pennyweights.  40  penny- 
weights -\-  10  pennyweights  =  50  pennyweights,  and  50  pen- 
nyweights -^  6  =  8  pennyweights  and  2  pennyweights  over. 
2  pennyweights  =  48  grains,  and  48  grains  -1-6  =  8  grains. 
Hence,  each  spoon  contains  5  ounces  8  pennyweights  8 
grains.     Ans. 
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241.      Example.— Divide  820  rd.  4  yd.  3  ft.  by  112. 

rd.      yd.  ft.    rd.  yd.  ft.     in. 
Solution.—  112)820     4    2(7     1    2    5.143    An&, 

784 


3  6  rd.  rem. 
5.5 


180 
180 

19  8.0  yd. 
4 


11  2  )  2  0  2  yd.  (  1  yd. 
112 


9  0  yd.  rem. 
3 


2  7  0  ft. 
2  ft. 


11 2  )  2  7  2  ft.  (  2  ft. 

224 


4  8  ft.  rem. 
12 

96 

48 


112)5  76  in.  (5.1  428  + in.,  or  5.143  in. 
560 


160 
112 

Tso 

448 


320 

224 

~960 
896 

"~64 
Explanation. — The  first  quotient  is  7  rods  with  36  rods 
remaining.  5.5x30  =  198  yards;  198  yards  +  4  yards  = 
202  yards;  202  yards  -h  112  =  1  yard  and  90  yards  remain- 
ing. 90  X  3  =  270  feet;  270  feet  +  2  feet  =  272  feet;  272 
feet  ^112  =  2  feet  and  48  feet  remaining;  48x12  =  576 
inches;  576  inches  -~  112  =  5.143  inches,  nearly.     Ans. 
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The  preceding  example  is  solved  by  long  division,  because 
the  numbers  are  too  large  to  deal  with  mentally.  Instead 
of  expressing  the  last  result  as  a  decimal,  it  might  have 
been  expressed  as  a,common  fraction.  Thus,  57G  -^  112  = 
5y^jV  ■=  o|  inches.  The  chief  advantage  of  using  a  common 
fraction  is  that  if  the  quotient  be  multiplied  by  the  divisor, 
the  result  will  always  be  the  same  as  the  original  dividend. 

242.  Rule. — Find  how  many  times  the  divisor  is  con- 
tained in  the  first  or  Jiigliest  denomination  of  the  dividend. 
Reduce  the  remainder  {if  any)  to  the  next  lozver  denomination, 
and  add  to  it  the  number  in  the  given  dividend  expressing  that 
denomination.  Divide  this  neza  dividend  by  the  divisor.  The 
quotient  tvill  be  the  next  denomination  in  the  quotient  required. 
Continue  in  this  manner  until  the  loivest  denomination  is 
reached.  The  successive  quotients  will  constitute  the  entire 
quotient. 

EXAMPLES   FOR   PRACTICE. 

243.  Divide 

(a)  376  mi.  276  rd.  by  22;  {b)  1,137  bu.  3  pk.  4  qt.  1  pt.  by  10;  {c)  84 
cwt.  48  lb.  49  oz.  by  16;  {d)  78  sq.  yd.  18  sq.  ft.  41  sq.  in.  by  18;  {e)  148 
mi.  64  rd.  24  yd.  by  12;  (/)  100  tons  16  cwt.  18  lb.  11  oz.  by  15;  {g)  36 
lb.  18  oz.  18  pwt.  14  gr.  by  8;  (//)  112  mi.  48  rd.  by  100. 

'  {a)     17  mi.  41/^  rd. 


Ans. 


{b)  113  bu.  3  pk.  1  qt.  \  pt. 

(<r)  5  cwt.  28  1b.,3yV  oz. 

(c/)  4  sq.yd.  4  sq.ft.  2/5  sq.in. 

{e)  12  mi.  112  rd.  2  yd. 

(/)  6  tons  14  cwt.  41  lb.  3f|  oz. 

(^)  4  lb.  8  oz.  7  pwt.  7 J  gr. 

(//)  1  mi.  38|f  rd. 


INVOLUTION. 

244.  Involution  is  the  process  of  multiplying  a  num- 
ber by  itself  one  or  more  times.  The  product  obtained  by 
multiplying  a  number  by  itself  is  called  a  power  of  that 
number. 

Thus,  the  second  power  of  3  is  9,  since  3x3  are  9. 
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The  third  power  of  3  is  27,  since  3  X  3  X  3  are  27 

The  fifth  power  of  2  is  32,  since  2  X  2  X  2  X  2  X  2  are  32. 

245.  An  exponent  is  3.  small  figure  \AdLC&6.  to  the  right 
and  a  Httle  above  a  number  to  show  to  what  pozver  it  is  to  be 
raised,  or  how  many  times  the  number  is  to  be  used  as  a 
factor,  as  the  small  figures  '^' ''  and  *  below : 

3'  =  3  X  3  =  9. 

3'  =  3  X  3  X  3  =  27. 

2'  =  2  X  2'  X  2  X  2  X  2  =  32. 

246.  The  root  of  a  number  is  that  number  which,  used 
the  required  number  of  times  as  a  factor,  produces  the  num- 
ber. In  the  above  cases,  3  is  a  root  of  9,  since  3x3  are  9. 
It  is  also  a  root  of  27,  since  3x3x3  are  27.  Also,  2  is  a 
root  of  32,  since  2  X  2  X  2  X  2  X  2  are  32. 

247.  The  second  power  of  a  number  is  called  its 
square. 

Thus,  5^  is  called  the  square  of  5,  or  5  squared^  and  its 
value  is  5  X  5  =  25. 

248.  The  third  power  of  a  number  is  called  its  cube. 
Thus,  5'  is  called  the  cube  of  5,  or  5  cubed,  and  its  value  is 

5x5X5  =  125. 

To    find    any  power   of  a    number : 

249.  Example. — What  is  the  third  power,  or  cube,  of  35  ? 

Solution.—  35  x  35  x  35, 

or  3  5 

35 


175 
105 


1225 
35 


6125 
3675 


<r«^<f  =  428  7  5    Ans. 
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I'xAMi'i.K. — What  is  the  fourth  jjouir  of  15^ 
Solution.—  15  x  1">  X  1">  X  15, 


or 


1 

."j 

7 

5 

15 

225 

1 

5 

112 

5 

22  5 

.3  ;3  7 

5 

1 

5 

1687 

5 

3  3  7  5 

fojirih  power  =  5  0  0  2  5     Ans. 
25().      ]:xAMFLi-:.—     1.2''  =  what? 
Solution. — 


1.2 
or 

X1.2X 

1.2 

1.2 

1.2. 

1.44 
1.2 

288 
144 

1.7  2  8    Ans. 

251.      ExAMPLK. — What  is  tl^e  tliird  power,  or  cube,  of  f  ? 

3X3X3 


Solution. 


iir  =  ^  X  ^  X  f  =- 


Ans. 


8x8X8        ""■ 

252  >  Rule  I. —  '/'(>  raise  a  icJioIe  number^  or  a  dcciuiol  to 
i)iy  power,  use  it  as  a  factor  as  many  times  as  there  arc  units 
in  the  exponent. 

II.  To  raise  a  fraction  to  any  poiver,  raise  both  tlic-numer- 
ator  and  denoniinator  to  the  power  indicated  by  the  exponent. 


i:x.vMi>i,i:s  loie  i»r.vctick, 
2d«i<      Raise  the  foUowing  U^  the  powers  indicated: 
{a)      8.-)-.  r   {a)      7 

(c)      0.5^  ^"^-    I    (< )      42.25. 

id)     \\\  I    {d)     38,416. 


1  44 
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C/")     (^)^-  Ans. 


^TjS* 


t   {/i)     5.37834 


EVOLUTION. 

254.  Evolution  is  the  reverse  of  involution.  It  is  the 
process  of  finding  the  root  of  a  number  which  is  considered 
as  a  power. 

255.  The  square  root  of  a  number  is  that  number 
which,  when  used  twice  as  a  factor,  produces  the  number. 

Thus,  2  is  the  square  root  of  4,  since  2  X  2,  or  2",  =  4. 

256.  The  cube  root  of  a  number  is  that  number  which, 
when  used  three  times  as  a  factor,  produces  the  number. 

Thus,  3  is  the  cube  root  of  27,  since  3  X  3  X  3,  or  3\  =27. 

257.  The  radical  sign  -/,  when  placed  before  a  num- 
ber, indicates  that  some  root  of  that  number  is- to  be  found. 

258.  The  index  of  the  root  is  a  small  figure  placed  over 
and  to  the  left  of  the  radical  sign^  to  show  what  root  is  to  be 
found. 

Thus,  |/100  denotes  the  square  root  of  100. 
|/125  denotes  the  cube  root  of  125. 
|/256  denotes  the  fourth  root  of  256,  and  so  on. 

259.  When  the  square  root  is  to  be  extracted,  the  index 
is  generally  omitted.  Thus,  4/IOO  indicates  the  square  root 
of  100,     Also,  4/225  indicates  the  square  root  of  225. 


SQUARE    ROOT. 

260.  The  largest  number  that  can  be  written  with  one 
figure  is  9,  and  9"  =  81 ;  the  largest  number  that  can  be 
written  with  tzvo  figures  is  99,  and  99'^  =  9,801;  y^\.t\\.  tJiree 
figures  999,  and  999'  =  998,001;  yfxth.  four  figures  9,999,  and 
9,999'  =  99,980,001,  etc. 

In  eacJi  of  the  above  it  will  be  noticed  that  the  square  of 
the  number  contains,  just  twice  as  many  figures  as  the 
number. 

In  order  to  find  the  square  root  of  a  number,  the  first  step 
is  to  find  how  many  figures  there  will  be  in  the  root.     This 

M.  E.    I.— 6 
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is  done  by  pointing  off  tiie  number  into  periods  of  two  figures 
each,  beginning  at  the  right.  The  number  of  periods  will 
indicate  the  number  of  figures  in  the  root. 

Thus,  the  square  root  of  83,740,801  must  contain  4  figures, 
since,  pointing  off  the  periods,  we  get  83'74'08'01,  or  4  periods; 
consequently,  there  must  be  4  figures  in  the  root.  In  like 
manner,  the  square  root  of  50,G25  must  contain  3  figures, 
since  there  are  (5'0G'25)  3  periods. 

261.      Example. — Find  the  square  root  of  31,505,769. 

root. 
Solution.—         {a)       5  3 1'5  0'5  7'69  (  5  6 1 3    Ans. 

5      (^)  2  5 

(^)  100     {c)       650 
6         636 

10  6     (e)  14  5  7 

6  1121 


1120  3  3  669 

1  33669 


1121 
1 

11220 
3 


11223 

Explanation. — Pointing  off  into  periods  of  two  figures 
each,  it  is  seen  that  there  are  four  figures  in  the  root.  Now, 
fi.nd  the  largest  single  number  whose  square  is  less  than  or 
equal  to  31,  the  first  period.  This  is  evidently  5,  since 
G"  =  3G,  which  is  greater  than  31.  Write  it  to  the  right,  as  in 
long  division,  and  also  to  the  left,  as  shown  at  {a).  This  is 
the  first  figure  of  the  root.  Now,  multiply  the  5  at  {a)  by 
the  5  in  the  root,  and  write  the  result  under  the  first  period, 
as  shown  at  {b).      Subtract,  and  obtain  6  as  a  remainder. 

Bring  down  the  next  period  50,  and  annex  it  to  the  re- 
mainder G,  as  shown  at  (r),  which  we  call  the  dividend. 
Add  the  root  already  found  to  the  5  at  {a),  getting  10,  and 
annex  a  cipher  to  this  10,  thus  making  it  100,  which  we  call 
the  trial  divisor.  Divide  the  dividend  {c)  by  the  trial 
divisor  {d),  and  obtain  6,  which  is  probably  the  next  figure 
of  the  root.     Write  G  in  the  root,  as  shown,  and  also  add  it 
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to  100,  the  trial  divisor,  making  it  lOG.     This  is  called  tlie 
complete  divisor. 

^Multiply  this  by  G,  the  second  figure  in  the  root,  and  sub- 
tract the  result  from  the  dividend  {c).  The  remainder  is  14, 
to  which  annex  the  next  period,  making  it  1,457,  as  shown 
at  (c),  which  we  call  the  new  dividend.  Add  the  second 
figure  of  the  root  to  the  complete  divisor  106,  and  annex  a 
cipher,  thus  getting  1,1-20.  Dividing  1,457  by  1,120,  we  get 
1  as  the  next  figure  of  the  root.  Adding  this  last  figure  of 
the  root  to  1,120,  multiplying  the  result  by  it,  and  subtract- 
ing from  1,457,  the  remainder  is  336. 

Annexing  the  next  and  last  period,  69,  the  result  is  33,669. 
Now,  adding  the  last  figure  of  the  root  to  1,121,  and  annexing 
a  cipher  as  before,  the  result  is  11,220.  Dividing  33,669  by 
11,220,  the  result  is  3,  the  fourth  figure  in  the  root.  Adding  it 
to  11,220,  and  multiplying  the  sum  by  it,  the  result  is  33,669. 
Subtracting,  there  is  no  remainder;  hence, |/31, 505, 769  = 
5,613.      Ans. 

262.  The  square  of  any  number  wholly  decimal  always 
contains  twice  as  many  figures  as  the  number  squared.  For 
example,  .r  =  .01;  .13=  =  .0169;  .751' =  .564001,  etc. 

263.  It  will  also  be  noticed  that  the  number  squared  is 
always  less  than  the  decimal.  Hence,  if  it  be  required  to 
find  the  square  root  of  a  decimal,  and  the  decimal  has  not  an 
even  number  of  figures  in  it,  annex  a  cipher.  The  best  way 
to  determine  the  number  of  figures  in  the  root  of  a  decimal 
is  to  begin  at  the  decimal  point,  and,  going  towards  the 
rights  point  off  the  decimal  into  periods  of  two  figures  each. 
Then,  if  the  last  period  contains  but  one  figure,  annex  a 
cipher. 

264.  Example. — What  is  the  square  root  of  .000576  ? 

root 

Solution.—  2  .0  0'0  5'7  6(.0  2  4     Ans. 

2  4 

7o  176 

4  176 

Ti  0 
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Explanation. — Beginning  at  the  decimal  point,  and  point- 
ing off  the  number  into  periods  of  two  figures  each,  it  is  seen 
that  the  first  period  is  composed  of  ciphers;  hence,  the  first 
figure  of  the  root  must  be  a  cipher.  The  remaining  portion 
of  the  solution  should  be  perfectly  clear  from  what  has 
preceded. 

265.  If  the  number  is  not  a  perfect  power,  the  root  will 
consist  of  an  interminable  number  of  decimal  places.  The 
result  may  be  carried  to  any  required  number  of  decimal 
places  by  annexing  periods  of  two  ciphers  each  to  the 
number. 

266.  Example. — What  is  the  square  root  of  3  ?    Find  the  result 

to  five  decimal  places 

root 

Solution.—  1  3.0  0'0  0'0  0'0  0'0  0(1.7  3  205+  Ans. 

1  1 

20         200 
7         189 


27  1100 

7  1029 


340  7100 

3  6924 


343  1760000 

3  1732025 


3460  27975 

9, 


3462 
2 

346400 
5 

34  6405 

Explanation. — Annexing  five  periods  of  two  ciphers  each 
to  the  right  of  the  decimal  point,  the  first  figure  of  the  root 
is  1.  To  get  the  second  figure,  we  find  that,  in  dividing 
200  by  20,  it  is  10.     This  is  evidently  too  large. 

Trying  9,  we  add  9  to  20,  and  multiply  29  by  9,  the  result 
is  261,  a  result  which  is  considerably  larger  than  200;  hence, 
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9  is  too  large.  In  the  same  way  it  is  found  that  8  is  also  too 
large.  Trying  7,  7  times  27  is  189,  a  result  smaller  than 
200;  therefore,  7  is  the  second  figure  of  the  root.  The  next 
two  figures,  3  and  2,  are  easily  found.  The  fifth  figure  in 
the  root  is  a  cipher,  since  the  trial  divisor  34,040  is  greater 
than  the  new  dividend  17,600.  In  a  case  of  this  kind,  we 
annex  another  cipher  to  34,040,  thereby  making  it  346,400, 
and  bring  down  the  next  period,  making  the  17,600,  1,700,000. 
The  next  figure  of  the  root  is  5,  and  as  we  now  have  five 
decimal  places,  we  will  stop. 

The  square  root  of  3  is,  then,  1.73205  +.     Ans. 


267.       EXAMPLE.- 

-What  is 

ihe  square  root  of  .3  to  five 

places  ? 

Solution. —      5 
5 

100 

root 
.30'00'000  000(  .54772  + 
25 

500 

4 

416 

104 

8400 

4 

7609 

1080 

79100 

7 

76629 

Ans. 


1087  247100 

7  219084 


10940  28016 

7 


10947 
7 

109540 
2 

109542 


Explanation. — In  the  above  example,  we  annex  a  cipher 
to  .3,  making  the  first  period  .30,  since  every  period  of  a 
decimal,  as  was  mentioned  before,  must  have  two  figures  in 
it.     The  remainder  of  the  work  should  be  perfectly  clear. 

268.  If  it  is  required  to  find  the  square  root  of  a  mixed 
number,    begin    at    the    decimal   point,    and   point   off   the 
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periods   both  ways.     The  manner  of   finding  the  root  will 
then  be  exactly  the  same  as  in  the  previous  cases. 

269.      Example.— What  is  the  square  root  of  258.2449  ? 
Solution.—  1  2'58.2  4'49  ( 1  C.0  7    Ans. 

2  0    15  8 
_6     1_56 

26       22449 
_6       22449 

3200         0 

7 


3207 


Explanation. — In  the  above  example,  since  320  is  greater 
than  224,  we  place  a  cipher  for  the  third  figure  of  the  root, 
and  annex  a  cipher  to  320,  making  it  3,200.  Then,  bringing 
down  the  next  period  49,  7  is  found  to  be  the  fourth  figure 
of  the  root.  Since  there  is  no  remainder,  the  square  root  of 
258.2449  is  16.07.     Ans. 

270.  Proof. —  To  prove  square  root,  square  the  result 
obtained.  If  the  number  is  an  exact  power,  the  square  of  the 
root  will  equal  it;  if  it  is  not  an  exact  power,  the  square  of 
the  root  will  very  nearly  equal  it. 

2T1.  Rule  I. — Begin  at  units  place,  and  separate  the 
number  into  periods  of  two  figures  cacli,  proceeding  from  left 
to  right  %uitJi  the  decimal  part,  if  there  is  any. 

II.  Find  the  greatest  number  whose  square  is  contained  in 
the  first  or  left-hand  period.  JVrite  this  number  as  the  first 
figure  in  the  root;  also,  write  it  at  the  left  of  the^  given 
number. 

Multiply  this  number  at  the  left  by  the  first  figure  of  the 
root,  and  subtract  the  result  from  the  first  period;  then  annex 
the  seco7id period  to  the  remainder. 

III.  Add  the  first  figure  of  the  root  to  the  number  in  the 
first  column  on  the  left,  and  annex  a  cipher  to  the  result;  this 
is  the  trial  divisor.     Divide  the  dividend  by  the  trial  divisor 
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for  the  second  figure  in  the  root,  and  add  this  figure  to  the 
trial  divisor  to  form  the  complete  divisor.  Multiply  the  com  - 
plete  divisor  by  the  second  figure  in  the  root,  and  subtract  this 
result  from  the  dividend.  [If  this  result  is  larger  than  the 
divideiid,  a.  smaller  number  must  be  tried  for  the  second  fig- 
ure of  the  root. )  Now  bring  down  the  third  period,  and 
annex  it  to  the  last  remainder  for  a  new  dividend.  Add 
the  second  figure  of  the  root  to  the  complete  divisor,  and  annex 
a  cipher  for  a  netv  trial  divisor. 

IV.  Continue  in  this  manner  to  the  last  period,  after 
whicJi,  if  any  additional  places  in  the  root  are  required,  bring 
down  cipher  periods,  and  continue  the  operation. 

V.  If  at  any  time  the  trial  divisor  is  not  contained  in  the 
dividend,  place  a  cipher  in  the  root,  annex  a  cipher  to  the 
trial  divisor,  and  bring  down  another  period. 

VI.  If  the  root  contains  an  interminable  decimal,  and  it 
is  desired  to  terminate  the  operation  at  some  point,  say,  the 
fourtJi  decimal  place,  carry  the  operation  one  place  further, 
and  if  the  fifth  figure  is  5  or  greater ^  increase  the  fourth 
figure  by  1  and  omit  the  sign  -f-. 

2T2.  Short  Method. — If  the  number  whose  root  is  to 
be  extracted  is  not  an  exact  square,  the  root  will  be  an  in- 
terminable decimal.  It  is  then  usual  to  extract  the  root  to 
a  certain  number  of  decimal  places.  In  such  cases,  the  work 
may  be  greatly  shortened  as  follows:  Determine  to  how 
many  decimal  places  the  work  is  to  be  carried,  say  5,  for  ex- 
ample ;  add  to  this  the  number  of  places  in  the  integral  part 
of  the  root,  say  2,  for  example,  thus  determining  the  num- 
ber of  figures  in  the  root,  in  this  case  5  +  3  =  7.  Divide  this 
number  by  2  and  take  the  next  higher  number.  In  the 
above  case,  we  have  7  -^  2  =  3|-;  hence,  we  take  4,  the  next 
higher  number.  Now  extract  the  root  in  the  usual  manner 
until  the  same  number  of  figures  have  been  obtained  as  was 
expressed  by  the  number  obtained  above,  in  this  case  4. 
Then  form  the  trial  divisor  in  the  usual  manner,  but  omit- 
ting to  annex  the  cipher ;  divide  the  last  remainder  by  the  trial 
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divisor,  as  in  long  division,  obtaining  as  many  figures  of  the 
quotient  as  there  are  remaining  figures  of  the  root,  in  this 
case  7  —  4  =  3.  The  remainder  so  obtained  is  the  remain- 
ing figures  of  the  root. 

Consider  the  example  in  Art.  267.  Here  there  are  5  fig- 
ures in  the  root.  We  therefore  extract  the  root  to  3  places 
in  the  usual  manner,  obtaining  .547  for  the  first  three 
root  figures.  The  next  trial  divisor  is  1,094  (with  the 
cipher  omitted),  and  the  last  remainder  is  791.  Then,  791  -i- 
1,094=  .723,  and  the  next  two  figures  of  the  root  are  72, 
the  whole  root  being  .54772-1-.  Always  carry  the  division 
one  place  further  than  desired,  and  if  the  last  figure  is  5  or 
greater,  increase  the  preceding  figure  by  1.  This  method 
should  not  be  used  unless  the  root  contains  five  or  more 
figures. 

Note. — If  the  last  figure  of  the  root  found  in  the  regular  manner  is  a 
cipher,  carry  the  process  one  place  further  before  dividing  as  described 
above. 


EXAMPLES  FOR  PRACTICE. 

/ii73»     Find  the  square  root  of 


(a)  186,624. 

(a)  432. 

(d)   2,050,624. 

(i)    1.432. 

(c)   29,855,296. 

(c)    5,464. 

id)  .0116964. 

(d)  .1081 -H. 

(e)   198.1369. 

(e)    14.0761. 

(/)  994,009.                                              Ans.  - 

(/)  997. 

(^)  2.375  to  four  decimal  places. 

U)  1-5411. 

(//)  1.625  to  three  decimal  places. 

(A)   1.275. 

(/)    .3025. 

(/)   .55. 

0')  .571428. 

{J)  .7559+. 

ii)  .78125. 

{/t)  ,8839. 

CUBE    ROOT. 

274.  In  the  same  manner  as  in  the  case  of  square  root, 
it  can  be  shown  that  the  periods  into  which  a  number  is 
divided,  whose  cube  root  is  to  be  extracted,  must  contain 
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three  figures,  except  that  the  first  or  left-hand  period  of  a 
whole  or  mixed  number  may  contain  one,  two,  or  three 
figures. 

275.      Example.— What  is  the  cube  root  of  375,741,853.696  ? 

Solution. — 

(1)         (2)  (3)         root 

7         4  9  375'7  41'853'696(72  16  Ans. 

7         98  343 


14        14700  33741 

7  424  80248 


210       15124  2493853 

2         428  1557361 


212       1555200  93649  2  696 

2  2161  936492696 


214       1557361  0 

2  2162 


2160      155952300 
1         129816 


2161      156082116 
1 


2162 
1 

21630 
6 

31636 

Explanation. — Write  the  work  in  three  columns  as 
follows :  On  the  right  place  the  number  whose  cube  root  is  to 
be  extracted,  and  point  it  off  into  periods  of  three  figures  each. 
Call  this  column  (3).  Find  the  largest  number  whose  cube 
is  less  than  or  equal  to  the  first  period,  in  this  case  7.  Write 
the  7  on  the  right,  as  shown,  for  the  first  figure  of  the  root, 
and  also  on  the  extreme  left  at  the  head  of  column  (1). 
Multiply  the  7  in  column  (1)  by  the  first  figure  of  the  root 
7,  and  write  the  product  49  at  the  head  of  column  (2). 
Multiply  the  number  in  column  (2)  by  the  first  figure  of  the 
root  7,  and  write  the  product  343  under  the  figures  in  the 
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first  period.  Subtract  and  bring  down  the  next  period,  ob- 
taining 32,741  for  the  dividend.  Add  the  first  figure  of  the 
root  to  the  number  in  column  (1),  obtaining  14,  which  call 
the  first  correction.  Multiply  the  first  correction  by  the 
first  figure  of  the  root,  add  the  product  to  the  number  in 
column  (2),  and  obtain  147.  Add  the  first  figure  of  the 
root  to  the  first  correction,  and  obtain  21,  which  call  the 
second  correction.  Annex  two  ciphers  to  the  number  in 
column  (2),  and  obtain  14,700  for  the  trial  divisor ;  also,  annex 
one  cipher  to  the  second  correction,  and  obtain  210.      Divi- 

32741 
ding  the  dividend  by  the  trial  divisor,  we  obtain  ^TirFrTv  =  ^  +> 
fa  J  14700 

and  write  the  2  as  the  second  figure  of  the  root.  Add  the 
2  to  the  second  correction,  and  obtain  212,  which,  multiplied 
by  the  second  figure  of  the  root,  and  added  to  the  trial 
divisor,  gives  15,124,  the  complete  divisor.  This  last  result, 
multiplied  by  the  second  figure  of  the  root  and  subtracted 
from  the  dividend,  gives  a  remainder  of  2,493.  Annexing 
the  third  period,  we  obtain  2,493,853  for  the  new  dividend. 
Adding  the  second  figure  of  the  root  to  the  number  in 
column  (1 ),  we  get  214  as  the  new  first  correction ;  this,  multi- 
plied by  the  second  figure  of  the  root  and  added  to  the  trial 
divisor,  gives  15,552.  Adding  the  second  figure  of  the  root 
to  the  first  new  correction  gives  216  as  the  second  new 
correction.  Annexing  two  ciphers  to  the  number  in  column 
(2)  gives  1,555,200,  the  new  trial  divisor.  Annexing  one 
cipher  to  the  second  new  correction  gives  2,160.  Divi- 
ding the  new  dividend  by  the  new  trial  divisor,  we  obtain 

2493853 

— '  '  '    '    1=  1  4-,  and  write  1  as  the  third  figure  of  the  root. 

1555200  ^'  ^ 

The  remainder  of  the  work  should  be  perfectly  clear  from 

what  has  preceded. 

276.  In  extracting  the  cube  root  of  a  decimal,  proceed 
as  above,  taking  care  that  each  period  contains  tliree  figures. 
Begin  the  pointing  off  at  the  decimal  point,  going  towards 
the  right.  If  the  last  period  does  not  contain  three  figures, 
annex  ciphers  until  it  does. 
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277.      Example.— What  is  the  cube  root  of  .009129329  ? 

root 

Solution.—   2  4  .0  0  91  2  9'3  2  9  ( .2  0  9 

_2  _8                                 8 

4  120000                       1129329 

2  5481                      1129329 


600  125481  0 

9 


609 


Explanation. — Beginning  at  the  decimal  point,  and  point- 
ing off  as  shown,  the  largest  number  whose  cube  is  less  than 
9  is  seen  to  be  2;  hence,  2  is  the  first  figure  of  the  root. 
When  finding  the  second  figure,  it  is  seen  that  the  trial  divi- 
sor 1,200  is  greater  than  the  dividend;  hence,  write  a  cipher 
for  the  second  figure  of  the  root;  bring  down  the  next  period 
to  form  the  new  dividend;  annex  two  ciphers  to  the  trial 
divisor  to  form  a  new  trial  divisor;  also,  annex  one  cipher  to 
the  GO  in  column  (1).     Dividing  the  new  dividend  by  the  new 

1129329 
trial  divisor,  we  get  =  9  -[-,  and  write  9  as  the  third 

-L  /v'  V'  V^  \  /  \j 

figure  of  the  root.      Complete  the  work  as  l)efore. 


278.      Example. 

—What  is  the  cube  root  of  78,347.809639 

? 

Solution. — 

roof 

4 

16 

7  8'3  4  7.8  0  96  3  9 

(4  2.7  9 

4 
8 

32 
4800 

64 
14347 

4 

244 

10088 

120 

5  0  44 

4  2  5  9  8  0  9 

2 

248 

3766483 

122 

5  2  9  2  0  0 

49  3  326639 

2 

8869 

493326  6  39 

124 

5  3  8  0  6  9 

0 

2 

8918 

1260 

5  4698700 

7 

115371 

12G7 

5  4  8  14  0  71 

1274 

7 

12810 

9 

12819 
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Explanation. — Since  we  have  a  mixed  number,  begin 
at  the  decimal  point  and  point  off  periods  of  three  figures 
each,  in  both  directions.  The  first  period  contains  but  two 
figures,  and  the  largest  number  whose  cube  is  less  than  78  is 
4;  consequently,  4  is  the  first  figure  of  the  root.  The  re- 
mainder of  the  work  should  be  perfectly  clear.  When  divi- 
ding the  dividend  by  the  trial  divisor  for  the  third  figure  of 
the  root,  the  quotient  was  8  +  ;  but,  on  trying  it,  it  was  found 
that  8  was  too  large,  the  complete  divisor  being  considerably 
larger  than  the  trial  divisor.  Therefore,  7  was  used  instead 
of  8. 

279.      Example.— What  is  the  cube  root  of  5  to  five  decimal  places? 

Solution. —  root 

1  1  5.00  0'000'000'000'000(1.70997-h 

1  2  \_ 

2  s'o  0  4  0  0  0 
1                        2_59  3913 

80         559  87000000 

7        3_0_8         78443829 

?7         8  670000      8556171000 
7  45981      7889992299 


51279 
9 

51288 
9 

512970 

7 

512977 


44         8715981        666178701000 
7  46062        614014317973 


5100      876204300      52164383027 
9  461511 


5109      876665811 
9  461592 


5118       87712740300 
9  3590839 


51270     87716331189 
9 
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Explanation. — In  the  preceding  example  we  annex  five 
periods  of  ciphers,  of  three  ciphers  each,  to  the  5  for  the 
decimal  part  of  the  root,  placing  the  decimal  point  between 
the  5  and  the  first  cipher.  Since  it  is  easy  to  see  that  the 
next  figure  of  the  root  will  be  5,  we  increase  the  last  figure 
by  1,  obtaining  1.70998  for  the  correct  root  to  5  decimal 
places.     Ans. 

280.  Example. — What  is  the  cube  root  of  .5  to  four  decimal 
places  ? 

Solution. — 

7-OOt 

7         4  9         .500'0  00'00  0'000(.793  7  + 
7         98  343 


14        14700        157000 
7         1971       150039 


210       16671  6961000 

9        2052  5638257 


219       1872300       1322743000 
9  7119        1321748953 


228       1879419  99404! 

9  7128 


2370      188654700 
3         166579 


2373      188821279 
3 


2376 
3 

23790 
7 

23797 

Explanation. — In  the  above  example  we  annex  two 
ciphers  to  the  ,5  to  complete  the  first  period,  and  three 
periods  of  three  ciphers  each.  The  cube  root  of  500  is  7 ; 
this  we  write  as  the  first  figure  of  the  root.  The  remainder 
of  the  work  should  be  perfectly  plain  from  the  explanations 
of  the  preceding  examples. 


88  ARITinrETTC. 

-W'luil  is  lliu  cul)c  rout  of  .0.")  to  four  decimal 


ruot 
.0  5  O'O  0  O'O  0  O'O  0  0  (  .3  0  8  4  + 


2<S  1  .         I'XAMI'I, 

:.— Wluil 

places  ? 

Solution. — 

3 

9 

3 

IH 

6 

3  7  00 

*> 

5  7  G 

9  0 

:;  'I  7  (i 

G 

(i  I  2 

2  3  0  0  0 

1  \)  i\  r,  0 

3  3  1  4  0  0  0 

3  1  so  03 2 


9G        388  80  0         lG39<iHO00 
(i  8  7  0-1         1  G  2  G  s  5  r,  0  4 


1  0  2         3.  9  7  .-,  0  4  12  8  2  4  9  fj 

G  8  7  G  8 


10  8  0 


O  7 


8  1)17  0 


10  8  8       4  0  G  7  1  3  7  6 

8 


109G 
8 

110  4  9 
4 

1  1044 

282.  Proof. —  To  prove  cube  root,  ctihc  the   rcsiilt   ob- 

iai)ud.  Jf  the  gii'eii  mtiiiber  is  an  exaet  poieer,  the  eube  of 
the  root  loill  equal  it;  if  not  a)i  exact  pozver^  the  enbe  of  the 
root  will  tury  nearly  equal  it. 

283.  I^ulc  I. — Arraiii^e  the  leork  in  three  eolidinis, 
placi)ii!;  the  ininiber  lehose  eube  root  is  to  be  extracted  in  the 
third  or  rie;ht-hanii  eoluiiin.  r>e^^i)i  at  units  place,  and  sep- 
arate the  }iuniber  into  periods  of  three  fij^'ures  each,  proceed- 
in^e^  from  the  decimal  point  toioards  the  right  leith  the 
decimal  part,  if  there  is  any. 

II.  I'ind  the  greatest  number  zohose  cube  is  )iot  greater 
than  the  number  in  the  first  period.  Write  this  number  as 
the  first  figure  of  the  root ;  also,  write  it  at  the  head  of  the 
first  column.  Multiply  the  ninnber  in  the  Jirst  column  by  the 
first  figure  in  the  root,  and  zvritc  the  result  in  the  second 
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column.  Multiply  the  number  in  the  second  column  by  the 
first  figure  of  the  root ;  subtract  the  product  from  the  first 
period,  and  annex  the  second  period  to  the  remainder  for  a 
new  dividend ;  add  the  first  figure  of  the  root  to  the  number 
in  the  first  column  for  the  first  correction.  Multiply  the 
first  correction  by  the  first  figure  of  the  root,  and  add  the 
product  to  the  number  in  the  second  column.  Add  the  first 
figure  of  the  root  to  the  first  correction  to  form  the  second 
correction.  Annex  one  ciplier  to  the  second  correction,  ajid 
two  ciphers  to  the  last  number  in  the  second  column  ;  the  last 
number  in  the  second  column  is  the  trial  divisor. 

III.  Divide  the  dividend  by  the  trial  divisor  to  find  the 
second  figure  of  the  root.  Add  the  second  figure  of  the  root 
to  the  number  in  the  first  cobimn,  multiply  the  sum  by  the 
second  figure  of  the  root,  and  add  the  result  to  the  trial  divi- 
sor to  form  the  complete  divisor.  Multiply  the  complete  divi- 
sor by  the  second  figure  of  the  root,  subtract  the  result  from 
the  dividend  in  the  third  column,  and  annex  the  third  period 
to  the  remainder  for  a  new  dividend.  Add  the  second  figure 
of  the  root  to  the  number  in  the  first  column  to  form  the  first 
correction  ;  inultiply  the  first  correction  by  the  second  figure 
of  the  root,  and  add  the  product  to  the  complete  divisor.  Add 
the  second  figure  of  the  root  to  t  lie  first  correction  to  form  the 
second  correction.  Annex  one  cipher  to  the  second  correction, 
and  two  cipJiers  to  the  last  number  in  the  second  column  to 
form  the  new  trial  divisor. 

IV.  If  there  are  more  periods  to  be  brought  down,  proceed 
as  before.  If  there  is  a  remainder  after  the  root  of  the  last 
period  has  been  found,  annex  cipJier  periods,  and  proceed  as 
before.      The  figures  oftJie  root  thus  obtained  will  be  decimals. 

V.  If  the  root  contains  an  interminable  decimal,  and  it  is 
desired  to  terminate  the  operation  at  some  point,  say  the 
fourth  decimal  place,  carry  the  operation  one  place  furtJier, 
and  if  the  fifth  figure  is  5  or  greater,  increase  the  fourth 
figure  by  1  and  omit  the  sign  -\-. 

284.  Art.  272  can  be  applied  to  cube  root  (or  any- 
other  root)  as  well  as  to  square  root.     Thus,  in  the  example, 


no 
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Art.  279,  tlicrc  arc  to  be  '>  -|-  1  =  C  fic^nrcs  in  the  root. 
ICxlractinj^^  the  root  in  tin;  usual  manner  to  ij  ~  'i  z=  :',,  say  4 
fiy^ures,  we  t;et  for  the  llrst  four  figures  1, ?<)'.).  The  last 
remainder  is  s. ,").")(;,  1 'i  1 ,  and  the  ne.xt  trial  divisor,  with  the 
eiplu'rs  omitted,  is  S,7(;-.>.()  1:5.  Ilencc,  the  ne.xt  two  fij^ures  of 
the  root  are  S. .').•)(;,  1  M  -:-  8,702,04:3  =  .iJTO,  say  .DS.  Therefore, 
the  root  is  l.TdiUiK.  . 

KOOrS    OF    FRACTIONS. 

2S5.  If  the  i^ivcn  number  is  in  the  form  of  a  fraction, 
and  it  is  recjuired  to  find  some  root  of  it,  the  simplest  and 
most  exact  method  is  to  reduce  the  fraction  to  a  decinial 
and  extract  th(^  required  root  of  the  decimal.  Il,  h')wever, 
the  numerator  and  denominator  of  the  fraction  are  perfect 
powers,  extract  the  rtMpiii'cd  root  of  each  separately,  and 
write  th(^  root  of  the  numerator  f<)r  a  new  numerator,  and 
the  root  of  the  denominator  for  a  new  denominator. 

2S(>.      l^XAMi'LK. — WlKit  is  llie  s([uarc  root  of  -^^j-  ? 

>    04         i/i 


vSoLUTIOX. — 


f  04 


I     Ans. 


2S7,      l-^XAMPLi;. — Wliat  is  llu;  sciuarc  root  of  I  ? 
Ron-Tiox.— Since  i  =  .(V2r>,    4/-'"  \''Ji^ -  .7900.     Ans. 

2H(S.      ICxA.MPLK. — What  is  Uie  cul)c  root  of  H  ? 


Solution-. — 


/-r4-^=5.     Ans. 


{■■'  (;4 


2SJ-).      ]-]xAMi'LK. — Wliat  is  the  cube  root  of  ^  ? 
Soi.rTiox.— Since  i  —  .Q.l,  f  |  t  --  |'7^=:  .O'^OOO  J-.     Ans. 

29().  Rule. — Extract  tlic  rcqiiirctl  roof  of  tlic  numerator 
a  lit/  (friiomiiiator  separately  ;  or,  reduce  tJte  fraction  to  a  deci- 
mal, and  extract  the  root  of  tJie  decimal. 


i:x.v.Mi>i.i:s  lou  pk  vcrici:. 
2i-)  1  .      iMnd  llie  cube  root  of 

(//)  2  to  five  decimal  i)laces. 

(c)  4, 180,70!),  192.  102  to  five  decimal  places. 

(^•)  I 
(J)  51:5.229. 7s:j:;ii2lll  t.>  tiiree  decimal  places. 


Ans. 


('0  f- 

(/;)   1.2.1992  +  . 
(r)    1,61 0.902:58. 
(</)  .8SG2  +  . 
0-)  .7211+. 
I  (/)  80.004. 
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TO    EXTRACT    OTHER    ROOTS    THAN    THE 
SQUARE    AND    CUBE    ROOTS. 
2d2.      Example. — What  is  the  fourth  root  of  256  ? 
Solution.—  ,|/256  =  16. 

-/TO  =  4. 
Therefore,  ^250  =  4.     Ans. 


In  this  example,  4/250,  the  index  is  4,  which  equals  2x2. 
The  root  indicated  by  2  is  the  square  root;  therefore,  the 
square  root  is  extracted  twice. 

!293.      Example. — What  is  the  sixth  root  of  64? 
Solution. —  4/64=8. 

^' "8  =  2. 
Therefore,  -^64=  2.     Ans. 

In  this  example,  4/04,  the  index  is  0,  which,  equals  2x3. 
The  root  indicated  by  3  is  the  cube  root;  therefore,  the 
square  and  cube  roots  are  extracted  in  succession. 

294.  Rule. — Separate  the  index  of  the  required  root  into 
its  factors  {2's  and  o's),  and  extract  successively  the  roots  in- 
dicated by  the  several  factors  obtained.  The  final  result  will 
be  the  required  root. 

295.  Example.— What  is  the  sixth  root  of  92,873,580  to  two 
decimal  places  ? 

Solution. —  6  =  3x2.  Hence,  extract  the  cube  root,  and  then 
extract   the   square    root   of    the   result.      ^92,873,580  =  452.8601,  and 

4/452. 8601  =  21 .  28  + .     Ans. 

296.  It  matters  not  which  root  is  extracted  first,  but  it 
is  probably  easier  and  more  exact  to  extract  the  cube  root 
first. 


EXAMPLES  FOR   PRACTICE. 
297.      Extract  the 

{a)     Fourth  root  of  100.  [{a)    3.16227+. 

{b)     Fourth  root  of  3,049,800,625.  Ans.  ■{  (<5)    235. 

(<r)      Sixth  root  of  9,474,296,896.  (   (<r)     46. 

M.  E.     1.-7 
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RATIO. 

25-)S.  Suppose  that  it  is  desired  to  compare  two  num- 
bers, sav  :M  and  4.  If  we  wish  to  know  how  niatiy  times- 
larj^er  '^o  is  than  4,  wi;  divide  20  hy  t  and  obtain  5  for  the 
quotient;  thus,  :i(i -:- 4  ==  T).  Hence,  we  say  that  -.lu  is  o 
times  as  larj^a:  as  I,  i.  e.,  :ln  contains  5  times  as  many  units 
as  4.  A;^ain,  su])pose  we  desire  to  know  what  part  ot  :*()  is 
4.  We  then  (bvide  4  by  :M  and  obtain  1;  thus,  4-^•2l)—  1, 
or  .■*.  Hence,  4  is  V  or  .-l  of  2(>.  Tliis  operation  of  compar- 
in_LC  two  numbers  is  tvrmvd  Ji/n/i/ij^  tJic  ratio  of  the  two  num- 
bers. l\.alio,  then,  is  a  comparison.  It  is  evident  that  the 
two  numbers  to  be  compared  must  i)e  expressed  in  the 
Kamc  unit;  in  other  v/ords,  tlie  two  nund)ers  must  both 
be  al)stract  numbers  or  concrete  numbers  of  the  same  kind. 
F(n"  example,  it  would  be  absurd  to  compare  20  horses  with 
4  birds,  or  2i>  horses  with  4.  Hence,  riitio  may  be  de- 
fined as  a  comparison  between  two  numbers  of  the  same 
kind. 

2i-)9.  A  ratio  may  be  expressed  in  three  ways;  thtis,  if 
it  is  desired  to  coni[)are  20  and  4,  and  express  this  compari- 
son as  a  ratio,  it  may  be  done  as  follows:  20  —  4;  20  :  4,  or 

20 

— .      All  three  are  read  tlie  ratio  of  '20  to  4-      The  ratio  of 
4 

A 

4   to   20    would    be    expressed    thus:    4-^20;    4:20,    or  ^. 

^  ■         '         20 

The  first  method  of  expressin;^^  a  ratio,  although  correct,  is 
seldom  or  never  used;  the  second  b)rm  is  th<^  one  oftenest 
met  with,  while  the  third  is  rapidly  growing  in  favor,  and  is 
likely  to  sujjersede  tlie  second.  The  third  form,  called  the 
fractional  form,  is  preferred  by  modern  mathematicians, 
and  possesses  great  advantages  to  students  of  Algebra  and 
of  higher  mathematical  subjects.  The  se(^)nd  form  seems 
to  be  better  adai)tcd  to  arithmetical  subjects,  and  is  one  we 
shall  ordinarily  ado])!.  IMiere  is  still  another  way  of  express- 
ing a  ratio,  though  seldom  or  never  used  in  the  case  of  a 
simple  ratio  like  that  given  above.  Instead  of  the  colon,  a 
straight  vertical  line  is  used;   thus,  20  |  4. 
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300.  The  terras  of  a  ratio  are  the  two  numbers  to  be 
compared ;  thus,  in  the  above  ratio,  20  and  4  are  the  terms. 
When  both  terms  are  considered  together,  they  are  called  a 
couplet ;  when  considered  separately,  the  first  term  is 
called  the  antecedent,  and  the  second  term  the  conse- 
quent. Thus,  in  the  ratio  20  :  4,  20  and  4  form  a  couplet, 
and  20  is  the  antecedent,  and  4  the  consequent. 

301.  A  ratio  may  be  direct  or  inverse.  The  direct 
ratio  of  20  to  4  is  20  :  4,  while  the  inverse  ratio  of  20  to  4  is 
4  :  20.  The  direct  ratio  of  4  to  20  is  4  :  20,  and  the  inverse 
ratio  is  20  :  4.  An  inverse  ratio  is  sometimes  called  a 
reciprocal   ratio.      The    reciprocal    of    a    number    is    1 

divided  by  the  number.     Thus,  the  reciprocal  of  17  is  r^; 

of  f  is  1-^|-  =  |-;  i.e.,  the  reciprocal  of  a  fraction  is  the 
fraction  inverted.      Hence,  the  inverse  ratio  of  '20  to  4  may 

be  expressed  as  4  :  20,  or  as  —  :  — .  Both  have  equal  values ; 
for,  4  -  20  =  4,  and  1  -  ^  =  ^  X  J  =  i. 

302.  The  term  vary  implies  a  ratio.  When  we  say 
that  two  numbers  vary  as  some  other  two  numbers,  we 
mean  that  the  ratio  between  the  first  two  numbers  is  the 
same  as  the  ratio  between  the  other  two  numbers. 

303.  The  value  of  a  ratio  is  the  result  obtained  by 
performing  the  division  indicated.  Thus,  the  value  of  the 
ratio  20:4  is  5,  it  is  the  quotient  obtained  by  dividing  the 
antecedent  by  the  consequent. 

304.  By  expressing  the  ratio  in  the  fractional  form,  for 

20 
example,  the  ratio  of  20  to  4  as  — ,  it  is  easy  to  see,   from 

the  laws  of  fractions,  that  if  both  terms  be  multiplied,  or 
both  divided  by  the  same  number,  it  will  not  alter  the  value 
of  the  ratio.     Thus, 

20  _  20  X  5  _  100  _  20  ^  20  -^  4  ^  5 

T~"4X5~20''^"     4~4-h4        1* 
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v{()5.  It  is  also  evident,  from  the  laws  of  fractions,  that 
multiplying  the  antecedent  or  dividing  the  consequent  mul- 
tiplies the  ratio;  and  dividing  the  antecedent  or  multiplying 
the  consequent  divides  the  ratio. 

306.  When  a  ratio  is  expressed  in  words,  as  the  ratio  of 
20  to  4,  the  first  number  named  is  always  regarded  as  the 
antecedent  and  the  second  as  the  consequent,  without 
regard  to  whether  the  ratio  itself  is  direct  or  inverse.  IV/ien 
not  otherwise  specified,  all  ratios  are  understood  to  be  direct. 
To  express  an  inverse  ratio,  the  simplest  way  of  doing  it  is 
to  express  it  as  if  it  were  a  direct  ratio,  with  the  first  num- 
ber named  as  the  antecedent,  and  then  transpose  the  ante- 
cedent to  the  place  occupied  by  the  consequent  and  the 
consequent  to  the  place  occupied  by  the  antecedent ;  or  if 
expressed  in  the  fractional  form,  invert  the  fraction.  Thus, 
to  express  the  inverse  ratio  of  20  to  4,  first  write  it  20 : 4,  and 

20 
then,  transposing  the  terms,  as  4  :  20;  or  as  -— ,  and  then  m- 


verting  as 


20' 


Or,  the  reciprocals  of  the  numbers  may  be 
To  invert  a  ratio  is  to  trans- 


taken,  as  explained  above 

pose  its  terms.  

EXAMPLES  FOR   PRACTICE. 

307.      What  is  the  value  of  the  ratio  of 
(a)     98  to  49  ? 


(/) 
(/) 


$45  to  $9  ? 

6i  to  f  ? 

3.5  to  4.5? 

The  inverse  ratio  of  76  to  19  ? 

The  inverse  ratio  of  49  to  98  ? 

The  inverse  ratio  of  18  to  24  ? 

The  inverse  ratio  of  9  to  15  ? 

The  ratio  of  10  to  3,  multiplied  by  3  ? 

The  ratio  of  35  to  49,  multiplied  by  7  ? 

The  ratio  of  18  to  64,  divided  by  9  ? 

The  ratio  of  14  to  28,  divided  by  5  ? 


Ans. 


(«) 

2. 

{b) 

5. 

ic) 

12^. 

{d) 

.77^ 

{e) 

h 

(/) 

2. 

(iO 

H- 

{h) 

n- 

(0 

10. 

(/) 

5. 

{k) 

■h- 

(/) 

^- 

308.     Instead  of  expressing  the  value  of  a  ratio  by  a 
single   number,  as  above,   it  is  customary  to  express  it  by 
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means  of  another  ratio  in  which  the  consequent  is  1.     Thus, 

suppose  that  it  is  desired  to  find  the  ratio  of  the  weights  of 

two  pieces  of  iron,  one  weighing  45  pounds  and  the  other 

weighing  30  pounds.     The  ratio  of  the  heavier  to  the  Hghter 

is  then  45  :  30,  an  inconvenient  expression.     Using  the  frac- 

45 
tional  form,  we  have  — .     Dividing  both  terms  by  30,  the 

consequent,  we  obtain  -p-  or  1|-  :  1.      This  is  the  same  result 
as  obtained  above,  for  1|-  -^  1  =  1|-,  and  45  -^  30  =  1-^. 

309.  A  ratio  may  be  squared,  cubed,  or  raised  to  any 
power,  or  any  root  of  it  may  be  taken.  Thus,  if  the  ratio  of 
two  numbers  is  105  :  63,  and  it  is  desired  to  cube  this  ratio, 
the  cube  may  be  expressed  as  105^  :  63'.  That  this  is  correct 
is  readily  seen;  for,   expressing  the  ratio  in  the  fractional 

form,  it  becomes -—-,  and  the  cube  is  (—— I  =—7^^=105'  :  63\ 
Go  \  63  /        63 

Also,  if  it  is  desired  to  extract  the  cube   root  of  the   ratio 

105'  :  63',  it  may  be  done  by  simply  dividing  the  exponents 

by  3,  obtaining  105  :  63.     This  may  be  proved  in  the  same 

way  as  in  the  case  of  cubing  the  ratio.     Thus,  105'  :  63'  =. 


(^)'-^( 


^)'=f-=-  =  - 


/105 
\  63 


)5\'      /o\'    . 


31 0.     Since  f^i  =  (^)  ,  it  follows  that  105"  :  63'  = 


5'  :  3'  (this  expression  is  read :  the  ratio  of  105  cubed  to  63 
cubed  equals  the  ratio  of  5  cubed  to  3  cubed),  it  follows 
that  the  antecedent  and  consequent  may  always  be  multi- 
plied or  divided  by  the  same  number,  irrespective  of  any 
indicated  powers  or  roots,  without  altering  the  value  of  the 
ratio.  Thus,  24^*  :  IS''  =  4"  :  3^  For,  performing  the  opera- 
tions indicated  by  the  exponents,  24'  =  576  and  18"  =  324. 
Hence,  576  :  324  =  1|  or  1^  :  1.  Also,  4'  =  16  and  3'  =  9; 
hence,  16  :  9  =  l|orl|  :  1,  the  same  result  as  before.     Also, 


84- :  18- = ?i: = (nx=  (iX=.  t=e 


m-  (^- 


96  ARITHMETIC. 

The  statement  may  be  proved  for  roots  in  the  same  man- 
ner. Thus,  i/U'  :  ^'  =  i^'  :  \^\  For  the  \^'  =  24 
and  i^'  =  18;  and,  24  :  18  =  1^  or  1^  :  1.  Also,  ^^=  4 
and  4^  =  3 ;  4  :  3  =  1^  or  1^  :  1. 

Note. — If  the  numbers  composing  the  antecedent  and  consequent 

have  different  exponents,  or  if  different  roots  of  those  numbers  are 

indicated,  the  operations  described  in  Art.  31 0  cannot  be  performed. 

This  is  evident ;  for,  consider  the  ratio  4-  :  8-'.     When  expressed  in  the 

4^  /4  \* 

fractional  form,  it  becomes  ^77;,  which  cannot  be  expressed  either  as  I  5-  j 

or  as  (  —  j  ,  and,  hence,  cannot  be  reduced  as  described  above. 


PROPORTION. 

311.  Proportion  is  an  equality  of  ratios,  the  equality 
being  indicated  by  the  double  colon  ( : : )  or  by  the  sign  of 
equality  (  =  ).  Thus,  to  write  in  the  form  of  a  proportion 
the  two  equal  ratios,  8 :  4  and  6 :  3,  which  both  have  the  same 
value  2,  we  may  employ  one  of  the  three  following  forms: 

8  :  4  ::  6  :  3  (1) 

8  :  4  =  G  :  3  (2) 

^=^  (3) 

4      3  ^  ^ 

312.  The  first  form  is  the  one  most  extensively  used, 
by  reason  of  its  having  been  exclusively  employed  in  all  the 
older  works  on  mathematics.  The  second  and  third  forms 
are  being  adopted  by  all  modern  writers  on  mathematical 
subjects,  and,  in  time,  will  probably  entirely  supersede  the 
first  form.  In  this  paper  we  shall  adopt  the  second  form, 
unless  some  statement  can  be  made  clearer  by  using  the 
third  form. 

313.  A  proportion  may  be  r^rt'^  in  two  ways.  The  old 
way  to  read  the  above  proportion  was — S  is  to  Jt.  as  6  is  to  3 ; 
the  new  way  is — tJie  ratio  of  8  to  Jf  equals  the  ratio  of  6  to  3. 
The  student  may  read  it  either  way,  but  we  recommend  the 
latter. 

314.  Each  ratio  of  a  proportion   is  termed  a  couplet. 
In  the  above  proportion,  8 :  4  is  a  couplet,  and  so  is  6 :  3. 
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315.  The  numbers  forming  the  proportion  are  called 
terms ;  and  they  are  numbered  consecutively  from  left  to 
right,  thus: 

first   second  third  fourth 

8:4=6:3 
Hence,  in  any  proportion,  the  ratio  of  the  first  term  to 
the  second  term  equals  the  ratio  of  the  third  term  to  the 
fourth  term, 

316.  The  first  and  fourth  terms  of  a  proportion  are 
called  the  extremes,  and  the  second  and  third  terms,  the 
means.  Thus,  in  the  foregoing  proportion,  8  and  3  are  the 
extremes  and  4  and  6  are  the  means. 

317.  A  direct  proportion  is  one  in  which  both 
couplets  are  direct  ratios. 

318.  An  inverse  proportion  is  one  which  requires 
one  of  the  couplets  to  be  expressed  as  an  inverse  ratio. 
Thus,  8  is  to  4  inversely  as  3  is  to  G  must  be  written  8  :  4= 
6  :  3 ;  i.  e. ,  the  second  ratio  (couplet)  must  be  inverted. 

319.  Proportion  forms  one  of  the  most  useful  sections 
of  Arithmetic.  In  our  grandfathers'  Arithmetics,  it  was 
called  "  The  rule  of  three." 

320.  Rule  I. — /;/  any  proportion^  the  product  of  the 
extremes  equals  the  product  of  the  means. 

Thus,  in  the  proportion, 

17  :  51  =  14  :  42. 
17  X  42  =  51  X  14,  since  both  products  equal  714. 

321.  Rule  II. — TJie  product  of  the  extremes  divided  by 
either  mean  gives  the  other  mean. 

Example. — What  is  the  third  term  of  the  proportion  17  :  51  =     :  42  ? 
Solution.— Applying  rule  II,  17  X  42  =  714,  and  714  ^  51  =  14.  Ans. 

322.  Rule  III. —  The  product  of  the  means  divided  by 
either  extreme  gives  the  other  extreme. 

Example. — What  is  the  first  term  of  the  proportion     :  51  =  14 :  42  ? 
Solution.— Applying    rule    III,   51  x  14  =  714.   and    714  h-  43  =  17. 
Ans. 


68  ARITHMETIC. 

323.  When  stating  a  proportion  in  which  one  of  the 
terms  is  unknown,  represent  the  missing  term  by  a  letter, 
as  X.     Thus,  the  last  example  would  be  written, 

jr  :  51  =  14  :  42 

/)1  X  14 

and  for  the  value  of  x  we  have  x  =  '- —  =  17. 

42 

324.  If  the  same  (addition  and  subtraction  excepted) 
operations  be  performed  upon  a//  of  the  terms  of  a  propor- 
tion, the  proportion  is  not  thereby  destroyed.  In  other 
words,  if  all  of  the  terms  of  a  proportion  be  (1)  multiplied 
or  (2)  divided  by  the  same  number;  (3)  if  all  the  terms  be 
raised  to  the  same  power;  if  (4)  the  same  root  of  all  the 
terms  be  taken,  or  (5)  if  both  couplets  be  inverted,  the  pro- 
portion still  holds.  We  will  prove  these  statements  by  a 
numerical  example,  and  the  student  can  satisfy  himself  by 
other  similar  ones.  The  fractional  form  will  be  used,  as  it 
is  better  suited  to  the  purpose.  Consider  the  proportion 
8:4  =  6:3.      Expressing  it  in  the  third  form,  it  becomes 

—  =  — .     What  we  are  to  prove   is  that,    if  any  of  the  five 

operations  enumerated  above  be  performed  upon  all  of  the 
terms  of  this  proportion,  the  first  fraction  will  still  equal 
the  second  fraction. 

8x7 

1.  Multiplying  all  the  terms  by  any  number,  say  7, 

6X7  56        42      -,        56        . ,       .  '  ,    42      . 

=  3^^=  °^  28  =  21-  ^^^^  28  "^^^^"'^>^  "^^^^'  21'  ^^"^" 
the  value  of  either  ratio  is  2,  and  the  same  is  true  of  the 
original  proportion. 

2.  Dividing  all  the  terms  by  any  number,  say  7,  - — f— ^  = 

6^7  8,6.  84  63 

3-XI7  ♦  °^  4  =  i     But  y  ^  -  =  2,  and  y  -^  -  =  2  also,  the 

same  as  in  the  original  proportion. 

3.  Raising  all  the  terms  to  the  same  power,  say  the  cube, 

ft'  /?3  03  /  q\  3 

Ti  =  ^3-  This  is  evidently  true,  since  js  =  I  7)  =  '^'  —  ^: 
and  ^[  =  (ly  =  2^  =  8  also. 
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4.  Extracting  the  same  root  of  all  the  terms,  say  the  cube 
root,   jp=  =   ^r=.      It    is   evident   that  this  is  likewise    true, 

since  —  =  y  -  =  ^^  and  ^  =  ^  ^  =  f2  also. 

4      3 

5.  Inverting  both  couplets,  5-=-^,   which    is   true,   since 

o       u 
both  equal  ^. 

325.  If  both  terms  of  either  couplet  be  multiplied  or 
both  divided  by  the  same  number,  the  proportion  is  not  de- 
stroyed. This  should  be  evident  from  the  preceding  article, 
and  also  from  Art.  304.  Hence,  in  any  proportion,  equal 
factors  may  be  canceled  from  the  terms  of  a  couplet,  before 
applying  rules  II  or  III.  Thus,  the  proportion  45:  9  =  ;r: 
7.1,  we  may  divide  both  terms  of  the  first  couplet  by  9  (that 
is,  cancel  9 from  both  terms),  obtaining  5:  1  =  x:  7.1,  whence 
;tr=  7. 1X0-^1  =  35.5.      (See  note  in  Art.  31 0.) 

326.  The  principle  of  all  calculations  in  proportion  is 
this :  TJircc  of  the  terms  are  always  given,  and  the  remain- 
ing one  is  to  be  found. 

327.  Example. — If  4  men  can  earn  $25  in  one  week,  how  much 
can  12  men  earn  in  the  same  time  ? 

Solution. — The  required  term  must  bear  the  same  relation  to  the 
given  term  of  the  same  hind  as  one  of  the  remaining  terms  bears  to 
the  other  remaining  term.  We  can  then  form  a  proportion  by  which 
the  required  term  may  be  found. 

The  first  question  the  student  must  ask  himself  in  every  calculation 
by  proportion  is  : 

"  What  is  it  I  want  to  find  ?  " 

In  this  case  it  is  dollars.  We  have  two  sets  of  men,  one  set  earning 
$25,  and  we  want  to  know  how  many  dollars  the  other  set  earns.  It  is 
evident  that  the  mnotint  12  men  earn  bears  the  same  relation  to  the 
a7nou7it  that  4  men  earn  as  12  men  bears  to  4  men.  Hence,  we  have  the 
proportion,  the  amount  13  men  earn  is  to  §25  as  12  men  is  to  4  men; 
or,  since  either  extreme  equals  the  product  of  the  means  divided  by  the 
other  extreme,  we  have 

The  amount  12  men  earn  :  $25  =.  12  men  :  4  men, 

825  y  12 
or  the  amount  12  men  earn  =  '-^^^—, — -  —  $75.     Ans. 
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Since  it  matters  not  which  place  x  or  the  required  term  occupies,  the 
problem  could  be  stated  as  any  of  the  following  forms,  the  value  of  x 
being  the  same  in  each  : 

(a)    $25  :  the  amount    12  men    earn  =  4  men  :  12  men  ;    or   the 

§25  X  1 2 
amount   12  men  earn  =  '        ,  or  $75,   since   either   mean  equals 

the  product  of  the  extremes  divided  by  the  other  mean. 

(l>)     4  men  :  12  men  =  $25  :   the    amount   12  men  earn  ;    or    the 

825  X  12 
amount   that   12  men   earn  =  "'    ,  or    $75,    since  either  extreme 

equals  the  product  of  the  means  divided  by  the  other  extreme. 

(c)     12    men  :  4    men  =  the    amount    12   men    earn  :  $25  ;    or    the 

$25  X  12 
amount  that  12  men  earn  =  ,  or  $75,  since  either  mean  equals 

the  product  of  the  extremes  divided  by  the  other  mean. 

328.  If  the  proportion  is  an  inverse  one,  first  form  it 
as  though  it  were  a  direct  proportion,  and  then  invert  one 
of  the  couplets. 


EXAMPLES 

FOR  PRACTICE. 

329. 

Find  the  value  of  x  in  each  of  the  following: 

(a) 

$1G  :  $64  ::  X  :  $4. 

'  (a)     .r  =  $l. 

(^) 

X  :  85  ::  10  :  17. 

(^)     ;r  =  50. 

(0 

24  :  X  ::  15  :  40. 

(c)     X  =  64. 

{d) 

18  :  94  ::  2  :  x. 

Ans.  - 

(d)     x  =  lOf. 

(^) 

$75  :  $100  =  X  :  100. 

^ 

(e)     X  =  75. 

(/) 

15pwt.  :  Jir=21  :  10. 

(/)     x=7|pwt 

U) 

X  :  75  yd.  =  $15  :  $5. 

(^)     x^  225  yd. 

1.  If  75  pounds  of  lead  cost  $2.10,  what  would  125  pounds  cost  at 
the  same  rate  ?  Ans.  $3.50. 

2.  If  A  does  a  piece  of  work  in  4  days  and  B  does  it  in  7  days,  how 
long  will  it  take  A  to  do  what  B  does  in  63  days  ?  Ans.  36  days. 

3.  The  circumferences  of  any  two  circles  are  to  each  other  as  their 
diameters.  If  the  circumference  of  a  circle  7  inches  in  diameter  is 
22  inches,  what  will  be  the  circumference  of  a  circle  31  inches  in 
diameter?  Ans.  97f  inches. 


mVERSE    PROPORTION. 
330.     In  Art.  318,  an  inverse  proportion  was  defined 
as  one  which  required  one  of  the  couplets  to  be  expressed  as 
an  inverse  ratio.      Sometimes  the  word  inverse  occurs  in  the 
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statement  of  the  example  ;  in  such  cases  the  proportion 
can  be  written  directly,  merely  inverting  one  of  the  coup- 
lets. But  it  frequently  happens  that  only  by  carefully 
studying  the  conditions  of  the  example  can  it  be  ascertained 
whether  the  proportion  is  direct  or  inverse.  When  in  doubt, 
the  student  can  always  satisfy  himself  as  to  whether  the 
proportion  is  direct  or  inverse  by  first  ascertaining  what  is 
required,  and  stating  the  proportion  as  a  direct  proportion. 
Then,  in  order  that  the  proportion  may  be  true,  if  the  first 
term  is  smaller  than  the  second  term,  the  third  term  must 
be  smaller  than  the  fourth  ;  or  if  the  first  term  is  larger 
than  the  second  term,  the  third  term  must  be  larger  than 
the  fourth  term.  Keeping  this  in  mind,  the  student  can 
always  tell  whether  the  required  term  will  be  larger  or 
smaller  than  the  other  term  of  the  couplet  to  which  the  re- 
quired term  belongs.  Having  determined  this,  the  student 
then  refers  to  the  example,  and  ascertains  from  its  condi- 
tions whether  the  required  term  is  to  be  larger  or  smaller 
than  the  other  term  of  the  same  kind.  If  the  two  determi- 
nations agree,  the  proportion  is  direct;  otherwise,  it  is 
inverse,  and  one  of  the  couplets  must  be  inverted. 

331.      Example. — If  A's  rate  of  doing  work  is  to  B's  as  5  :  7,  and 
A  does  a  piece  of  work  in  42  days,  in  what  time  will  B  do  it  ? 

Solution. — The  required  term   is  the  number  of  days  it  will  take 
B  to  do  the  work.     Hence,  stating  as  a  direct  proportion, 

5  :  7  =  42  :  jr. 

Now,  since  7  is  greater  than  5,  x  will  be  greater  than  42.  But,  referring 
to  the  statement  of  the  example,  it  is  easy  to  see  that  B  works  faster 
than  A ;  hence  it  \Fill  take  B  a  less  number  of  days  to  do  the  work  than 
A.     Therefore,  the  proportion  is  an  inverse  one,  and  should  be  stated 

5  :  7  =  .r  :  42, 

5  X  42 
from  which  x  =  — ^^-^  =  30  days.    Ans. 

Had  the  example  been  stated  thus:  The  time  that  A  requires  to  do  a 

piece  of  work  is  to  the  time  that  B  requires,  as  5  :  7;  A  can  do  it  in  42 

days,  in  what  time  can  B  do  it  ?  it  is  evident  that  it  would  take  B  a 

longer  time  to  do  the  work  than  it  would  A ;  hence,  x  would  be  greater 

7  X  42 
than  42,  and  the  proportion  would  be  direct,  the  value  of  x  being  — ^ — ' 

=  58.8  days. 
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EXAMPI.KS   FOR   PRACTICE. 

332.  Solve  the  following: 

1.  If  a  pump  which  discharges  4  gal.  of  water  per  min.  can  fill  a  tank 
in  20  hr.,  how  long  will  it  take  a  pump  discharging  12  gal.  per  min.  to 
fill  it  ?  Ans.  OJ  hr. 

2.  If  a  pump  discharges  90  gal.  of  water  in  20  hr.,  in  vrhat  time  will 
it  discharge  144  gal.?  Ans.  32  hr. 

'S.  The  weight  of  any  gas  (the  volume  and  pressure  remaining  the 
same)  varies  inversely  as  the  absolute  temperature.  If  a  certain  quan- 
tity of  some  gas  weighs  2.927  lb.  when  the  absolute  temperature  is  525°, 
what  will  the  same  volume  of  gas  weigh  when  the  absolute  temperature 
is  600%  the  pressure  remaining  the  same  ?  Ans.  2.561+  lb. 

4.  If  50  cu.  ft.  of  air  weigh  4.2  pounds  when  the  absolute  temperature 
is  562^,  what  will  be  the  absolute  temperature  when  the  same  volume 
weighs  5.8  pounds,  the  pressure  being  the  same  in  both  cases? 

Ans.  407^,  very  nearly. 

POWDERS    AND    ROOTS    IN    PROPORTION. 

333.  It  was  stated  in  Art.  309  that  a  ratio  could  be 
raised  to  any  power  or  any  root  of  it  might  be  taken.  A 
proportion  is  frequently  stated  in  such  a  manner  that  one 
of  the  couplets  must  be  raised  to  some  power  or  some  root 
of  it  must  be  taken.  In  all  such  cases,  both  terms  of  the 
couplet  so  affected  7Hus^  be  raised  to  the  same  power  or  the 
same  root  of  both  terms  must  be  taken. 

334.  Example. — Knowing  that  the  weight  of  a  sphere  varies  as 
the  cube  of  its  diameter,  what  is  the  weight  of  a  sphere  6  inches  in 
diameter  if  a  sphere  8  inches  in  diameter  of  the  same  material  weighs 
180  pounds  ? 

Solution. — This  is  evidently  a  direct  proportion.     Hence,  we  write 

&:%^  =  x:  180. 

Dividing  both  terms  of  the  first  couplet  by  2*  (see  Art.  310), 

3^  :  4»  =  jr :  180,  or  27  :  64  =  .r  :  180  ; 

27x180      ^_,, 
whence,  x  = — —  =  7o|f  pounds.     Ans. 

Example. — A  sphere  8  inches  in  diameter  weighs  180  pounds;  what 
is  the  diameter  of  another  sphere  of  the  same  material  which  weighs 
75|§  pounds  ? 

Solution. — Since  the  weights  of  any  two  spheres  are  to  each  other 
as  the  cubes  of  their  diameters,  we  have  the  proportion 

180:  75|f  =  8'  :  x^; 
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X,  the  required  term,  must  be  cubed,  because  the  other  term  of  the 
couplet  is  cubed  (see  Art.  333).     But,  8^  =  512;  hence, 

180  :  Toil  =  512  :  ;r\  or  x^  =    ^^"C,         =  216  ; 

loU 

whence,  x  =    4/2I6  =  6  inches.     Ans. 

335.  Since  taking  the  same  root  of  all  of  the  terms  of  a 
proportion  does  not  change  its  value  (Art.  324),  the  above 
example  might  have  been  solved  by  extracting  the  cube  root 
of  all  of  the  numbers,  thus  obtaining  ^]^go  :  ^751-5-  = 
S  :  x;  whence, 


qv    3/75H_o    3/1:215  _ 


,^/l80  V    180  \  2,880  V  64 

8  X  f  =  G  inches.     The  process,   however,   is  longer  and  is 
not  so  direct,  and  the  first  method  is  to  be  preferred.' 

336.  If  two  cylinders  have  equal  volumes,  but  different 
diameters,  the  diameters  are  to  each  other  inversely  as  the 
square  roots  of  their  lengths.  Hence,  if  it  is  desired  to  find 
the  diameter  of  a  cylinder  that  is  to  be  15  inches  long,  and 
which  shall  have  the  same  volume  as  one  that  is  9  inches  in 
diameter  and  12  inches  long,  we  write  the  proportion 

9  :  ^  =  i/To  :  |/I2. 

Since  neither  12  nor  15  are  perfect  squares,  we  square  all 
of  the  terms  (Arts.  335  and  324)  and  obtain 

81  :  x'  =  15  :  12;  whence  x'  =  ^^^^J^=  04.8, 

lo 

and  X  =  4/64.8  =  8.05  inches  =  diameter  of  15-inch  cylinder. 


EXAMPLES  FOR  PRACTICE. 

337.      Solve  the  following  examples: 

1.  The  intensity  of  light  varies  inversely  as  the  square  of  the  dis- 
tance from  the  source  of  light.  If  a  gas  jet  illuminates  an  object  30 
feet  away  with  a  certain  distinctness,  how  much  brighter  will  the 
object  be  at  a  distance  of  20  feet  ?  Ans.  2^  times  as  bright. 

2.  In  the  last  example,  suppose  that  the  object  had  been  40  feet 
from  the  gas  jet;  how  bright  would  it  have  been  compared  with  its 
brightness  at  30  feet  from  the  gas  jet  ?  Ans.  -^^  as  bright. 

3.  When  comparing  one  light  with  another,  the  intensities  of  their 
illuminating  powers  vary  as  the  squares  of  their  distances  from  the 
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source.  If  a  man  can  just  distinguish  the  time  indicated  by  his  watch, 
50  feet  from  a  certain  light,  at  what  distance  could  he  distinguish  the 
time  from  a  light  3  times  as  powerful  ?  Ans.  86.0-1-  feet. 

4.  The  quantity  of  air  flowing  through  a  mine  varies  directly  as 
the  square  root  of  the  pressure.  If  60,000  cubic  feet  of  air  flow  per 
minute  when  the  pressure  is  3.8  pounds  per  square  foot,  how  much  will 
flow  when  the  pressure  is  3.6  pounds  per  square  foot  ? 

Ans.  68,034  cu.ft.  per  min.,  nearly. 

5.  In  the  last  example,  suppose  that  70,000  cubic  feet  per  minute 
had  been  required;  what  would  be  the  pressure  necessary  for  this 
quantity  ?  Ans.  3.81+  lb.  per  sq.  ft. 


CAUSES    AND    EFFECTS. 

338.  Many  examples  in  proportion  may  be  more  easily 
solved  by  using  the  principle  of  cause  and  effect.  That 
which  may  be  regarded  as  producing  a  change  or  alteration 
in  something,  or  as  accomplishing  something,  may  be  called 
a  cause,  and  the  change  or  alteration,  or  thing  accom- 
plished, is  the  effect. 

339.  Like  causes  produce  like  effects.  Hence,  when  two 
causes  of  the  same  kind  produce  two  effects  of  the  same 
kind,  the  ratio  of  the  causes  equals  the  ratio  of  the  effects; 
in  other  words,  the  first  cause  is  to  the  second  cause  as  the 
first  effect  is  to  the  second  effect.  Thus,  in  the  question,  if 
3  men  can  lift  1,400  pounds,  how  many  pounds  can  7  men 
lift  ?  we  call  3  men  and  7  men  the  causes  (since  they  ac- 
complish something,  viz.,  the  lifting  of  the  weight),  the 
number  of  pounds  lifted,  viz.,  1,400  pounds  and  x  pounds, 
are  the  effects.  If  we  call  3  men  the  first  cause,  1;400 
pounds  is  the  first  effect;  7  men  is  the  second  cause,  and  x 
pounds  is  the  second  effect.      Hence,  we  may  write 

1st  cause      2d  cause  1st  effect      2d  effect 

3:7       =       1,400      :      x, 

7X1  400 

whence  .r  = -^ =  3, 266|- pounds. 

o 

340.  The  principle  of  cause  and  effect  is  extremely  use- 
ful in  the  solution  of  examples  in  compound  proportion,  as 
we  shall  now  show. 
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COMPOUND    PROPORTION. 

341.  AH  the  cases  of  proportion  so  far  considered  have 
been  cases  of  simple  proportion;  i.  e.,  each  term  has 
been  composed  of  but  one  number.  There  are  many  cases, 
however,  in  which  two  or  all  of  the  terms  have  more  than 
one  number  in  them;  all  such  cases  belong  to  compound 
proportion.  In  all  examples  in  compound  proportion, 
both  causes  or  both  effects  or  all  four  consist  of  more  than 
two  numbers.     We  will  illustrate  this  by  an 

Example. — If  40  men  earn  §1,280  in  16  days,  how  much  will  36  men 
earn  in  31  days  ? 

Solution. — Since  40  men  earn  something,  40  men  is  a  cause,  and 
since  they  take  16  days  in  which  to  earn  sometliing,  16  days  is  also  a 
cause.  For  the  same  reason,  36  men  and  31  days  are  also  causes.  The 
effects,  that  which  is  earned,  are  1,280  dollars  and  .r  dollars.  Then,  40 
men  and  16  days  make  up  the  first  cause,  and  36  men  and  31  days  make 
up  the  second  cause.  §1,280  is  the  first  effect  and  §.r  is  the  second 
effect.     Hence,  we  write 

1st  cause    2d  cause        1st  effect    2d  effect 

Now,  instead  of  using  the  colon  to  express  the  ratio,  we  shall  use  the 

vertical  line  (see  Art.  299),  and  the  above  becomes 

40 

16  OJ 

In  the  last  expression,  the  product  of  all  of  the  numbers  included 

between  the  vertical  lines  must  equal  the  product  of  all  the  numbers 

without  them ;  i.  e.,  36  X  31  X  1,280  =  40  X  16  X  .r. 

2 

w 

Or.=  ?^|l^<|M^  =  §2,232.    Ans. 

TV  X  /P 

342.  The  above  might  have  been  solved  by  canceling 
factors  of  the  numbers  in  the  original  proportion.  For  if 
any  number  within  the  lines  has  a  factor  common  to  any 
number  without  the  lines,  that  factor  may  be  canceled  from 
both  numbers.     Thus,  16  is  contained  in 

2 

m    36      _     ^p 
;^    31      -   m^ 

1,280,  80  times.     Cancel  16  and  1,280,  and  write  80  above 
1,280.     40  is  contained  in   80,  2  times.      Cancel   40  and  80, 


^^    =    1,280 


X. 


Xy 
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and  write  2  above  80.  Now,  since  there  are  no  more  num. 
bers  that  can  be  canceled,  ,i' =  3G  X  31  X  2  =  ^2,232,  the 
same  result  as  was  obtained  in  the  last  article. 

343.  Rule. —  Write  all  the  numbers  forming  tJie  first 
cause  in  a  vertical  column,  and  draw  a  vertical  line  ;  on  the 
other  side  of  this  line  write  in  a  vertical  column  all  of  the 
numbers  forming  the  second  cause.  Write  the  sign  of 
equality  to  the  right  of  the  second  column,  and  on  the  right 
of  this  form  a  third  column  of  the  numbers  composing  the 
first  effect,  drawing  a  vertical  line  to  the  right;  on  the  other 
side  of  this  line,  zvrite,  for  a  fourth  column,  the  numbers 
composing  the  second  effect.  There  must  be  as  many  numbers 
in  the  second  cause  as  in  the  first  cause,  and  in  the  second  ef- 
fect as  in  tJie  first  effect ;  hence,  if  any  term  is  wanting,  write 
X  in  its  place.  Multiply  together  all  of  the  numbers  xvithin 
the  vertical  lines,  and  also  all  those  zvithout  the  lines  {cancel- 
ing previously,  if  possible),  and  divide  the  product  of  those 
numbers  tuhich  do  not  contain  x  by  the  prodtict  of  the  others 
in  which  x  occurs,  and  the  result  zvill  be  the  value  of  x. 

34-4.  Example. — If  40  men  can  dig  a  ditch  720  feet  long,  5  feet 
wide  and  4  feet  deep  in  a  certain  time,  how  long  a  ditch  6  feet  deep  and 
3  feet  wide  could  24  men  dig  in  the  same  time  ? 

Solution. — Here  40  men  and  24  men  are  the  causes  and  the  two 
ditches  are  the  effects.     Hence, 


i9 


24     = 


m 

5 
4 


Ans. 


3  whence,  x  =  24  X  5  X  4  =  480  feet. 

345.  Example. — The  volume  of  a  cylinder  varies  directly  as  its 
length  and  directly  as  the  square  of  its  diameter.  If  the  volume  of  a 
cylinder  10  inches  in  diameter  and  20  inches  long  is  1,570.8  cubic  inches, 
what  is  the  volume  of  another  cylinder  16  inches  in  diameter  and 
24  inches  long  ? 

Solution. — In  this  example,  either  the  dimensions  or  the  volumes 
may  be  considered  the  causes;  say  we  take  the  dimensions  for  the 
causes.     Then,  squaring  the  diameters, 


10* 
20 


1G2 
24 


whence,  .r  = 


=  1,570.8  X,     or 

256x6x1.570.8 
6x100 


100 

256 

2P 

U 

5 

6 

=     1,570.8 


:  4,825.4976  cubic  inches.     Ans. 
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346.  Example. — If  a  block  of  granite  8  ft.  long,  5  ft.  wide  and  3 
ft.  thick  weighs  7,200  lb.,  what  will  be  the  weight  of  a  block  of  granite 
12  ft.  long,  8  ft.  wide  and  5  ft.  thick  ? 

Solution. — Taking  the  weights  as  the  effects,  we  have 
4 


? 
^ 
? 


n 

^  =  7,200 


X,  ox  jr  =  4  X  7,200  =  28,800  pounds.     Ans. 


34T.  Example. — If  13  compositors  in  30  days  of  10  hours  each 
set  up  25  sheets  of  16  pages  each,  32  lines  to  the  page,  in  how  many- 
days  8  hours  long  can  18  compositors  set  up,  in  the  same  type,  64  sheets 
of  12  pages  each,  40  lines  to  the  page  ? 

Solution. — Here  compositors,  days,  and  hours  compose  the  causes, 
and  sheets,  pages,  and  lines  the  effects.     Hence, 


8 
10 


3 


^ 

n 
i 
n 

n 


2 

H 

;^,  or   .r=  3X10X2 


60  days.     Ans. 


348.  In  examples  stated  like  that  in  Art.  345,  should 
an  inverse  proportion  occur,  write  the  various  numbers  as 
in  the  preceding  examples,  and  then  transpose  those  num- 
bers which  are  said  to  vary  inversely  from  one  side  of  the 
vertical  line  to  the  other  side. 

Example. — The  centrifugal  force  of  a  revolving  body  varies  directly 
as  its  weight,  as  the  square  of  its  velocity  and  inversely  as  the  radius  of 
the  circle  described  by  the  center  of  the  body.  If  the  centrifugal  force 
of  a  body  weighing  15  pounds  is  187  pounds  when  the  body  revolves  in 
a  circle  having  a  radius  of  12  inches,  with  a  velocity  of  20  feet  per  sec- 
ond, what  will  be  the  centrifugal  force  of  the  same  body  when  the  radius 
is  increased  to  18  inches  and  the  speed  is  increased  to  24  feet  per  second  ? 

Solution. — Calling  the  centrifugal  force  the  effect,  we  have, 


15 

20'^ 

12 


15 

242     _ 
18 


187 


Transposing  12  and  18  (since  the  radii  are  to  vary  inversely)  and  squar- 
ing 20  and  24, 


25 

m 


2 

3^  =  187 

12 


12  X  2  X  187 
X,  or  X  = — 2^ =  179.52  pounds.      Ans. 


M.  E.     I.— 8 
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EXAMl»I>i:S   FOR   PRACTICE, 

349.      Solve  the  following  by  compound  proportion: 

1.  If  12  men  dig  a  trench  40  rods  long  in  24  days  of  10  hours  each, 
how  many  rods  can  16  men  dig  in  18  days  of  9  hours  each  ? 

Ans.  36  rods. 

2.  If  a  piece  of  iron  7  ft.  long,  4  in.  wide,  and  6  in.  thick  weighs  600 
ib.,  how  much  will  a  piece  of  iron  weigh  that  is  16  ft.  long,  8  in.  wide 
and  4  in.  thick  ?  Ans.  l,828i  lb. 

3.  If  24  men  can  build  a  wall  72  rods  long,  6  feet  Avide,  and  5  feet 
high  in  00  days  of  10  hours  each,  how  many  days  will  it  take  32  men  to 
build  a  wall  96  rods  long,  4  feet  wide  and  8  feet  high,  working  8  hours 
a  day  ?  Ans.  80  days. 

4.  The  horsepower  of  an  engine  varies  as  the  mean  effective  pressure, 
as  the  piston  speed  and  as  the  square  of  the  diameter  of  the  cylinder. 
If  an  engine  having  a  cylinder  14  inches  in  diameter  develops  112 
horsepower  when  the  mean  effective  pressure  is  48  pounds  per  square 
inch  and  the  piston  speed  is  500  feet  per  minute,  what  horsepower  will 
another  engine  develop  if  the  cylinder  is  16  inches  in  diameter,  piston 
speed  is  600  feet  per  minute,  and  mean  effective  pressure  is  56  pounds 
per  square  inch  ?  Ans.  204.8  horsepower. 

5.  Referring  to  the  example  in  Art.  345,  what  will  be  the  volume 
of  a  cylinder  20  inches  in  diameter  and  24  inches  long  ? 

Ans.  7,539.84  cubic  inches. 

6.  Knowing  that  the  product  of  3x5x7x9  is  945,  what  is  the 
product  of  6  X  15  X  14  X  36  ?  Ans.  45,360. 


ALGEBRA. 


350.  In  arithmetic,  numbers  are  represented  by  the 
figures  1,  2,  3,  4,  etc.  Tliere  is  no  reason,  however,  why 
numbers  may  not  be  represented  by  other  symbols,  as 
letters,  if  rules  are  provided  for  their  use. 

351.  In  algebra,  numbers  are  represented  both  by 
figures  and  letters.  It  will  be  seen  later  that  the  use  of  let- 
ters often  simplifies  the  solution  of  examples,  and  shortens 
calculations. 

352.  The  principal  advantage  of  letters  is  that  they  are 
general  in  their  meaning.  Thus,  unlike  figures,  the  letter 
a  does  not  stand  for  the  number  one,  the  letter  b  for  two, 
c  for  three,  etc.,  but  any  letter  may  be  taken  to  represent 
any  number,  it  being  only  necessary  that  a  letter  shall 
always  stand  for  the  same  number  in  the  same  example. 

353.  To  illustrate  this  difference  between  letters  and 
figures,  consider  the  following  example:  If  a  person  ex- 
changes 10  books  Avorth  $3  per  volume  for  cloth  at  12  per 
yard,  how  many  yards  will  he  obtain?  A  rule  for  solving, 
not  only  this  example,  but  all  others  of  the  same  kind,  would 
be  to  multiply  the  number  of  books  by  the  price  per  volume, 
and  to  divide  the  result  by  the  price  of  the  cloth.  This  rule 
is  general^  because  it  tells  what  to  do  with  the  number  of 
books,  and  the  prices  of  the  books  and  cloth,  zuhatever  they 
may  be. 

Another  and  more  concise  way  of  stating  the  rule  is  to 
use  letters.     Thus: 

Let  a  =  the  number  of  books, 
b  =  the  price  per  volume, 
c  —  the  price  of  the  cloth, 
and  0^=  the  number  of  yards  of  cloth. 

For  notice  of  the  copyright,  see  p;i.i;e  iinmediately  t'ollovviiii^  the  title  pag:e. 
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'riicii,  acccrdini^  !<>  tlic  I'ulf, 

liuinliiT  iif   liodks  X  i)i"i(('  per  vokiniu  ,  -  ,        , 

.         ■    1     ,^  -  ^  nuiiihcr  <>t   vards  or 

price  (jt  clolli 

clolli,  or  — - —  =  ((. 

In  ihc  example  in  (pieslion,  a.-  pi^  /;  —  ;;,  and  r  =-- •^. 
Hence,  wrilint;'   for  <•/■,  /',  and   c   tiieir  values,  Id,  :i,  and  ;i,  c/, 

tin;  number  of  yards,  = —^  lo.      Here  the  expressi(^n 

10  X  :5                             axl>   ,    ^    ^,.      ,.,-,.  .     .      , 
; • ''onesijonds    to ,  Ijut    I'us    diiterence    is    to    be 

Doticed  :   - — ^^ — •  ap[)lies   only   to   this  examjile,  and   liy   per- 
forming'  the   o]n'rations   indicated   only  one   answer  can  be 

,    .,       if    X    />    .  7     ■  ■  ,•  •  •  , 

obtamecl,  while  -      —  is   t^cncral    m    its    api)lication,    m    the 

c 

same  way  that    llu;   rule  previously  given    is   gc-neral.      That 

is,  while  <■?,  /»,  and  c  stand  for  the   numbers    In,  :?,  and  'I   in 

Mw  example,  they  may  stand  for  other  numbers  \n  another 

example;    hence,    by   writing   their   values   in   place   of    the 

letters,  and  performing  the  operations  indicated,  the  answer 

to  any  example   of  the   same   kind   may  be   obtained.      Con- 

secjuently,  while  figures  or  combinations  i)f  figures  always 

represent  the  same   numbers,  letters  are   more   general,  and 

may  represent  any  numbers,  according  to  the  conditions  of 

the  example. 

354.  An  equation  is  a  statement  of  e(piality  between 
two  expressions.  Thus,  .r -|-  r  =  K  is  an  ecpiation,  and 
means  that  the  sum  of  the  numbers  represented  b_\'  x  and  ^i' 
ecpials  8.  Lxamples  are  solved  in  algebra  l)y  the  aid  of 
eipiations  in  which  numbt-rs  are  represented  both  by  letters 
and  figures.  An  iiiea  of  the  mi'thod  of  solution  may  be  had 
from  the  following  simple  example :  If  an  iron  rail  oO  feet 
long  is  cut  in  two  so  that  one  jiart  is  four  times  as  long  as 
the  other,  how  long  is  the  shorter  part? 

Solution. — Since  uny  leltc-r  ni;iy  represent  any  number, 

Let  .r  =  the  lenj^lii  of  the  sliorler  part. 

Then,  4  X  -f  (written  4.i)  ^  the  lengtli  of  the  longer  part. 
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But  the  sum  of  the  two  parts  must  equal  the  total  length,  30  feet. 

Hence,  ;ir  +  4^=30 

Adding  x  and  Ax,  5x  =  30 

Whence,  dividing  by  5,  ;f=6ft.     Ans, 

355.  Another  application  of  equations  is  made  in  the 
use  of  formulas.  A  formula  is  a  statement  of  a  general 
rule,  abridged   by   means  of  symbols.       In   Art.  353,  the 

expression =  ^/  is  a  formula.  All  formulas  are  equa- 
tions, and  the  same  rules  apply  to  both.  An  equation  is 
not  called  a  formula,  however,  unless  it  is  a  statement  of  a 
general  rule.  In  modern  technical  works,  the  rules  for 
solving  examples  are  generally  given  by  formulas,  and  it  is 
important  to  understand  how  to  apply  them. 

356.  Algebra  treats  of  the  equation  and  its  use.  Since 
the  use  of  equations  involves  the  use  of  letters,  it  will  be 
necessary  to  take  up  addition,  subtraction,  multiplication, 
involution,  evolution,  etc.,  where  letters  are  used,  before 
considering  equations. 

NOTATION. 

357.  The  term  quantity  is  used  to  designate  any 
number  that  is  to  be  subjected  to  mathematical  processes. 
A  quantity  is  strictly  a  concrete  number,  as  6  books,  5 
pounds,  10  yards.  Syvibols  used  to  represent  numbers,  or 
expressions  containing  two  or  more  such  symbols,  as  a,  x, 
bd,  10,(^  +  12),  etc.,  are  often  called  quantities,  the  term 
being  a  convenient  one  to  use. 

358.  The  signs +,  — ,  X,  -^  are  the  same  in  algebra  as 
in  arithmetic.  The  sign  of  multiplication  x  is  usually 
omitted,  however,  multiplication  being  indicated  by  simply 
writing  the  quantities  together.  Thus,  ahc  means  a  X  b 
X  c;  2xj  means  2  X  -v  X  y.  Evidently  the  sign  cannot  be 
omitted  between  two  figures,  as  addition  instead  of  multi- 
plication would  be  indicated.  Thus,  24  means  20  -\-  4,  in- 
stead of  2  X  4. 
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Another  sign  of  multiplication  that  is  sometimes  used  be- 
tween numbers  is  a  dot  placed  between  them.  Thus,  in- 
stead of  2  X  4  X  13,  we  may  indicate  the  multiplication  aS 

2  •  4  •  12.     This  dot  always  occupies  a  higher  position  than 
the  decimal  point,  so  as  to  avoid  confusing  the  two. 

359.  A  coefficient  is  a  figure  or  letter  prefixed  to  a 
quantity ;  it  shows  how  many  times  the  latter  is  to  be  taken. 
Thus,  in  the  expression  4a,  4  is  the  coefficient  of  a,  and 
indicates  that  a  is  to  be  taken  four  times,  or  a  -\-  a  -}-  a  -}-  a. 
When  several  quantities  are  multiplied  together,  any  of 
them  may  be  regarded  as  the  coefficient  of  the  others. 
Thus,  in  Gaxy,  6  is  the  coefficient  of  axf,  Ga  of  xy,  6ax  oi  y, 
etc.  In  general,  however,  when  a  coefficient  is  spoken  of, 
the  numerical  coefficient  only  is  meant,  as  the  6  above. 
When  no  numerical  coefficient  is  written  it  is  understood  to 
be  1.     Thus,  cd  is  the  same  as  led. 

360.  The  factors  of  a  quantity  are  the  quantities 
which,  when  multiplied  together,  will  produce  it.     Thus,  2, 

3  and  3  are  the  factors  of  18,  since  2  X  3  X  3  =  18  ;  2,  a  and 
i;  are  the  factors  of  2ad,  since  %  x  a  X  b  =  2ab.      (Art.  358.) 

361.  An  exponent  is  a  small  figure  placed  at  the 
right  and  a  little  above  a  quantity  ;  it  shows  how  many 
times  the  latter  is  to  be  taken  as  a  factor.  Thus,  4^  =  4 
X  4  X  4  =  64;  a:'  =■  aaaaa.  Any  quantity  written  without 
an  exponent  is  understood  to  have  an  exponent  of  1. 

The  difference  between  the  meaning  of  a  coefficient  and 
an  exponent  should  be  clearly  understood.  A  coefficient 
multiplies  the  quantity  Avhich  it  precedes ;  it  shows  that  the 
quantity  is  to  be  added  to  itself.  Thus,  3^z  =  3  X  a',  or  ^  + 
a-\-  a.  An  exponent  indicates  that  a  quantity  is  to  be  viul- 
tiplied  by  itself.  Thus,  a^  =  aX  ax  a.  A  more  complete 
definition  of  an  exponent  Avill  be  given  later. 

362.  A  powder  is  the  result  obtained  by  taking  a 
quantity  two  or  more  times  as  a  factor.  For  example,  16 
is  the  fourth   power  of  2,    because  2  multiplied  by  itself, 
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until  it  has  been  taken  four  times  as  a  factor,  produces  16; 
a^  is  the  third  power  of  a,  because  «  X  ^  X  ^  =  rt^ 

363.  A  root  of  a  quantity  is  one  of  its  equal  factors. 
Thus,  2  is  the  root  of  4,  8  and  IG,  since  2  X2  =  4,  2x2X 
2  =  8  and  2  X  2  X  2  X  2  =  IG,  2  being  one  of  the  equal 
factors  in  each  case.  In  like  manner,  «  is  a  root  of  rt\  a^,  a", 
etc.  The  symbol  which  denotes  that  the  second  or  square  root 
is  to  be  extracted  is  ^,  called  the  radical  sijo^n.  For  other 
roots  the  same  symbol  is  used,  bvit  with  a  figure  called  the  index 
of  the  root,  written  above  it  to  indicate  the  root.  Thus, 
|/^,  !/«,  y~a^  etc.,  signify  the  square  root,  cube  root,  fourth 
root,  etc.,  of  a. 

364.  The  parenthesis  (  ),  brackets  [  ],  and  braces 

{  \  have  the  same  meaning,  and  signify  that  the  quantities 
within  them  are  to  be  subjected  to  the  same  operations. 
Thus,  («  +  2)4,  [^z  +  2]4  and  |^?+2}4  all  indicate  that 
^  -f-  2  is  to  be  multiplied  by  4,  the  sign  of  multiplication  being 
omitted.  When  two  or  more  expressions  are  enclosed  and 
written  together,  their  product  is  indicated.  Thus,  {a  +  b) 
{c  —  lV)  (.r  +  J )  indicates  that  a-\-b^  c  —d"^  and  x  -^  y  are 
to  be  multiplied  together. 

365.  The  above  symbols  are  called  symbols  of  aggre- 
gation, meaning  that  the  quantities  enclosed  within  them 
are  aggregated,  or  collected  into  one  quantity.     A  fourth 

symbol  of  aggregation   is  the  vinculum ,   which  is 

simply  a  horizontal  line  drawn  above  the  quantities  affected. 
Thus,  «  4-  2  X  4  shows  that  <^  +  2  is  to  be  multiplied  by  4. 
The  principal  use  of  the  vinculum  is  in  connection  with  the 
radical  sign  (Art.  363),  where  it  is  extended  over  the  whole 
expression  whose  root  is  to  be  extracted.  For  example,  in 
i^x"^  +  2xy-{-y-  the  vinculum  shows  that  the  square  root  of 
x'  +  2;rj/  +  y  is  to  be  extracted.  Without  the  vinculum,  as 
in  ^x''  -\-  2xf  -\-y,  the  square  root  of  x''  only  is  indicated. 

366.  The  terms  of  an  algebraic  expression  are  the 
parts  which  are  connected  by  the  signs  +  and  — .  Thus, 
ar't  —  2xy  and  j"  are  terms  of  the  expression  x''  —  'ixy  •\-y*. 
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367.  Like  terms  are  those  which  differ  only  in  their 
numerical  coefficients;  all  others  are  unlike  terms.  Thus, 
lab''  and  bab''  are  like  terms;  bab  and  bab''  are  unlike  terms, 
because  one  contains  b  and  the  other  b"".  Differing  signs 
before  two  terms  do  not  make  them  unlike. 

368.  A  monomial  is  an  expression  consisting  of  only 
one  term,  as  ^abc,  'dx\  ^ax^,  etc. 

369.  A  binomial  is  an  expression  consisting  of  two 
terms,  as  «  +  /»,  2«  +  5<^,  etc. 

370.  A  trinomial  is  an  expression  consisting  of  three 
terms,  as  a'  +  ^ab  +  b\  {a  +  xf  -  2{a  +  x)y -{- y\  etc.  The 
expression  {a  +  x)  being  treated  as  one  quantity.  (Art. 
365.) 

371.  A  polynomial  is  any  expression  consisting  of 
more  than  two  terms.  The  term  is  usually  applied  only  to 
an  expression  consisting  of  four  or  more  terms. 

372.  The  polynomial  a-{-a''b-\-  2«'  —  ^a'b  —  a"  is  said 
to  be  arranged  according  to  the  increasing  powers  of  a, 
because  the  exponents  of  a  increase  in  each  term  from  left 
to  right,  the  exponent  of  the  first  a  being  1  understood. 
(Art.  361.)  The  polynomial  a^'b^ -\- ab'' -{- ^a'b +  1  is 
arranged  according  to  the  decreasing  powers  of  b,  the  expo- 
nents of  b  decreasing  in  order,  from  left  to  right. 

373.  The  arrangement  of  the  terms  of  a  polynomial  does 
not  affect  its  value.  Thus,  x"" -\- -Ixy -\- y^  has  t}  ^  same 
value  as  2xy  +y  +  ;f',  just  as  2  +  6  +  4  has  the  same  value 
as  G  +  4  +  2.  

READING  ALGEBRAIC  EXPRESSIONS. 

374.  Quantities  like  a,  x,  b\  etc.,  are  read  "«,"  '' x," 
"/^  square,"  etc.  In  reading  monomials  in  which  multipli- 
cation is  indicated,  the  word  "  times  "  is  not  used.  Thus, 
abc  is  read  "  abc  " ;  7ad-b^  is  read  "  ^ad  square  b  cube." 

375.  The  polynomial  a -^  a'b  +  2a' —  ^a'b  —  a^  is  read 
*'«,  plus  a  square  b,  plus  2a  cube,  minus  3a  fourth  b^  minus 
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a  fifth. "  Considerable  care  is  required  when  reading  expres- 
sions containing  polynomials.  Thus,  if  4  (^  —  b)  were 
read  "  4(^  minus  /;,"  the  binomial  ^a  —  b  would  be  under- 
stood. It  should  be  read  "  4  into  a  minus  b,''  or  "4  times  a 
minus  /;,"  when  it  will  be  understood  that  4  multiplies  the 
whole  quantity  a  —  b,  since  the  word  "  times  "or  "  into  "  is 
not  used  with  monomials.  (Art.  374.)  Again  m{m'^  -\- 
%7nn  4-  tf)  and  ;«(;«^  -\-  2inn)  +  n"^  should  each  be  so  read 
that  there  can  be  no  doubt  as  to  whether  the  7i^  is  to  be 
multiplied  by  m. 

Let  the  distinction  to  be  made  in  reading  the  following  be 
observed : 


V 


J  and  -*  /  m  -\- 


X — y  \  X — y 

In  the  first  case,  the  whole  quantity  vi  -\-n\'S,  divided  by 
X  —y^,  and  it  would  be  clear  to  say,  "the  square  root  of  the 
quotient  of  m  -j-  n  divided  by  x  —y'."  In  the  second  case, 
where  the  w  only  is  divided  by  x  —y^,  it  may  be  read,  "the 
square  root  of  the  quantity  w,  plus  ;z  divided  by  x—y''." 
The  word  "quantity "  shows  that  the  square  root  of  the 
whole  expression  is  taken,  and  the  pause  after  the  m  that 
only  the  ii  is  divided  by  x  —  y". 

376.  When  a  polynomial  is  affected  by  an  exponent,  it 
should  be  indicated  clearly.     Thus, 

(3^  -  d')  {da  -  dy  (3rt  -  d'Y 
may  be  read,  "the  product  of  3<r?  —  d  square,  '6a  —  d  squar^.^^ 
(meaning  that  the  whole  quantity  is  squared),  and  the  square 
of  ?,a  —  d  square."  Otherwise  it  may  be  read,  ^^^a  —  d 
square,  times  the  square  of  '6a  —  d,  times  the  square  of 
3a  —  d  square." 

377.  Sometimes  expressions  like  A',  B",  d,  d",  C^,  a^, 
etc.,  appear  in  formulas  or  elsewhere  in  algebraic  problems 
where  it  is  desirable  to  have  the  same  letter  represent 
different  quantities  that  are  similar,  or  correspond  to  one 
another.  The  marks',  ",  '",  j,  ^,  etc.,  serve  to  distinguish 
the  letters.  The  expressions  are  also  used  to  designate  simi- 
lar or  corresponding  lines  in    geometrical    figures,    as  will 
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appear  in  inc(  lianiral  drawiivj^.  ,  /',  /<"',  C"\  etc.,  arc  read, 
"c?  vinji^r priiiu\  I'  major  sccoiul^  c  Diajor  tJiird^''  etc.  ;  a\  b'\ 
(■"',  etc.,  arc  read,  "  </  iiiiiun'  priiiu\  b  i/iiiinr  Second^  i  minor 
t/iirif,"  dr.,  it ^  />'„,  C^,  c/,,  etc.,  are  read,  "c?  )iiinor  sub-one, 
b  major  sub-tivo,  c  major  s!ib-f/irci\  d  minor  sub-four,"  etc. 
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^i7S.      In  al^'ebra,  the  terms  positive  and  ncy:iiti\  c  are 

a[)plie(l  to  (piantities  wliicli  are  ojiposed,  or  directly  opixjsite 
in  character.  "Wlien  a  (piantity  is  positive  it  is  denoted  .by 
writini;'  the  ])lus  sign  Ix-fore  it,  and  when  it  is  negative,  by 
writing  the  niinns  sign  before  it.  Thus,  -f-  -Za  and  -f  .r^j'  are 
positive,  and  —  :*(-;'  and  —  .I'j' negative  quantities.  Besides 
indicating  addition  and  subtraction,  the  signs  +  and  — 
denote  the  cliaractcr  of  the  ([uantities  which  they  precede. 

37i-).  To  illustrate  the  meaning  of  positive  and  negative 
(piantitic^s,  sup])ose  a  person  to  earii  -sl,000  in  a  year,  and 
that  during  that  time  he  has  incurred  a  debt  of  -^500.  If  he 
had  no  <.ther  ])roperty,  he  would  be  worth  -^odO.  Supposing, 
however,  that  he  has  incurred  a  debt  of  -^1, .')(•()  instead  of 
><.")00,  lie  not  only  Avoidd  have  no  property,  but  he  w(ndd  l)e 
'^."ioO  /;/  dibt.  Now,  since  money  earned  adds  to  one's  prop- 
ertv,  and  del)ts  incurred  .s7//'/;7/(7  from  it,  the  two  are  opposed 
in  character,  each  tending  to  destroy  the  other.  Hence,  if 
money  earned  is  taken  ixi^  positive,  money  owed  i"nay  be  called 
negative. 

In   the  preceding    illustration,    writing    the    signs -{- <>r — 
before   each   sum   of   money,    according   as   it   is   positive   or 
negative,  we  have  the  following  statement  for  each  case: 
+  SI, 000  —  ><:)iio  —  -\-  ^:>m  and 
-{-  -SI, 000  —  si,. -,(10  —  _  .s.')00. 

In  the  first  instance,  the  })erson  had  S50()  remaining.  In 
the  second,  speaking  arithmetically,  he  ^^rcvv/ -soOO ;  expressed 
alg(d)raically,  he  Juui  minus  SoOO. 

There  are  manv  other  common  illustrations  of  positive  and 
negati\-e  ([uantit  ii-s.  The  pull  exerted  t)y  a  locomotive  may 
be  said  to  be  positive,  while  the  resistance  of  the  train,  which 


ALGEBRA.  117 

is  opposed  to  it,  is  negative.  On  the  thermometer  we  speak 
of  a  temperature  above  0°  as-|-,and  one  below  0°  as—. 
Suppose  a  man  to  row  a  boat  up  a  river.  If  he  is  able  to 
propel  the  boat  at  6  miles  an  hour  in  quiet  water,  and  the 
current  is  sufficient  to  carry  it  down  stream  at  the  rate  of  2 
miles  an  hour,  the  G  and  2  are  exactly  opposite,  relative  to 
the  movement  of  the  boat,  and  if  the  G  be  taken  as  positive, 
the  2  would  be  negative. 

Again,  suppose  that  two  men,  A  and  B,  start  to  travel 
from  the  same  point,  A  going  east  and  B  west.  Considering 
the  starting  point  as  zero,  if  A's  direction  be  taken  as  +,  B's 
direction  will  be  —  ;  if  B's  direction  be  taken  as  +,  A's  direc- 
tion will  be  — . 

380.  A  quantity  is  always  considered  to  increase  in  a 
positive  direction,  and  to  decrease  in  a  negative  direction ; 
hence,  any  positive  quantity,  however  small,  is  always  con- 
sidered to  be  greater  than  any  negative  quantity.  For 
example,  a  person  who  ozuns  82  is  better  oflE  than  one  who 
owes  610.  Also,  since  a  person  who  owes  only  %1  is  better 
off  than  one  who  owes  110;  then  of  two  negative  quantities, 
the  one  with  the  smaller  numerical  value  is  to  be  regarded 
as  the  greater,  From  this  it  follows  that  zero,  which  is 
smaller  than  o-ny  positive  quantity,  is  greater  than  any  negr- 
tive  quantity.  For  example,  we  know  that  a  day  when  the 
thermometer  stands  at  0°  is  warmer  than  one  Avith  the 
thermometer  at  —  15°,  and  the  former  is  a  higher  tempera- 
ture than  the  latter ;  a^so  when  the  thermometer  stands  at 
—  15°,  it  is  warmer  than  when  it  stands  at  —  25°. 

381.  Two  quantities  maybe  compared  arithmetically, 
or  geometrically.  To  the  question,  how  much  greater  is  a 
than  b  ?  the  answer  would  hea  —  b,  and  the  result  would  be 
the  arithmetic  ratio.  Arithmetic  ratio,  then,  corres- 
ponds to  the  difference  between  ttvo  quantities.  To  the  ques- 
tion, what  part  of  a  is  b'i  the  answer  would  be  (^  -=-  ^,  b  \  a  ox 

— ,  and  the  result  would  be  the  geometric  ratio.  Geometric 
a 

ratio,  then,  corresponds  to  the  quotient  obtained  by  dividing 
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0)i(-  (juantitv  hv  onotlitr.     When  tlic  word  ratiV)  is  used  alone, 
j^conict ric  ratio  is  al:v'avs  meant. 

ICxami'm:. — Wli.il  is  {<i)  tin-  ratio  <>f  10  to  4?  {!>)  the  arithmetic  ratio 
of  1(1  to  I  :•- 

SoM'TMN. — {(i)  The  ratio  (i^conictric,  understood)  of  10  to  4  is  10  :  4, 
or      '         1.  Aus.  (/■)  The  aritliinctie  ratio  of  10  to  4  is  10  —  4  =12.     Ans. 

»JS2.  Tile  mere  fact  tliat  a  qtianlity  is  nei^ative  docs  not 
iicccssanlv  imply  that  it  is  less  than  a  ])ositive  (jiiantity  of 
the  same  kind.  It  always  beeomes  less,  however,  wheii  eon- 
sidereil  in  relation  to  an  inerease  in  the  positive  direction. 
Thus.,  if  two  men,  A  and  1),  start  from  the  same  point  and 
travel  IdO  miles.  If  A  travels  east  ](»()  miles  and  W  travels 
west  loo  miles,  neither  can  1)C  said  to  have  traveled  any 
t^reater  distance  than  the  otluu'.  But  if  A's  direction  be 
considered  -j-  and  IVs  — ,  theit  A  will  have  traveled  :2()i)  miles 
further  caiit  thati  \\. 


i:xAMr»n:s  for  practick. 

3S3.  AVhcn  writinjj;  aitj^ehraic  expressions,  if  a  positive  term 
stands  alone,  or  if  tlu;  tirst  term  of  an  ex[)ression  is  positive,  tlie  plus 
si,^;n  is  omitted,  it  Ijein.Lj  unck-rstood  tiiat  tile  term  is  positive.  Thus, 
'.\a  means  tlie  same  as  +  or?,  and  a  —  h  the  same  as  -i-  a  —  ''-'.  The  minus 
sii^n  must  never  be  omitted.  Polynomials  are  usually  written  with  a 
positive  It'rm  first,  and  monomials  with  the  letters  arrant^ed  alpha- 
betically. 

IDxprt'ss  the  followint^  ali^ebraically: 

1.  Three  .i' square  j'  square,  minus  two  (v/into  a  plus  /'. 

Ans    H.r-y-  —  'i.cdiya  +  b). 

2.  'J'he  jiroduct  of  w  scpiarc-  jilus  2w;/  plus  ;/  square,  and  d  scpiare  /' 
rube  r  fourth.  Ans.  {»i'-  ->r'2)H)!  ■\-  )i-)  tvl>^c*. 

'■'>.     .1  i)lus  the  sfpiare  root  of  J>  into  A'])lus  ]'. 

Ans.    A  +    \'D(X+  ]'). 
4.     A  plus  the  scjurire  root  of  the  quaiitily  Z-'  into  A' plus  Y  . 

Ans.   .-/  +    4/ynA'4-  }"). 

T).     Ten   .r  j)lus    y   minus  7   times   the  difference    between    .r  and  y 

divided  by  4,  plus  tlie  (piotient  of  .r  scpiare  minus  j' square  divided  by 

two  ri/. 


Ans.    lO.r  +  j-  -  7  (  .r  -  -^ )  +  ^^r/^- 


When  (7  =  0,  /'  =  5  and  r  =  4,  find  the  numeric.il  values  of 

6.     <z''  +  2a/>  -+-  />•'.  Ans.   0-  +  2  X  «  X  ")  -h  5-  =  121. 


ALGEBRA.  119 

7.  2rt2  +  3/;r-5.  Ans.  72  +  60-5  =  127. 

8.  2ac^-a^a  +  d).  Ans.  11,892 

9.  adc''  +  ad'^c  —a^bc.  Ans.   360. 
When  X—  8  and  /  =  6,  what  do  the  following  equal  ? 


10, 


I  (^+j)(,r-j)-|/£±J:!? 


Ans.  (8  +  6)(8  -  6)  -  |/^±-^  =  26. 


11.     i/(^  +  /0(-r*  +^)-(-i--j)  (  V-r  +y)  ?  Ans.  39.5. 

.ry       x'^y{x  +  } 


^^_     ^ry  ^.r^j(.r  +  y)^  Ans.   1,572.57. 


384.  Thus  far,  algebra  has  been  shown  to  differ  from 
arithmetic  in  the  following  points: 

1.  In  the  use  of  letters  as  well  as  figures  to  represent 
numbers,  and  in  the  fact  that  letters  are  general  in  their 
significance,  while  figures  are  not. 

2.  In  the  use  of  equations. 

3.  In  the  omission  of  the  multiplication  sign  when  letters 
are  used  and  multiplication  is  indicated. 

4.  In  the  recognition  of  certain  quantities  as  positive  and 
others  as  negative,  when  they  are  opposed  in  character. 
This  is  a  very  important  difference.  It  Avill  appear  later 
that  the  use  of  negative  quantities  greatly  modifies  the 
arithmetical  rules  of  addition,  subtraction,  multiplication, 
division,  etc. 


'> 


385.  Another  important  difference  will  now  be  evident, 
which  is,  namely,  that  when  letters  are  used,  the  various 
operations,  as  multiplication  and  involution,  for  example, 
cannot  always  be  performed  as  in  arithmetic,  and  must  be 
simply  indicated.  Thus,  in  4  X  2  =  8,  the  multiplication  is 
actually  performed.  If,  however,  the  letter  a  should  repre- 
sent 4,  and  b  represent  2,  their  multiplication  could  be  in- 
dicated only,  by  writing  a  and  b  together,  as  ab^  which  is 
equivalent  to  writing  4x2  without  performing  the  opera- 
tion. Again,  4^  —  10,  16  being  obtained  by  actually  squar- 
ing 4;  but  if  4  =  «,  the  square  of  a  can  only  be  indicated  by 
^',  which  corresponds  to  4'. 
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ADDITION. 

386.  Addition,  in  algebra,  is  the  process  of  finding  an 
expression,  called  the  sum,  whose  value  shall  equal  the  com- 
bined value  of  the  quantities  to  be  added. 

387.  Either  positive  or  negative  quantities  may  be 
added,  or  positive  quantities  may  be  added  to  negative 
quantities.  For  example,  the  sum  of  $5  and  $3  is  §8.  Let- 
ting the  letter  a  —  81,  this  would  be  stated  in  algebra  as  the 
sum  of  ha  and  3^,  which  is  8^.  In  like  manner,  a  -\-  a  =2a, 
7a  -f  5a  =  12a,  etc. 

Again,  if  a  person  has  two  debts,  one  of  $5  and  one  of  $3, 
he  is  in  debt  to  the  amount  of  18.  Remembering  the  mean- 
ing of  negative  quantities,  this  would  be  stated  in  algebra 
as  the  sum  of  —  5a  and  —  3a,  or  —  8a,  the  letter  a  represent- 
ing II,  as  before.      In  like  manner  the  sum  of  —  a  and  —  «  is 

—  2a;  oi  —  5a  and  —  5^  is  —  10^,  etc. 

Should  a  person  have  15,  however,  and  owe  $3,  his  prop- 
erty would  amount  to  but  12 ;  or  if  he  owed  $7  he  would  be 
in  debt  to  the  amount  of  $2.  In  arithmetic,  the  amount 
of  his  property  or  debt  is  found  by  subtraction.  In  algebra, 
however,  where  negative  quantities  are  recognized,  we  should 
say  that  the  sum  of  $5  in  money  and  13  in  debt,  that  is,  the 
sum  or  combmed  value  (Art.  386)  of  $5  and  —  13,  is  %2 ; 
while  the  sum  or  combined  value  of  15  and  —  %7  is  —%2.  In 
the  first  case  the  —  83  neutralized  three  of  the  +  ^5,  and  in 
the  second  case  the  +  85  neutralized  five  of  the  —  17.  By 
the  same  reasoning,  the  sum  of  5a  and  —  'oa  is  2.a\  of  5a  and 

—  7^  is  —  2«;  of  oa  and  —  3(7  is  0,  etc. 

388.  From  the  foregoing  we  see  that  addition  does  not 
always  imply  a  numerical  increase.  This  is  because  ad- 
dition, in  algebra,  is  finding  the  conibined  value  of  two  or 
more  quantities.  If  two  of  the  quantities  are  opposite  in 
character,  one  being  positive  and  the  other  negative,  they 
tend  to  neutralize  or  destroy  each  other,  which  reduces  their 
combined  value.  The  sum  in  algebra  is  sometimes  called 
the  algebraic  sum,  to  distinguish  it  from  the  arithmetical 
sun^. 
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389.  The  sum  of  two  or  viore  quantities  may  be  indi- 
cated by  connecting  tJicm  by  their  respective  signs.  For  ex- 
ample, the  sum  of  ;//;/,  bxy"  and  —  2-r  may  be  indicated  by  con- 
necting each  term  by  the  plus  sign,  thus:  inn  -\-  5xy'  -\- 
(— 2,r).  (Art.  358.)  But  since  the  quantity  2,r  is  negative, 
it  tends  to  neutralize  the  positive  quantities,  and  reduces  their 
value  by  the  amount  of  2x.  Hence,  the  sum,  or  combined 
value,  will  be  indicated  by  inn  -j-  oxy"  —  2x, 


ADDITION    OF    MONOMIALS. 

There  are  two  cases,  according  as  the  terms  to  be  added 
are  like  or  unlike.      (Art.  367.) 

390.  Like  Terms. — To  add  like  terms  having  the 
same  sign: 

Rule  I. — Add  the  coefficients,  prefix  the  common  sign  to- 
their  sum,  and  annex  the  common  symbols. 

To  add  like  terms,  some  positive  and  some  negative : 

Rule  II. — Add  the  coefficients  of  the  positive  and  negative 
terms  separately,  and  subtract  the  less  sum  from  the  greater. 
Prefix  the  sign  of  the  greater  sum  to  the  result,  and  annex 
the  common  symbols. 

Example. — Find  the  sum  of  —  2abxy,  —  abxy,  —  Zabxy  and  —  ^abxy. 

Solution. — The  sum  of  the  coefficients  is  12  (remember  that  the 
coefficient  oi  —  abxy  \%  1),  and  the  common  sign  is—.  The  common 
symbols  abxy  annexed  to  these  give,  as  the  result,  —  X'i.abxy.     (Rule  I.) 

"Example. — Combine  xy"-,—  2xy-,  8xy^  and  —  Axy^. 

Solution. — The  sum  of  the  coefficients  of  the  positive  terms  is  9,  and 
of  the  negative  terms,  6.  Their  difference  is  3,  and  the  sign  of  the 
greater  sum  is  +.  The  common  symbols  xy-  annexed  to  these  give,  as 
the  result,  Sxy^.     (Rule  II.) 

391.  Unlike  Terms. — In  arithmetic,  unlike  numbers, 
as  5  books  and  6  dollars,  cannot  be  added.  So,  in  algebra, 
unlike  terms,  as  3ab'',  ^a'b,  —  4:xy,  etc. ,  cannot  be  combined 
into  one  term,  and  their  sum  can  only  be  indicated  by  con- 
necting the  terms  by  their  respective  signs.  (Art.  389.) 
This  is  another  illustration  of  the  fact  stated  in  Art.  385, 
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that  operations  with  letters  cannot  always  be  performed. 
Expressions  in  algebra  arc  composed  of  quantities  between 
which  operations  of  addition,  multiplication,  etc.,  are  indi- 
cated. The  trinomial  vi'  —  linn  -{-  ;/*,  for  example,  is  the 
indicated  sum  of  w<!\—  vm  and  ?/\  but  it  is  to  be  consid- 
ered as  one  quantity  in  the  same  way  that  an  arithmetical 
sujH,  obtained  by  actually  performing  the  addition,  is  con- 
sidered. 

Example. — What  does  Icd^  —  Sex  —  cd^  +  Qadx  +  2cd^  equal  ? 

Solution. — In  this  case  part  of  the  terms  are  like  and  part  unlike. 
Combining  like  terms,  Icd^  +  2cd^  —  cd'^  =  Scd^.  Connecting  the 
unlike  terms  with  this  result  by  their  respective  signs,  we  have,  as 
the  final  result,  Scd^  —  Sex  +  Qadx. 


EXAMPLES  FOR   PRACTICE. 

302.      Find  the  sum  of  the  following: 

1.  -  iSa\  2a\  -  ^a\  Aa\  —  Sa'  and  aK  Ans.  -  la^. 

2.  2a't>,  -  ci'b,  Wd'b,  -  hcfb,  Ad^b  and  -  Qa^.  Ans.  2a^b. 

3.  2.r^  '6xy,  —  x'^,  8/'^  —  ^xy  and  —  ly'K  Ans.  x'^  —  2xy  +y'''. 
Note. — Combine  like  terms  and  connect  with  respective  signs. 

4.  d^bc,  —  2rt^V,  Sabc\  —  Ad^bc  and  5«^'V.    Ans.  dab'^c  —  Za^bc  +  SabcK 
What  do  the  following  equal  ? 

5.  mn^  +  2mH  —  tnti'-  —  '6tnn  +  tn'^71  ?  Ans.  in'^n  —  6w«. 

6.  ^cd'^  —  hcd'^  +  xy  —  2cd'^  +  Scd^  +  Acd^  —  (ixy  ? 

Ans.  led'^  -  2cd^  -  5xy. 


ADDITION    OF    POLYNOMIALS. 
393.     Rule. —  To  add  polynomials,  write  them  one  under- 
neath the  other,  with  like  terms  in  the  same  vertical  column. 
Add  each  column  separately  and  connect  the  results  by  their 
respective  signs. 

Example. — Find   the  sum   of  Sa'  +  ^ac  —  Zb'^  —  2xy,  lac  —  da^  +  4<5' 
+  Zxy,  and  Axy  —  5b^  +  Sac  —  a'K 

Solution. — Writing  like  terms  in  the  same  vertical  column,  we  have 

5a-^+    6ac-db-^  —  2xy 

—  3a^+    lac  +  U-^  +  Zxy 

—  a^  +    Sac  —  5b'^  +  Axy 

s^m  =        a'  -hUac  —  ib^  +  5xy.     Ans. 


ALGEBRA.  123 

Example.— Find  the  sum  of  fl'';r—  ax''—  x^,ax  —  x'^  —  a^— 2a*  — 2a^.r 
-'Zax-,  and  3a'^  —  Za^x  +  Zax'K 

Solution. —  a^x  —  ax'^  —  x'^ 

—  x''  —    a'^  +  ax 

—  2a^x—2ax^  —  2a^ 

—  3a^x  +  Sax^  +  3^^ 

sum  =  —  ia'^x  +  0       —2x^^  +  0     +  ax  = 

ax—4:aKv—2x-.     Ans.     (Art.  383.) 


EXAMPLES   FOR   PRACTICE. 

394.  Find  the  sum  of  the  following: 

1.  ax  +  2bx  +  ^by  —  %ay,  2ax  +  bx  +  2ay  —  by,  and  iax  +  Zby. 

Ans.  lax  +  %bx  +  %by  —  a/. 

2.  rt  —  .r  +  4y  —  S^-  +  w,  s'  +  3a  —  2.r  — /  —  w ,  and  x  +y  +  s. 

Ans.  Aa  —  2x  +  4y—  z. 

3.  2a  —  'Sb  +  Ad,  2b  —  3<'/+  4c,  2d—  3<r  +  4a,  and  2^  —  3a  +  4<5. 

Ans.  3a  +  3(5  +  3r  +  3r/. 

4.  6jr  —  3_y  +  7;«,  2«  —  x+y,  2y  —  4x  —  5/;/,  and  7n  +  n—y. 

Ans.  .r  —  J  +  3;«  +  3«. 

5.  2.r-  5y  -  2-  +  7,  3/  -  2  -  6.r  +  8.3-,  :r  +  3.i-  -  4,  and  1  +  2y  -  5z. 

Ans.  'ds  —  X  +  2. 

SUBTRACTION. 

395.  Subtraction  is  the  process  of  finding  the  differ- 
ence between  two  quantities ;  it  is  the  same  thing  as  finding 
the  arithmetic  ratio  between  two  quantities.  The  quantity 
to  be  subtracted  is  called  the  subtrahend,  and  that  from 
which  it  is  taken,  the  minuend. 

396.  The  difference  must  evidently  be  a  quantity 
which,  when  added  to  the  subtrahend,  will  produce  the  min- 
uend. Thus,  the  difference  between  10  and  6  is  4,  4  being 
the  number  that  must  be  added  to  the  subtrahend  f!  to  pro- 
duce the  minuend  10.  In  algebra,  when  negative  quantities 
occur,  it  is  convenient  to  make  use  of  this  principle,  as  illus- 
trated in  the  following  six  cases,  which  cover  all  those  that 
are  met  with: 

1.  If  ?>a  be  subtracted  from  ha^  the  difference  must  be  a 
quantity  which,  when  added  to  Za,  will  produce  ha.  This  is 
evidently  2a. 

U.  E.     1.—9 
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2.  If  5a  be  subtracted  from  '3a,  the  difference  must  be  a 
quantity  which,  when  added  to  5^,  will  produce  Sa.  By 
Art.  390,  this  is  —  2a. 

In  like  manner, 

3.  Subtracting  —  3a  from  5a  gives  a  difference  of  8a, 
since  —  3^;  +  8^;  =  5a. 

4.  Subtracting  5a  from  —  3a  gives  a  difference  of  —  8a, 
since  5^  +  (  -  8^)  =  -  oa.     (Art.  390.) 

5.  Subtracting  —  da  from  —  5a  gives  a  difference  of  —  2a, 
since  —  3a  +  (  —  2^)  =  —  5a. 

6.  Subtracting  —  5a  from  —  3a  gives  a  difference  of  2a, 
since  —  5a  +  2^  =  —  3a. 

397.  Now,  if  the  sign  of  the  subtrahend  had  been 
changed  in  each  case  and  the  resulting  expression  added 
(algebraically)  to  the  minuend,  the  results  would  have  been 
exactly  the  same.  Thus,  in  the  first  case,  3a  with  its  sign 
changed  becomes  —  3a,  which,  added  to  5a,  equals  5a  -|- 
(  —  3a),  or  2a;  in  the  second  case,  5a  with  its  sign  changed 
becomes  —  5a,  which  added  to  3a,  equals  —  5a  -\-  3a,  or 
—  2a;  in  the  third  case,  —  3a  with  its  sign  changed  becomes 
3a,  which,  added  to  5a,  equals  5a  +  3a,  or  8a,  and  so  on. 
Hence  the  difference,  or  the  quantity  to  be  added  to  the  sub- 
trahend to  produce  the  minuend,  may  be  found  by  cJiangiv.g 
the  sign  of  tJie  subtrahend  and  adding  it  to  the  minuend. 

398.  From  the  foregoing  it  is  evident  that  subtraction 
does  not  always  imply  a  numerical  decrease,  for  note  the 
result  in  the  3d  case.  This  is  because  negative  quantities 
are  considered.  The  difference  in  the  value  of  a  man's  prop- 
erty, for  example,  when  he  lias  %3  and  when  he  ozves  %5,  is  18. 


SUBTRACTION    OF    MONOMIALS. 

399.     From  Art.  397,  we  have  the  following: 

Rule. —  To  subtract  one  term  from  another,   change  the 
sign  of  the  subtrahend  and  proceed  as  in  addition. 

Example. — From  —  Zab'^x  take  lab'^x. 

Solution. — Changing  the  sign  of  the  subtrahend,  lad^x,  and  add- 
ing, we  have  —  Zab^x  —  lab'^x  =  —  lOab'^x.     Ans. 
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Example. — From  8^'^  —  Sc-  take  Aa  —  Ga. 

Solution. — Combining  like  terms,  8c'^  —  3f'^  =  5^'  and  Aa  —  Ga  =  —  2a. 
Changing  the  sign  of  2a  and  adding,  we  have  as  the  difference,  5c^  -f-  2a. 

(Art.  391.)  

EXAMPLES  FOR   PRACTICE. 

400.  Solve  the  following: 

1.  From  17a:  take  —  Ua.  Ans.  28a. 

2.  From  —  11a  take  17a.  Ans.  —  28a. 

3.  Subtract  Gcv/  from  —  4cd.  Ans.  —  9c(f. 

4.  Subtract  -  lO^'^  from  -  10(^2_  Ans.  0. 

5.  Fro;ii  13/  lake  4_y.  Ans.  9/. 
G.  From  x  —  2x  take  4.  Ans.  —  .r  —  4. 

7.  Subtract  Gjiiji  —  mn  from  niii  —  Gnin.  Ans.  —  10  vin. 

8.  What  quantity  added  to  l^xy  will  produce  —  12xy  ? 

Ans.  —  22xy. 

9.  What,  then,  does  l^xy  subtracted  from  —  12xy  equal  ? 

Ans.  —  22.ry. 

SUBTRACTION    OF    POLYNOMIALS. 

401.  To  subtract  one  polynomial  from  another: 
Rule. —  Write  the  subtrahend  under Jteath   the   minuend, 

with  like  terms  in  the  same  vertical  column.  Change  the 
sign  of  each  term  of  the  subtrahend,  and  add  the  result  to 
the  minue?id. 

Example. — From  3ar  —  2b  subtract  ac  —  b  —  d. 
Solution. —  'iac  —  2b 

—   ac  +    b  +  d  signs  changed. 


difference  ; 

=     2ac  —    b  +  d    Ans. 

Example. — From  2x^ 
Solution. — 

difference  — 

—  3.r'^  +  2xy'^  subtract 
2x^  —  ^xy  +  2xy^ 

-  x^                +    xy'^  —y^ 
x^  —  3xy  +  3xy^  —  y^ 

x^  —  xy''  +y\ 

signs  changed. 
Ans. 

EXAMPLES  FOR   PRACTICE. 

402.      Solve  the  following: 

1.  From  7a  +  Tib  —3c  take  a  —  lb  +  5c  —  4. 

Ans.  6a  +  12^  —  8<r  +  4. 

2.  From  3m  —  5«  +  r  —  2s  take  2r  +  3«  —  m  —  5s. 

Ans.  4jft  —  8n  —  r  +  3s. 

3.  Subtract  2x  —2y  +  2  from  y  —  x.  Ans.  3y  —  3x  —  2. 

4.  Subtract  3x^  +  4:xy  —  Ixy'^  +  y^  —  xy^  from  5.r^  +  xy  —  Gxy^  ■+ 
yK  Ans.  2x»  —  3xy  +  xy^  +  xy^ 

5.  From  x'' +  2xy  +  y'^  take  x^  —  2xy  +  y^  +  ^  Ans.  4^7  —  4. 
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4(>»i.  Before  proccedini,^  further,  the  student  should 
make  sure  that  he  fully  understands  the  use  of  the  signs  + 
and  — .  It  has  been  seen  that  they  indicate  the  character 
of  the  quantities  they  precede  as  well  as  addition  and  sub- 
traction. In  lOa  —  7(1,  for  example,  if  the  minus  sign  is 
supposed  to  indicate  the  character  of  7^,  the  expression 
would  mean  10c?  +  (—  7<^),  or  that  the  w^^^/zW  quantity  —  7a 
is  to  be  added  to  \{)a  ;  if  the  minus  sign  is  supposed  to  indi- 
cate subtraction,  however,  the  expression  would  mean 
10a  —  (+  7rt),  or  that  the  positive  quantity  7a  is  to  be  sub- 
tracted from  \^a.  Thus,  Vda  —  7a  may  indicate  either  the 
algebraic  sum  of  +  10;?  and  —  7a,  as  explained  in  Art.  389, 
or  the  difference  (arithmetic  ratio)  between  +  lO^z  and  +  7a. 
The  result  in  either  case  is  the  same.     Thus, 

+  lOrt  +  10a 

adding      —    la   subtracting     +    '^a 

sjwi  ■=  -\-  '6a  differetice  =  +  8« 
But  the  minus  sign  is  usually  considered  to  indicate  the 
character  of  the  quantity  which  the  sign  precedes,  unless 
the  minus  sign  is  followed  by  a  symbol  of  aggregation.  Th-e 
arithmetic  ratio  between  —  a  and  —  b  must  always  be  ex- 
pressed as  —  (t  —  (—  b),  the  second  minus  sign  indicating 
subtraction,  and  the  third  minus  sign,  the  character  of  b, 
i.  e.,  whether  positive  or  negative. 


SYMBOLS  OF  AGGREGATION. 

404.  Parentheses,  brackets,  braces,  etc.,  are  frequently 
used  to  enclose  expressions  containing  one  or  more  terms, 
when  it  is  desired  to  indicate  the  addition  or  subtraction  of 
the  expressions  so  enclosed.  To  actually  perforin  the  addi- 
tion or  subtraction,  the  parenthesis  or  other  symbol  must  be 
removed,  which  requires  a  due  regard  for  the  signs. 

405.  When  a  parenthesis  or  like  symbol  is  preceded  by  a 
minus  sign,  it  may  be  removed  if  the  signs  of  all  the  enclosed 
terms  be  changed  from  -\-  to  —  or  from  —  to  -\-. 

The  reason  for  this  is  that  the  minus  sign  indicates  sub- 
traction, the  entire  expression  within   the  parenthesis  being 
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the  subtrahend,  and  when  the  subtraction  is  performed  by- 
removing  the  parenthesis,  the  signs  of  the  subtrahend  must 
be  changed.      (Art.  399.) 

406.  When  a  parenthesis  or  like  symbol  is  preceded  by  a 
plus  sigti,  it  may  be  removed  -without  changing  the  signs  of 
the  enclosed  terms.  This  is  evident  from  the  fact  that  the 
plus  sign  indicates  addition  ;  in  addition  the  signs  are  not 
changed. 

Example. — Remove  the  parentheses  from  Ac  —  (3a  +  \ah  —  d). 

Solution. — Changing  the  sign  of  each  enclosed  term,  and  remem- 
bering that  the  sign  of  Sir?  is  +,  understood,  we  have,  as  the  result, 
Ac  —  Za  —  Aab  +  d.     Ans. 

Example. — Remove  the  parentheses  from  Aa  —  ^x—{a  —  Ax) 
-\-{x-  %d). 

Solution. — Aa  —  5.r  —  {a  —  Ax)  +  (.r  —  8^)  =  Aa  —  6x  —  a  -h  Ax  +  x 

—  %a.     Adding  the  like  terms,  we  have 

Aa  —  5.r 

—  a-{-  Ax 

—  8a  +    .r 

—  5(1;  +  0   =r  —  5a.     Ans. 

407.  Symbols  of  aggregation  will  often  be  found  en- 
closing others.      In  such  cases  they  may  be   removed  in  suc- 
cession by  the  preceding  rules,  ahvays  beginning  with  the ' 
innermost  pair. 

Example. — Remove    the    parenthesis,    etc.,    from    6a  —  \b —  ]lcd 

-  4a  +  {^cd  -  a  -  b)]  \ 

Solution. — We  first  remove  the  vinculum.     This  being  in  effect  the 
same  as  the  parenthesis,  the  minus  sign  before  the  a  indicates  that  +  a 
and  —  i>  are  to  be  subtracted. 
Hence,  we  have 

Qa-  {d-  [led-  Aa  +  {2cd -  a  +  b)]}. 
Removing  the  parenthesis  we  have 

6a—  {b—  [led -  Aa  +  2cd  —  a  +  t>]]. 
This,  with  the  brackets  removed,  equals 

6a—  i^b  —  Icd+Aa  —  2cd  +  a  —  b\, 
which  equals  Qa  —  b  -\-  led  —  Aa  +  2ed  —  a  +  b. 

Combining  like  terms, 

Qa  —  Aa  —a  —  b  +  b  +  led  +  2cd  =  a  +  ded.     Ans. 

408.  From  the  foregoing,  it  is  evident  that  an  ex- 
pression may  be  placed  within  a  parenthesis  preceded  by  a 
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minus  sign  by  changing  all  its  signs,  or  Avithin  a  parenthesis 
preceded  by  a  plus  sign  without  changing  its  signs. 

Example. — Place  within  a  parenthesis  the  last  three  terms  of  4xy 
4-  2dc  —  8.r  —  5  +  2fi,  indicating  that  they  are  to  be  subtracted  from  the 
first  two. 

Solution. — 

4xy  +  2dc  —  8x—5  +  2i  =  4xy  +  2i>c  —  (8jr  +  5  —  2i).     Ans. 


EXAMPLES   FOR   PRACTICE. 

409.      Remove  the  parentheses  from  the  following: 

1.  —  {2mn  —  ;«*  —  «').  Ans.  m''  —  2mn  +  ;?'. 

2.  l-(-^4-f  +  3).  Ans.  b-c-2. 

3.  fia  —  4b  +  Zc-{-2,a^2b  —  c).  Ans.  %a-U  +  4c. 
4  3.r-(2x-5)4-(7-x).  Ans.  12. 
Remove  the  parentheses,  etc.,  from  the  following  : 

5.  m  —  [4«  —  /'  —  {in  +  n  —  2/')]-  Ans.  2m  —  "ift  —  k. 

6.  5^-(2x-3j)-(.r+5K).  Ans.   2,i--2j. 

7.  3rt  —  \la  —  ITmi  —  b  —  «)]  —  {—a  —  U).  Ans.  a  +  Sb. 

8.  3;r  +  1 2_K  -  [5.r  -  (3^/  +  x  -  4jy)]  \ .  Ans.  f  -  x. 

9.  lOO.r  -  { 200.r  -  [500.f  -  (  -  lOO.r )  -  300jr]  -  400jr } .        Ans.   600.r. 

10.  lex  —  1 4c_y  —  [(4<r.r  +  Scjy)  +  cj—  cx]\.  Ans.   lOf .r. 

Note. — Observe  that  the  sign  before  the  inner  parenthesis  is  +, 
understood. 

11.  Place  the  2d,  3d,  and  4th  terms  of  the  expression  2c d  —  Stn  -\-  ox 
~2}'  +  X  —  4a,  within  a  parenthesis  preceded  by  a  minus  sign. 

Ans.  2cd  —  {8m  —  5x  +  2r)  +  x—  4a. 

12.  Indicate  the  addition  of  —  b-  +  cd  to  75.     Ans.  75  +  (  —  /'-  +  cd). 

13.  Enclose  the  whole  expression  x"^ -^  2xy -\- y'^- —  {a  —  b)  within 
brackets  having  a  minus  sign  prefixed. 

Ans.  —  [  —X-  —  2xy  —y-  +  {a  -  b)]. 

Note. — Changing  the  sign  before  the  inner  parenthesis  is  in  effect  the 
same  as  changing  the  sign  of  both  a  and  b ;  hence,  the  signs  of  a  and  —  b 
remain  as  before. 


MULTIPLICATION. 

41 0.  Multiplication  is  the  process  of  taking  one 
quantity  as  many  times  as  there  are  units  in  another  quantity. 

411.  The  quantity  that  is  taken,  or  multiplied,  is  called 
the  multiplicand,  and  the  quantity  by  which  we  multiply 
is  called  the  multiplier.  The  result  of  multiplication  is 
called  the  product. 
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412.  The  product  is  obtained  by  taking  the  multi- 
plicand a  certain  number  of  times,  as  indicated  by  the  multi- 
plier. The  product,  therefore,  is  the  same  kind  of  a  quantity 
as  the  niultiplieand.  For  example,  5  dollars  multiplied  by 
10  is  50  dollars  ;  5  units  X  10  =  50  units ;  5  pounds  x  10  = 
bO pounds.  In  each  case  the  multiplicand  of  5  dollars,  5  units, 
or  5  pounds  is  taken  ten  times  to  form  a  product  of  the 
same  kind. 

413.  The  same  rule  holds  with  regard  to  positive  and 
negative  quantities.  Thus,  the  positive  quantity  -|-  5a 
multiplied  by  10  is  the  positive  quantity  ~\-  50a,  while  the 
negative  quantity  —  5a  multiplied  by  10  is  the  negative 
quantity  —  50a. 

414.  The  multiplier  shows,  1st,  how  many  times  the 
multiplicand  is  to  be  taken  to  form  the  product,  and  2d, 
whether  the  product  is  to  be  added  or  subtracted  when  taken 
in  connection  with  other  quantities,  a  multiplier  having  the 
plus  sign  indicating  that  the  product  is  to  be  added,  and  a 
multiplier  with  the  minus  sign,  that  it  is  to  be  subtracted. 

415.  There  are  four  cases  in  multiplication  that  cover, 
in  principle,  all  that  are  met  with ;  they  may  be  illustrated 
as  follows : 

1.  +5  multiplied  by  +  3  =  +  15.  Since  the  multiplicand 
5  is  positive,  the  product  15  must  be  positive.  (Art.  413.) 
The  plus  sign  of  the  multiplier  indicates  that  the  product 
is  to  be  added.  Hence,  (  +  5)  X  (  +  3)  =  +  (  +  15),  which, 
by  Art.  406,  =  +  15. 

2.  +5  multiplied  by  —  3  =  —  15.  Since  the  multiplicand 
is  positive,  the  product  must  be  positive.  The  minus  sign 
of  the  multiplier  indicates  that  the  product  is  to  be  sub- 
tracted. Hence,  (+5)  x  (  —  3)  =  —  (+15),  which,  by  Art. 
405,  =  -  15. 

By  similar  reasoning  it  can  be  shown  that 

3.  (  -  5)  X  (  +  3)  =  +  (  -  15)  =  -  15. 

4.  (  -  5)  X  (  -  3)  =  -  (  -  15)  =  "+  15. 

41 6o  From  these  examples,  it  will  be  observed  that 
when  the   multiplicand  and  multiplier  have  like  signs,  the 
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product  has  the  plus  sign,  and  when  they  have  unlike  signs, 
the  product  has  the  minus  sign.  Hence,  in  finding  the  prod- 
uct of  two  quantities,  like  signs  produce  plus  and  unlike 
sigyis  minus. 

417.  We  know  from  arithmetic  that  the  product  of  two 
numbers  is  the  same  in  whatever  order  they  are  taken. 
Thus,  3x4  and  4x3  are  each  equal  to  12.  Similarly,  in 
Algebra,  the  factors  will  give  the  same  results  whatever  their 
order.  Thus,  5rtX4(5  =  5x«X4x<^  =  5x4XrtX<^  = 
20ah.  Hence,  in  finding  the  product  of  two  quantities,  the 
coefficients  are  multiplied  together  and  prefixed  to  the  literal 
factors. 

418.  Let  it  be  required  to  multiply  d^  by  «*.     By  Art. 
■362,  a"  means  a  X  a  X  a,  and  a"  means  ax  a.      Hence,   a^ 

X  a"  ■=a  X  a  Xa  X  a  X  a  =  a"  =  rt:'+^  Therefore,  the  expo- 
nent of  a  letter  in  the  product  is  equal  to  the  sum  of  its 
exponents  in  the  factors. 

419.  Particular  notice  should  be  taken  of  the  way  that 
coefficients  and  exponents  are  treated  in  multiplication. 
Coefficients  are  multiplied.^  while  cxpo7ients  are  added. 


MULTIPLICATION    OF    MONOMIALS. 

420.  From  the  foregoing  principles,  we  have,  when 
there  are  two  factors,  the  following: 

Rule. — Multiply  the  coefficients  togetJier  ;  annex  the  let- 
ters of  both  monomials  to  the  result.^  giving  to  each  letter  an 
exponent  equal  to  the  sum  of  its  exponents  in  the  factors. 
Make  the  sign  of  the  product  plus  zuhen  the  two  factors  have 
like  signs,  and  minus  when  they  have  unlike  signs. 

Example. — Multiply  Aii^b  by  —  via^bc. 

Solution. — The  product  of  the  coefficients  is  20,  and  the  letters  to  be 
annexed  are  a,  h,  and^r.  The  new  exponent  of  a  is  5,  and  of  b,  2,  since 
a'+3  =  d\  and  /;'+'  =  b"-.  The  sign  of  the  product  is  minus,  since  the  two 
factors  have  different  signs.     Hence,  ^a-b  X  —  ^a^bc  —  —  20a^b-c.     Ans. 

421.  When  there  are  more  than  two  factors,  we  have 
simply  three  or  more  examples  in  multiplication  to  do  in 
succession,  each  to  be  performed  by  the  foregoing  rule. 
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Example.— Find  the  continued   product  of   Gxyz^,  —  Qxy^z\  and 

-  2x*f2. 

Solution.—     Qx^z^  x  -  ^-vY^'  =  -  5'ix'+Y+'z^+\  or  -  5ix*jy^z\ 
Now,    multiplying   this   product   by  —  Sx^z,    we    have  —  Mx^y^z^  X 

—  3.1-  *yz  =  1 62.r  y^z'^.     Ans. 

EXAMPLES  FOR   PRACTICE. 

•422*      Find  the  product  of 

1.  a^''  and  —  5add.  Ans.   -  5a*l>^d. 

2.  -  Ixy  and  —  Ix'Y-  Ans.  49,r-y. 

3.  —  lom^n^  and  3ot;/.  Ans.   —  45;«'^«''. 

4.  Sa{x  - }')-  and  2a%v  -  j).  Ans.   6rt3(.r  -  j)3. 
Note. — Treat  the  (.r  — /)  as  though  it  were  a  single  letter. 

5.  Find  the  continued  product  of  2a'^m^x,  —  Sa^mx^  and  4am'^x^. 

Ans.  —  24:a^m^xK 

6.  "What  does  —  a^i>n  X  —  2cdH  X  —  S/ufc-  X  —  2acn^  equal  ? 

,  Ans.  12a^^<^d^n*. 

MULTIPLICATION    OF    POLYNOMIALS. 

423.  When  one  of  the  factors  is  a  monomial : 

Rule. — Multiply  each  term  of  the  polynomial  by  the  mono- 
mial^ remembering  that  like  signs  produce  phis,  and  unlike 
signs  produce  minus. 

Example.— Find  the  product  of  —  9^^  +  2,a^b-  —  ^a'^b'^  —  b^  and  —  ZalA. 
Solution.—        -  9^'  +  3^3^-2  —  ^a-b'^  —  b^ 

21a^b*  —  9a-*<^«  +  VZa^b-^  +  ^ab'^      Ans. 

424.  When  both  factors  are  polynomials: 

Rule. — Multiply  each  term  of  07te  polynomial  by  each  term 
of  the  other,  and  add  the  partial  products. 

Example. — Multiply  6a  —  Ab  by  4a  —  2b. 

Solution. — Write  the  multiplier  under  the  multiplicand,  and  begin 
to  multiply  at  the  left  instead  of  at  the  right,  as  in  arithmetic,  since 
polynomials  are  always  written  and  read  from  the  left,  and  there  are 
no  numbers  to  carry. 

6a  -   U  (1) 

4a  -    2b 


Multiplying  (1)  by  4a  gives      24a'''  —  16a<^  (2) 

Multiplying  (1)  by  -  2b  gives  -  12a<^  +  Sb'^    (3) 

Adding  (2)  and  (3)  gives  24a'^  -  2Sab  +  8^'^      Ans. 

It  will  be  noticed  that  the  like  terms,  —  \Qab  and  —  \2ab,  are  written 
under  each  other  so  that  it  will  be  easier  to  add  them. 
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Example. — Multiply  x^  —  .v  +  1  +  x'^  by  1  —  .r'  4-  x. 

Solution. — With  a  view  to  bringing  like  terms  in  the  same  columns, 
arrange  both  multiplicand  and  multiplier  either  according  to  the  in- 
creasing or  decreasing  powers  of  the  same  letter.  (Art.  372.)  Arrang- 
ing in  this  case  according  to  the  increasing  powers  of  x,  we  have 

1-x  +  x^  +  x^  (1) 

1  +  x-x^ 

Multiplying  (l)by  1  gives 
Multiplying  (1)  by  +  x   gives 
Multiplying  (1)  by  —  .r  Ogives 

Adding  (2),  (3),  and  (4)  gives  1  -  x^  -t  Sx^         -  x"-      Ans. 

Example. — Multiply  2a  +  l  —  da^  +  a*  by  a^  —  2a  —  2. 

Solution. — Arranging  according  to  the  decreasing  powers  of  a, 

a^-da^  +  2a  +1        (1) 

a^-2a   -2 


1- 

-  x+  x^  +  x^ 

(2) 

X—  x^  +  x^-\-x* 

(3) 

—  X^-\-X^-  X*  — 

x^  (4) 

Multiplying  (1)  by  a^  gives         «'  —  3^^  +  2a*  +    a^ 
Multiplying  (1)  by  —  2a  gives        —  2a^  +  6c?^  —  4^-  —  2a 

Multiplying  (1)  by  —  2    gives  —  2a*  +  6a^  —  4^ 


Adding  «'  —  5^^  4-  la^  +  2^;*  —  6^  -  2 

[Ans. 

425.  The  product  of  two  or  more  polynomials  is  often 
indicated  by  enclosing  each  of  the  factors  in  a  parenthesis, 
and  writing  one  after  the  other.  When  the  indicated  multi- 
plication is  performed,  the  expression  is  said  to  be  expanded. 


EXAMPLES   FOR   PRACTICE. 

426.      Multiply  the  following: 

1.  x"^  +  2xy  +y^\iy  x+y.  Ans.  x^  +  %x'^y  +  3.ry  +  j^. 

2.  ^.ab'^ni^  +  \a'^b  —  2  by  a^b'^m*.  Ans.   3fl:'(5«/«"  +  Aa^b^m^  —  2a^b''m^. 

3.  c^  -  d'>-  by  <r2  +  ciK  Ans.  c*  -  d\ 

4.  x*  + x'^y'^  ■vf'\>y  x'^ —y"^.  Ans.  .r«'-7«. 

5.  x"^  -\- \  —  x"^  —  X  by  X  +  1.  Ans.  1  —  x*. 

6.  3^2  -  7a  +  4  by  2a'^  +  ^a  -  5.  Ans.   G^  +  ISa^  _  TOa'  +  71^  -  20. 

7.  5w'  —  3;;z«  +  4«5  by  Cot  -  Tm.   Ans.   30;;z^  —  43;;z5;/  +  ^^vin"-  —  20«^ 
Expand  the  following: 

8.  (2«  —  3r)  (4  -  3a).  Ans.  8a  —  126- -  6a«  +  9a^, 

9.  (;r4-2)(jr-2)(x2  4-4).  Ans.   j.-*  -  16. 

10.  [jr(^-^  —7-^)  -  2]  [.r(x*  +  j'')  +  2]. 

Note. — The  expressions  in  the  brackets  reduce  to  jt^  —  .ry'  —  2  and 
X*  -f-  ;ry'  +  2.     The  product  of  these  is  a*  —  x''\f*  —  4.ry'  —  4. 
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THREE    IMPORTANT    EXAMPLES. 
427.     The  first  two  examples  are: 

1.  To  find  the  square  of  the  sum  of  two  quantities, 

2.  To  find  the  square  of  the  difference  of  two  quantities. 

Let  a  represent  one  quantity  and  b  the  other  quantity. 
Their  sum  would  then  be  represented  hy  a  -\-  b  and  their  dif- 
ference by  rt'  —  b.  Squaring  these  by  multiplying  each  by 
itself,  we  have : 

\.      a  +  b  2.      a  —  b 

a  +  b  a  —  b 


a^  -Jr  ab  a^  —  ab 

ab  +  b^  -  ab  +  b^ 


a^  +  2ab  +b''  rt^  -  2a b  +  b'- 

428.  By  examining  the  products  it  will  be  evident  that, 
since  a  and  b  represent  any  two  quantities,  thf  square  of  the 
sum  of  two  quantities  equals  the  square  of  the  first ^  phis  twice 
the  product  of  the  first  by  the  second^  plus  the  square  of  the 
second. 

429.  Also,  that 

The  square  of  the  difference  of  two  quantities  cqtials  the 
square  of  the  first,  minus  twice  the  product  of  the  first  by 
the  second,  plus  the  square  of  the  second. 

430.  The  third  example  is: 

3.  To  find  the  product  of  the  sum  and  difference  of  two 
quantities.      By  multiplication,  we  have 

a  +  b 
a  —  b 


a:^  +  ab 
-ab-b"" 

431.  That  is,  the  product  of  the  sum  and  difference  of 
tivo  quantities  equals  the  difference  of  their  squares. 

432.  These  three  principles  are  very  important,  and 
should  be  committed  to  memory.  They  may  also  be  ex- 
pressed by  formulas  in  the  same  way  that  the  rule  in  Art. 
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353  was  expressed  by  a  formula.     Thus,  letting  a  represent 
one  quantity  and  b  the  other  quantity, 

{a^bY  =  a''-\-'lab-\-b\  (1.) 

\a  -  bY  =  a"  -  "lab -^  b\  (2.) 

{^a -\.  b){a  -  b)  =  a"  -  b\  (3.) 

The  meaning  of  these  formulas  will  be  made  clear  by  sup- 
posing, for  example,  that  rt:  =  10  and  b  :=2.  By  formula  1 , 
the  square  of  the  sum  of  10  and  2,  or  the  square  of  12,  should 
be  10=  +  2  X  10  X  2  +  2'  =  100  +  40  +  4  =  144,  which  we 
know  to  be  actually  the  case. 

433.     By  the  use  of  these  principles  and  formulas  the 

square  of  the  sum  or  difference  of  any  two  quantities,  or  the 

product  of  the  sum  and  difference  of  any  two  quantities  may 

be  found,  without  actually  performing  the   multiplication. 

The  student  sJiould practise  until  he  can  readily  apply  them. 

Example. — Square  3.i-'-  +  5. 

Solution. — The  square  of  the  first  term  is  Sjt'x  Sjt^  =  %x^,  twice  the 
product  of  the  terms  is  30.r'^  and  the  square  of  the  last  term  is  25. 
Hence,  by  formula  1,  letting  a  —  Sx'^  and  d  =  5, 

(3,r2  +  5)2  =  O.i-"  +  30.r2  +  25.     Ans. 

Example. — Square  Acd—  x. 

Solution. — The  square  of  the  first  term  is  IQc^d'',  twice  the  product 
of  the  first  by  the  second  is  8cdx,  and  the  square  of  the  last  term  is  x^. 
Hence,  by  formula  2,  letting  a  =  4cd  and  d  =  x, 

(4^-,/ -  xY  =  16^-'W^  -  8cdx  +  xK     Ans. 

Example.— Expand  (.r  2  +  3)  (.1- '2  -  3). 

Solution. — The  square  of  the  first  term  is  x*,  and  of  the  second,  9. 
Hence,  by  formula  3,  letting  a  =  x^  and  /5  =  3, 

(.r  2  +  8)  (.1-  2  -  3)  =  X  ■«  -  9.     Ans. 


EXAMPLES  FOR   PRACTICE. 

4:^4,      Square  the  following  : 

1.  7H  +  n.  Ans.  m"-  +  2/««  +  «'. 

2.  4,r  +  2.  Ans.   IG-v^  +  16;r  +  4. 

3.  Za-U.  Ans.  9^^  _  39^^  +  25^*. 
4     l-2<r3.  Ans.  1  — 4<r3  +  4^«. 

5.  ^x^  —  ^y\  Ktl?..  9x-»-12x2jS  +  4/6. 

6.  n-Z^V  +  l.  Ans.  a'^V«  +  2«^2<r3  +  1. 
Expand  the  following : 

7.  (z«  +  1)  («/  —  1).  Ans.  tn^  —  1. 
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8.  (-r'4-^-)(-r'2-/').  Ans.  .r' -_/. 

9.  lsxy  +  2){dx'j  —  2).  Ans.  9x^-4. 

10.  (Aa  +  U-^)  {ia  -  U-^).  Ans.   Wa'- -16d\ 

11.  Square  2c'^  —  c  +  d. 

Solution  to  11. — By  Art.  408,  this  may  be  written  ^c"^  —  {c  —  d). 
Then,  in  squaring,  the  binomial  c  —  d  should  be  used  as  one  quantity. 
(See  Art.  391 .)  Thus,  (2<r-^)*  =  4r*  ;  (r  -  df  =  d  —  2cd+  dK  Hence,  by 
formula  2,  letting  a  =  2c'^  and  b  =  c—d,  we  have  {2c'^  —  c  +  dy — 
4^  _  Ac%c  -d)  +  £-2  -  2cd  +  d'^  =  4:C*  —  4c^  +  Ac'd  +  c^  -  2cd  +  d\  Ans. 
This  method  is  sometimes,  though  not  always,  more  convenient  than 
direct  multiplication. 

DIVISION. 

435.  Division,  in  Algebra,  is  that  process  by  which, 
when  a  product  and  one  of  its  factors  are  given,  the  other 
factor  may  be  found.  The  product  of  the  two  factors  is 
called  the  dividend,  the  given  factor  the  divisor,  and  the 
required  factor  the  quotient. 

From  these  definitions,  it  is  clear  that  the  quotient  multi- 
plied by  the  divisor  produces  the  dividend.  Division,  there- 
fore, is  the  converse  of  multiplication,  and  the  following 
principles  may  be  proved  directly  from  those  given  in  Arts. 
416-419: 

436.  If  tJie  dividend  and  divisor  have  like  signs,  the 
quotient  will  have  the  plus  sign;  if  they  have  tinlike  sig7is, 
the  quotient  zuill  have  the  minus  sign. 

437.  Tlie  coefficient  of  the  quotient  is  equal  to  the  coeffi- 
cient of  the  dividend  divided  by  the  coefficient  of  the  divisor. 

438.  The  exponent  of  a  letter  in  the  quotient  is  equal  to 
its  exponent  in  the  dividend,  minus  its  exponent  in  the 
divisor. 

439.  Let  it  be  required  to  divide  d^  by  a".  We  have  to 
obtain  a  quotient  which,  when  multiplied  by  the  divisor  d^, 
will  produce  the  dividend  a"^.  The  quotient  is  evidently  1. 
By  Art.  438,  however,  we  know  that  a"  ^  d^  =  d^~-  ~  a\ 
Hence,  any  quantity  whose  expojient  is  0  is  equal  to  1. 

From  the  foregoing  principles,  the  rules  for  division  are 
obtained. 
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DIVISIOX    OF    MONOMIALS. 

440.  Rule. — Divide  the  coefficie?it  of  the  dividend  by 
that  of  the  divisor.  Annex  to  the  result  the  letters  of  the 
dividend,  each  ivith  an  exponent  equal  to  its  exponent  in  the 
dividend,  minus  its  exponent  in  the  divisor^  omitting  all  let- 
ters wJiose  exponents  become  zero. 

Make  the  sign  of  the  quotient  plus  when  the  dividend  and 
divisor  have  like  signs,  and  minus  when  they  have  unlike 
signs. 

Example.— Divide  ^a^b'^c^  by  —  Za'^bc^. 

Solution. — The  quotient  of  6  -h  3  is  2.  The  letters  to  be  annexed,  and 
their  exponents,  arc  ci'-'^a^,  and  b^-^  =  b^.  The  c  has  an  exponent 
of  3  —  3  =  0,  so  that  it  becomes  equal  to  1,  and  is  omitted.    The  sign  of 

the  quotient  is  minus.       Hence,  Qa^b^c'^  -. Za'^bc^  =  —  2a^b^.      Ans. 

Proof:  -  Sa^bc^  X  -  2aH^  -  6a^^V». 

Example. — Divide  —  lOa^Pc^d  by  —  2ab^c. 

Solution.—    —  lOa^b^c^d-r-  -  2ab^c  =  5a^-^b^^c^-^d=r)a^cd.     Ans. 


EXAMPLES  FOR   PRACTICE. 

441.  Divide  the  following: 

1.  \2t)ihi  by  4«.  Ans.  3;«'. 

2.  'dOx^y^bc^  by  —  6jr^/V*.  Ans.  —hxbc. 

3.  -  Ua'^b^c^  by  -  lla^V.  Ans.  Aa'^b. 

4.  -  100ji-»j3^2  by  x^yK  Ans.  -  lOOxj'.?*. 

5.  lopq^x^m*  by  75 jr*.  Ans.  pq'^m*. 


DIVISION    OF    POLYNOMIALS. 

442.     When  the  divisor  is  a  monomial: 

Rule. — Divide  each  term  of  the  dividend  by  the  divisor, 
remembering  that  like  signs  produce  plus  and  unlike  signs 
minus. 

Example.— Divide  \2a'^b^—^ab'^->r^aH^  by  ^yab"^. 
Solution.—  'iab'')\2ifb^  -  ^ab'^  +  ^a^b" 

Aab    —  3        4-  ^a'^b   quotte7it.     Ans, 


EXAMPLES  FOR  PRACTICE. 

443.      Divide  the  following: 
1 .     Q^m'^n^  —  32w«*  +  8»/««  by  Smn.  Ans.  8w«*  —  4n  +  nu 
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2.  21x^2  —  S-r'^^s  —  33^x^2^  by  —  dx^z.    Ans.   —  dy  +  ds  +  lllyz. 

3.  10(jr  +yy  —  ^a{x  +.y)  +  ba\x+y)  by  5(^  +  j). 

Ans.  2{x  -:-  y)  —  ^z  +  ^z'. 

•444.     When  the  divisor  is  a  polynomial: 

Rule. — Arrange  both  dividend  and  divisor  according  to 
the  ascending  or  descending  powers  of  some  letter. 

Divide  the  first  term  of  the  dividend  by  the  first  term  of 
the  divisor  for  the  first  term  of  the  quotient. 

Multiply  the  whole  divisor  by  the  first  term  of  the  quotient^ 
and  subtract  the  product  from  the  dividend. 

Regard  the  remainder  as  a  new  dividend,  and  divide  its 
first  term  by  the  first  term  of  the  divisor,  for  the  second  term 
of  the  quotient.  Multiply  the  whole  divisor  by  the  second 
term  of  the  quotient,  and  subtract  the  product  froju  the  first 
remainder. 

So  proceed  until  a  remainder  of  zero  is  found,  or  a  re- 
mainder ivhose  first  term  cannot  be  divided  by  the  first  term 
of  the  divisor. 

Example. — Divide  x^  +  x"^  —  9^**  —  16.r —  4  by  ,r'  +  4.r  +  4. 

Solution. — 

jf  2  -L.  4-r  +  4  )  .r^  4-  x^  —  9.r ^  —  16x  —  4  (  .r'  —  3.r  —  1  quotient.  Ans. 
x-^+Ax^  +  Ax'^ 

-3.r3-13.r2-16.r 
— 3^3_i2.i-^  -  12.r 


—     x'^—Ax  —  A 
_     x"--    Ax-A 

0  0         0 

The  first  term  x'^  of  the  divisor  is  contained  in  x^,  the  first 
term  of  the  dividend,  x''  times ;  hence,  x'  is  the  first  term  of 
the  quotient.  The  whole  divisor  multiplied  by  this  term 
gives  .t'*+  4,1'^+  4-1'^  as  a  product,  which,  subtracted  from  the 
dividend,  gives  as  a  remainder  —  o.f'— 13.r^— 16.r  —  4.  It 
is  not  necessary  here  to  bring  down  the  —  4,  since  only  three 
terms  are  required  to  contain  the  divisor. 

The  first  term  x'^  of  the  divisor  is  contained  in  —  3.r\  the 
first  term  of  the  new  dividend,  —  ^x  times.  Multiplying 
the  divisor  by  this  new  term  of  the  quotient,  we  have  —  3^'^ 
—  12-1'"  —  12,r.      Subtracting  this  from  the  first  remainder, 
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we  obtain  —  x^—  Lv  —  4  for  a  new  remainder,  the  —  4  being 
brought  down  from  the  original  dividend.  The  first  term 
of  the  divisor  is  contained  in  the  first  term  of  the  new  re- 
mainder or  dividend  —  1  time.  Multiplying  the  divisor  by 
this,  we  get  —  x""—  4.i-  —  4,  which,  subtracted  from  —  jr'  — 
ix  —  4,  the  last  remainder,  leaves  a  difference  of  zero.  The 
work  ends  here,  since  there  are  no  more  terms  in  the  divi- 
dend to  be  brought  down. 

Example.— Divide  Ox^  +  x*  —  4.y*  —  Gx^  by  .r*  +  2^  _  Sxy. 

Solution. — First  arrange  the  dividend  and  divisor  according  to  the 
descending  powers  of  x. 

^i-3xjy  +  2y)  X*  —  Gxy  +  Qx^  —  4^  (.r^  -  3xy  —  Sy^      Ans. 
x*  -  Zx^y  +  2xy 

—  3x^y  +  IxY  -  4y 

—  3-raj/  +  9jiry  -  0,tj« 

-  "ixY  +  6xy3  -  4/^ 

—  2x'Y  +  Qxy^  —  4:^ 

0  0  0~ 


EXAMPLES  FOR   PRACTICE. 

445.      Divide  the  following: 

1.  x'^~  7.r  + 12  by  x  -  3.  Ans.  .r  -  4 

2.  x^  +  x-1i2hy  x  +  d.  Ans.  .r-8. 

3.  2-r3-x2  +  3.r-9by  2x— 3.  Ans.  jr^  +  jr  +  3. 

4.  x'^  +  llx^  —  12.r  —  rix^  +  QhyS  +  x^  —  Sx.  Ans.  .r^  -  2.r  +  2. 

5.  x"^  —  6xy  —  9.V''  —  ^  by  .r^  +y  +  3x.  Ans.  jr"  —  dx  —  j. 

6.  .r«  —  1  by  :r  —  1.  Ans.  x^  +  x^  +  .r^  +  .r  =  +  .r  +  1. 


FACTORING. 

446.  In  multiplication,  two  or  more  factors  are  multi- 
plied together  to  form  z.  product.  Factoring  is  the  process 
of  resolving  a  product  into  its  factors. 

447.  The  factors  of  a  quantity  are  those  quantities 
which  multiplied  together  will  produce  the  quantity.  Thus, 
Ca'  and  b"  \  2«'  and  Zb";  a"  and  Qb;  2,a  and  ^ab;  2,  3,  a,  a, 
b,  b  and  b,  etc.,  are  all  factors  of  ^a'b,  since  G^^X  /^'=  G^r"/^', 
2rt'x  ^  =  ^0"^,  «'X  ^b^  Qa^b\  2a  X  Sab'=  Qa'b  and  2X3 
XaXaxbxbxb=  Ga^'b. 

In  solving  algebraic  problems,  it  is  frequently  very  neces- 
sary to  be  able  to  recognize  a  factor  of  one  or  more  algebraic 
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expressions,  and  Arts.  446-471  give  some  of  the  simplest 
methods  of  discovering  factors. 

448.  A  quantity  is  a  perfect  square  when  it  has  two 
equal  factors.  One  of  the  equal  factors  is  called  the  square 
root  of  the  quantity.      (Art.  363.) 

449.  Equal  factors  are  those  whose  letters  have  the 
same  exponents  and  coefficients,  and  which  have  the  same 
signs.  Thus,  3(4^^°— j)  and  3(4<:^/"  — j')  are  equal  factors  of 
3{4:cd'-j')  X  d{4:cd'  -y)  =  9{4:cd'- jf;  but  ?>{4.cd'-y)  and 
—  3(4^^"  — j)  are  unequal  factors,  since  the  signs  of  the  co- 
efficient 3  are  not  the  same.  The  factor  —  3(4c^^— j)  is 
equivalent  to  3( j  —  4c^"),  an  expression  which  will  have  in 
general  a  different  value  from  3(4f</"  — jj'),  when  the  numerical 
values  are  substituted  for  the  letters. 

450.  A  quantity  is  a  perfect  cube  when  'it  has  three 
equal  factors.  One  of  the  equal  factors  is  called  the  cube 
root  of  the  quantity. 

451.  In  factoring,  it  is  important  to  be  able  to  easily 
distinguish  quantities  that  are  perfect  squares  and  cubes, 
and  to  determine  their  roots.  By  definition,  S)a^b^  is  a  per- 
fect square  because  oab  X  2tab  =  9a'b'^,  and  3ad  is  its  square 
root.  Also,  Srt"  is  a  perfect  cube  because  2a'^  X  2a^  X  2a"  = 
8a\  and  2a^  is  its  cube  root.  In  each  of  these  cases  the  co- 
efficients are  multiplied  together,  and  the  exponents  are 
added^  to  produce  the  coefficients  and  exponents  of  the 
power,  according  to  the  rules  of  multiplication.  Hence,  a 
quantity  is  a  perfect  square  ivJien  its  coefficient  is  a  perfect 
square,  and  the  exponents  of  all  its  letters  can  be  divided  by 
2 ;  it  will  also  be  shown  later  that  a  perfect  square  must  be 
a  positive  quantity.  A  quantity  is  a  perfect  cube  wJien  its 
coefficient  is  a  perfect  cube  and  the  exponents  of  all  its  letters 
can  be  divided  by  3.  For  example,  36^'",  49<^W,  16^°^" 
and  1  are  all  perfect  squares,  whose  roots  are  Qx^,  '^bc'^d*, 
^a'b'  and  1,  respectively;  27.r'^  -  Gib'c'd',  8a''b''  and  1  are 
all  perfect  cubes,  whose  roots  are  ox\  —  4:bc^d'',  2a^b^  and  1, 
respectively. 

M.  E.    I.—io 
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CASE    I. 

452.  When  all  the  terms  of  an  expression  have  a  com- 
mon factor,  the  expression  may  be  resolved  into  two  factors  by 
dividing  each  term,  by  the  cotnmon  factor. 

Example.— Factor  16jry  +  4r3y  —  Vixf. 

Solution. — It  is  evident  that  each  term  contains  the  common  factor 
A^xy"^.  Dividing  the  expression  by  4xy^,  we  obtain  as  a  quotient 
4.r  +  -r^  —  3;'-.  The  two  factors,  therefore,  are  Aixy^  and  \x  +  x'^  —  ^y'K 
Hence,  by  Art.  -452,  we  have 

16.r2j/2  +  4;r3_y2  _  \'ixf  =  4xy%4x  +  X^  —  3^).     Ans. 

453.  When  examining  a  polynomial  for  a  monomial 
factor,  first  ascertain  if  the  numerical  coefficients  have  a 
common  factor.  This  is  readily  done  by  dividing  the  poly- 
nomial by  the  smallest  coefficient.  If  it  will  not  divide  each 
term  exactly,  factor  this  coefficient,  and  divide  by  each 
factor.  If  none  of  the  factors  will  divide  each  term  of  the 
polynomial  without  a  remainder,  the  polynomial  has  no 
numerical  factor.  Having  ascertained  that  the  coefficients 
have  a  common  factor,  reserve  this  factor  and  examine  the 
polynomial  to  see  if  each  term  has  a  common  letter.  If  so, 
divide  each  term  by  this  letter,  affecting  it  with  an  expo- 
nent corresponding  to  the  lowest  exponent  of  the  letter  in 
the  polynomial,  and  multiply  the  numerical  factor  (if  any) 
previously  found  by  the  letter.  So  proceed  with  the  remain- 
ing letters. 

Example. — Ascertain  if  Viab'^c'^  —  18a^cy  +  24a^c*  —  36a'*3c^y^  has  a 
monomial  factor. 

Solution. — 12  is  the  lowest  coefficient,  and  will  divide  each  term 
except  the  second.  Resolving  12  into  the  factors  2  and  6,  6  will  divide 
the  second  term ;  hence,  G  is  a  numerical  factor  of  all  the  terms  of  the 
polynomial.  The  letters  a  and  c  are  common  to  all  of  the  terms,  and 
the  lowest  powers  of  a  and  c  are  a  and  c^.  Multiplying  together  6,  a, 
and  c'^,  dac-  is  a  factor  of  the  polynomial.  Dividing  the  polynomial  by 
Qac"^,  the  quotient  is  2d''C  —  daiy  +  4ac''  —  Ga^bc^y^  ;  consequently,  the 
factors  are  Gac'^  and  2b^c  —  da-y  +  iac''  —  Ga^bc^y^.     Ans. 


EXAMPLES  FOR  PRACTICE. 

454.      Factor  the  following  expressions: 

1.  a^  +  ax.  Ans.  a{a^  4-  x). 

2.  12a='  -  2a3  +  4a*.  Ans.  'ia\<oa^  -  1  -h  2a> 
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3.  30w»;/-  -  6«3. 

4.  IG.rY  -  8.1-5  ^  8. 

5.  4jc^j'  -  13.t'y  +  8^73. 

6.  49^z2^3^  -  G3a3<5  V + 7a-»^ V'. 


Ans.  6n%5m^  —  n). 

Ans.  8(2;r273  -  x^  +  1). 

Ans.  4.tr)/(.r2  -  Z.xy  +  27*). 

Ans.  7fl2(5V3(7^,r  -  Qac  +  a^). 


CASE    II. 

455.  To  factor  a  trinomial  which  is  a  perfect  square  : 
This  case  is  simply  the  reverse  of  Arts.  428  and  429, 

and  may  be  expressed  by  the  following  formulas,  which  we 
have  from  1  and  2  in  Art.  432  : 

•  a'  +  lab  +  ^^  =  {a  +  ^)  («  +  Zi)  =  {a  +  by.  (4.) 

a^  -  lab  +  /^'  =  \a  -  b)  {a  -  b)  =  \a  -  by.  (5.) 

The  two  trinomials  a"  +  2ab  +  //  and  a"  —  2ab  +  b''  each 
have  two  equal  factors,  and  are,  therefore,  perfect  squares  ; 
moreover,  since  a  may  represent  one  quantity  and  b  any 
other  quantity,  it  is  evident  that  any  trinomial  having  the 
form  a''  +  2ab  +  b''  or  a"  —  2ab  -\-  b"^  is  a  perfect  square. 
Hence, 

456.  Ajiy  trinomial  is  a  perfect  square  when  the  first 
and  last  terms  are  perfect  squares  and  positive^  and  the  sec- 
ond term  is  tzuice  the  product  of  their  square  roots. 

457.  By  examining  the  foregoing  trinomials  and  their 
factors,  the  following  rule  for  obtaining  one  of  the  equal 
factors  will  be  evident. 

Rule. — Extract  the  square  roots  of  the  first  and  last  terms 
of  the  trinomial,  and  con7iect  the  results  by  the  sign  of  the 
second  term. 

Example. — Factor  .r^  +  2.17  +7^. 

Solution. — The  square  root  of  the  first  term  is  jr  ;  of  the  last  term, 7; 
twice  this  product  equals  the  second  term  ;  the  sign  of  the  second  term 
is  plus.  Hence,  one  of  the  equal  factors  is  x+y.  Therefore,  by 
formula  4,  Art.  455,  letting  a  =  jr  and  b  =7, 

x^  +  2.r7  +  72  =  (.r  +  7)  (.r  +  7)  =  (;ir  +  7)2.     Ans. 

Example. — Factor  36w"-  —  24ot«  +  4«^. 

Solution. — The  square  root  of  the  first  term  is  6;«  ;  of  the  last  term, 
2«  ;  twice  their  product  equals  the  second  term  ;  the  sign  of  the  second 
term  is  minus.  Hence,  one  of  the  equal  factors  is  6;«  —  2«.  There- 
fore, by  formula  5,  letting  a  =  G;«  and  b  =  2n, 

36w5  -  24mn  +  4«*  =  (6w  -  2«)  (6m  —  2«)  =  (6m-  2«)».     Ans. 
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458.  When  the  terms  of  a  trinomial  which  is  a  perfect 
square  do  not  come  in  their  proper  order,  as  indicated  in 
Art.  456,  they  should  be  rearranged  to  bring  them  so. 

Example. — Factor  Qa'^bc  +  9rt^<J'V^  +  1. 

Solution. — By  Art.  451,  the  terms  9<^''<5'V  and  1  are  perfect 
squares,  and  ^m^dc  is  equal  to  twice  the  product  of  their  square  roots, 
or  iScvbc  =  3  X  ^ct'-dc  X  1-  Hence,  arranged  in  their  proper  order, 
9rt^<^'V'''  and  1  should  be  the  first  and  last  terms,  and  Qa^dc  the  second 
term,  as  follows:  O^^'i^V^  +  6a'>^f  +  1.  Factoring  this  expression,  we 
have  ^a^bc  +  1  as  one  of  the  factors.     Therefore, 

(ia'I>c  +  9rt«^V2  +  1  =  {Za^bc  +  1)  (3rt''^f  +  1)  =  {^ct^bc  +  \)\     Ans. 

459.  It  is  quite  as  important  to  be  able  to  distinguish 
trinomials  which  are  perfect  squares  from  those  that  are  not, 
as  to  be  able  to  factor  them.  This  can  always  be  done  by 
the  aid  of  the  principle  stated  in  Art.  456.  For  example, 
to  find  whether  'da'^b^  -\-  4:—  ija'b^  is  a  perfect  square,  we  first 
arrange  the  terms  so  that  the  first  and  last  are  the  perfect 
squares,  and  have  'da* b'^  —  Qd^ b'^  -{- A.  Now,  it  will  be  ob- 
served that  the  second  term  is  not  equal  to  twice  the  prod- 
uct of  the  square  roots  of  the  first  and  last  terms,  or 
2  X  da^b^  X  2  does  not  equal  Q>a^b^,  so  that  the  trinomial  is 
not  a  perfect  square.  Again,  4c?'' +  4rt:^<^^  —  (5"' is  not  a  per- 
fect square,  because  the  last  term,  b\  is  negative.  It  will 
be  noticed  that  the  second  term,  ■ia^b'^,  is  a  perfect  square  in 
this  case.  It  must  be  placed  second,  however,  because  it  is 
the  only  term  that  is  equal  to  twice  the  product  of  the  square 
roots  of  the  other  two. 

460.  In  ascertainii:ig  whether  a  trinomial  is  a  perfect 
square,  first  find  whether  the  numerical  coefficients  of  two 
of  the  terms  have  like  signs  and  are  perfect  squares.  Then, 
see  if  the  coefficient  of  the  remaining  term  is  equal  to  twice 
the  product  of  the  square  roots  of  the  coefficients  of  the 
other  two  terms.  Lastly,  extract  the  square  root  of  those 
two  terms  whose  coefficients  are  perfect  squares,  and  multi- 
ply the  two  results.  If  twice  the  product  equals  the  re- 
maining term,  the  trinomial  is  a  perfect  square. 

Example. — Ascertain  whether  4^^  -f-  IGr*  —  IQac''  is  a  perfect  square. 

Solution. — Here  all  of  the  coefficients  are  perfect  squares,  and  the 

first  two  terms  have  like  signs.     yT=  2,  and  i/lO  =  4.    Twice  the  product 
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of  2  and  4  =  (2  X  '^)  X  2  =  16  =  the  coefficient  of  the  remaining  term. 
Lastly,  |/4a^  =  2a  and  4/l6r»  =  4:c\  and  {2a  X  4:C^)  X  3  =  16ac'^  =  the 
remaining  term;  hence,  the  trinomial  is  a  perfect  square  and  is  equal 
to  (2a  -  4:c')  {2a  -  4^0,  or  to  {ic'  -  2a)  (4f*  -  2a).      Ans. 

Example. — Ascertain  if  b-  —  Gbd  —  9^'^  is  a  perfect  square. 

Solution. — The  two  terms  having  like  signs  are  6^^/ and  9^^  Since 
(ibd  is  not  a  perfect  square,  the  trinomial  is  not  a  perfect  square.     Ans. 

Example. — Ascertain  if  2Qacd  —  4a-c'-  —  25(^^  is  a  perfect  square. 

Solution. — The  two  terms  having  like  signs  are  —  4rtV-  and  —  2od''. 
According  to  Art.  -456,  these  two  terms  must  be  positive.  Therefore, 
dividing  the  trinomial  by  —  1,  i.  e.,  changing  all  the  signs,  it  becomes 
—  {ia^c-  +  25d'^  —  20acd).  The  two  terms  having  like  signs  are  now 
perfect  squares,  and  twice  the  product  of  their  square  roots  is  (^ac 
X  ^d)  X  2  =  20acd  =  the  rem.aining  term.  Consequently,  the  trinomial 
is  a  perfect  square  and  is  equal  to  —  (^2ac  —  5dy,  or  —  {od  —  2acyK     Ans. 

Example. — Ascertain  if  ^m^n-  —  ^ni^np  +  4/'  is  a  perfect  square. 

Solution. — The  first  and  last  terms  have  like  signs  and  their  coeffi- 
cients are  perfect  squares,  but  the  coefficient  of  the  remaining  term  is  not 
equal  to  twice  the  product  of  the  square  roots  of  the  coefficients  of  the 
other  two  terms.    Therefore,  the  trinomial  is  not  a  perfect  square.    Ans. 


EXAMPLES   FOR   PRACTICE. 

461.  Determine  which  of  the  following  trinomials  are  perfect 
squares : 

1.     x'^  +  xy+y'^. 

2.         rt"    —  2fl3^2  ^  _y4, 

3.     w«  +  16  +  8;«3. 
4     100  +  22_>'+y^ 
Factor  the  following  trinomials: 

8.  -r'2-16.r+64 

9.  ««  -  26«»  +  169. 

10.  25^:2  +  70x)/^  +  497^^5. 

11.  16^2  ^^2 -8^r. 

12.  2mx+m''  +x\ 

13.  d^b^c''  -  2ab^c^  +  1. 

CASE    III. 

462.  To  factor  an  expression    zvJiich    is  the  difference 
between  two  perfect  sqtiares  : 

This  case  is  the  reverse  of  Art.  431,   and  may  be  ex- 
pressed by  the  formula 

a^.-b'  =  {a-\-b)   {a-b),         (6.) 
which  we  have  from  3,  Art.  432- 


5. 

xY  +  SO-ry  +  256. 

6. 

16.r2  —  Sxyz  +y^z'^. 

7. 

vi^  +  2/««  —  «-. 

.It- . 

Ans.  The  2d,  3d,  and  6th. 

lis: 

Ans.  (x— 8)2. 

Ans.  («3  _  \%Y. 

Ans.  (5.r  +  lyz^. 

Ans.  {\c  —  bf. 

Ans.  {m  +  .r)'. 

Ans.  (a^V3-l)2. 
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463.  Since  a  may  represent  one  quantity,  and  b  any 
other  quantity,  it  is  evident  from  formula  6  that  any  ex- 
pression which  is  the  difference  between  two  perfect  squares 
may  be  factored  by  the  following : 

Rule. — Extract  the  square  roots  of  the  first  and  last  terms. 
Add  these  roots  for  the  first  factor,  and  subtract  the  second 
from  the  first  for  the  second  factor. 

Example. — Factor  ^x^y^  —  4. 

Solution. — The  square  roots  of  the  first  and  last  terms  are  Zx^y^ 
and  2.  The  sum  of  these  roots  is  Zx'^y'^  +  2  and  the  second  subtracted 
from  the  first  is  'ix^y'^  —  2.  Hence,  by  formula  6,  letting  a  =  Bx'*y^ 
and  d  =  2, 

9xy^  —  A  =  (dx^y^ +2)  {Sxy*  -  2).     Ans. 

Example. — Factor  {a  +  bf  —  vi^n^. 

Solution. — The  square  roots  of  the  first  and  last  terms  are  a-\-  b 
and  1)171.  The  sum  of  these  roots  is  «  +  <J  +  inn,  and  the  second  sub- 
tracted from  the  first  'vs,  a  -^  b  —  mn.  Hence,  by  formula  6,  letting 
a-=  a  +  b  and  b  =  inn, 

{a  +  b)^  —  in^n"^  =  (a  +  b  +mn)  {a  +  b  —  inn).     Ans. 


EXAMPLES  FOR  PRACTICE. 

464.      Factor  the  following  expressions: 

Ans.  (a  +  4)  (a  —  4). 
Ans.  (^2  +  Tr*)  («  —  7r»). 
Ans.  (dxY  +1)  {^xy-  -  1). 
Ans.  {ax  +  by  +  1)  (ax  +  by  —  1). 
Ans.   [5.r^y  +  (bx  +  1)]  [d'xy  -  {bx  +  1)]  = 
(5jr2_y  +  bx  -h  1)  {hx'^y  -  bx  -  1). 
6.     1  -  \mxyz^.  Ans.  (1  ^-  ISxy^z^)  (1  -  Vdxy^s^). 


1. 

rt«  -  16. 

2. 

a'^  -  49^8. 

3. 

8Lr6jri_l. 

4. 

(ax+byy-1. 

5. 

25.r-'y-(«5jr+l)« 

465.  In  example  5,  the  expression  (  bx  -|-  1)'  should  be 
regarded  as  a  single  term ;  in  fact,  any  number  o'f  terms 
may  be  regarded  as  a  single  term  by  enclosing  them  in 
parenthesis  and  operating  on  them  as  though  they  were  a 
single  letter. 

When  solving  any  examples  requiring  the  application  of 
the  rules  in  Art.  463  or  466,  first  ascertain  if  the 
numerical  coefficients  of  the  two  terms  are  perfect  squares 
or  perfect  cubes;  if  not,  there  is  no  use  of  examining  further. 
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CASE  IV. 

466.  To  factor  an  expression  which  is  the  sum  or  differ- 
ence of  two  perfect  cubes  : 

Letting  a  represent  one  quantity  and  b  some  other  quan- 
tity, the  sum  and  difiference  of  two  perfect  cubes  will  be 
represented  by  a^  +  d^  and  a^  —  d^.  By  actual  division  it 
may  be  shown  that 

(«=>  +  d')  -i-  {a -^  d)  =  a'  -  ad -{-  b\  and 
(^3  _if^^  [a  -  b)  =  a^  +  ab-^  b\ 
Hence,  any  expression  which   is  the  sum   or  difference  of 
two  perfect  cubes  may  be  factored  as  follows: 

Rule. — Extract  the  cube  root  of  each  term.  Connect  the 
results  by  the  sign  of  the  second  term  for  the  first  factor,  and 
obtain  the  second  factor  by  division. 

It  is  to  be  noticed  that  the  second  factor  will  not  be  a  per- 
fect square,  because  its  second  term  will  not  be  twice  the 
product  of  the  square  roots  of  the  other  two. 

Example.— Factor  8.r«  —  T<y\ 

Solution. — The  cube  root  of  the  first  term  is  2jr'-,  and  of  the  second 
term  Sy^;  the  sign  of  the  second  term  is  minus.  Consequently,  the 
first  factor  is  2.r'^  —  3/^.  The  second  factor  we  find  by  division  to  be 
4jr^  -t-  Gjr'y^  H-  9/^  Hence,  the  factors  are  2.r2  —  3/^  and  4.ir'*  +  Gx^j*  H- 
97".     Ans.  

EXAMPLES  FOR  PRACTICE. 

467.  Factor  the  following  expressions: 

1.  x^—y'^.  Ans.  {x — y)  {x"^  +  xy  ■\- y"^). 

2.  w^  +  64«*.  Ans.  (in  +  4«^)  (W^  —  4w«'^  +  16«^), 
8.     27rt3-8.r^  Ans.  (3^  -  2x)  (Oa^  +  G^.r-f- 4.r2), 

4.  1,000 -27a-K  Ans.   (10  -  Srt^*^)  (100  +  SOa^*^  +  9«^^2), 

5.  1  +  729w''«'5.  Ans.  (1  +  ^tv^n^)  (1  -  %mhi''  +81ot««"'), 

6.  512^3  _64(J3,  Ans.  (^a  -  \b)  {U.a'^ +Z2ab -v\W\ 


CASE    V. 

468.  Sometimes  expressions  may  be  resolved  into  two 
or  more  factors  by  the  application  of  more  than  one  of  the 
given  rules.  The  student  should  make  himself  so  familiar 
with  the  first  four  cases  that  he  will  be  able  to  determine 
readily  when  any  of  them  may  be  applied. 
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What  Case  I  is  to  be  used  in  connection  with  other  cases,  it 
should  be  applied  first. 

Example. — Factor  ^mx'^y'^  —  \2tny''. 

Solution. — By  Case  I,  Zrnx'^y^  —  \2my''  —  ?tmy\x''^  —  4)^).  Factoring 
the  e.xpression  in  the  parenthesis  by  Case  III,  x**  —  4^*  =  (.r  +  2;/') 
(,r  -  2;'-).     Hence,  Zmx'^y^  -  12/;y/'  =  ^7ny^  {x  +  2_)'-')  {x  -  'iy"-).     Ans. 

Example.— Factor  SO^^^^  _  ^(^ax"^  +  S^r^. 

Solution.— By  Case  I,  SOa'^tr'^  -  40a.r'' +  Sjr' =  S^r^ClG^^  _  8«  +  1). 
Factoring  the  expression  in  the  parenthesis  by  Case  II,  l(jrt'  — 8«  +  1  = 
(4rt  -  Vf.     Hence,  80a«;r2  -  40«;ir2  +  ^x^  =  ^x\^a  -  \f.     Ans. 

Example. — Factor  2w;z  +  1  —  vt^  —  ti^. 

Solution. — Arrange  the  expression  as  follows:  1  — /«' +  2;««  —  «' 
=  1  —  (;«'^  —  2;««  4-  «*)•  (Art.  408.)  By  Case  II,  this  equals  1  —  {m  — 
lif.  By  Case  III,  this  equals  [1  +  (in  —  n)]  [1  —  {m  —  n)]  =  (1  +  m  —n) 
(1  —  m  +  ;/).     Ans. 

Example. — Factor  a^  —  l>^. 

Solution.— By  Case  III,  a«  -  /;"  =  {a^  +  M)  (a^  —  b^).  By  Case  IV,  a^ 
+  l>^  =  {a  +  b)  {a^  -ab  +  b%  and  a^-b'^  =  {a-  b)  {a^  +  ab  +  b').  Hence, 
a»-b^  =  (a  +  b)  (a  -  b)  (a^  -  ab  +  b^)  (a^  +  ab  +  b'-).     Ans. 

Example. — Factor  4a^  +  x^  —  £•-  +  2cd  +  4ax'^  —  d'\ 

Solution. — This  may  be  arranged  as  follows:  4a'^  +  4:ax^  +  x'^  —  c^ 
+  2cd  -  ^2  =  4n;2  +  4ax'  +  x*  -  (r^  -  2cd  +  d^). 

By  Case  II,  this  equals  {2a  +  x''f  —  (c  — df.     Hence,  by  Case  III, 

4«*  +  jf*  -  c'^  +  2cd  +  4«.r2  —  d'^  t=  i^a -\- x"^  ^- c  —  d)  {2a  +  x'^  -  c  +  d). 

[Ans. 
Example. — Factor  ac  —  be  +  ad  —  bd. 

Solution. — We  observe  that,  if  the  first  two  and  last  two  terms  be 
factored  by  Case  I,  they  will  each  show  the  same  binomial  factor,  a  —  b. 
Thus,  ac  —  be  +  ad  —  bd  =  {ac  —  be)  +  {ad  —  bd)  =  e  {a  —  b)  +  d  {a  —  b). 
Applying  Case  I,  again,  we  have  (dividing  by  a  —  b)  the  factors  {a  —  b) 
and  {e  +  d).     Ans. 

Example. — Factor  x'^  +  ax  —  bx  —  ab. 

Solution. — This  example  is  like  the  last.  Hence,  x'^  +  ax  —  bx  —  ab 
=  (jr'  +  ax)  —  {bx  +  ab)  —  x  {x  +  a)  —  b  {x  +  a)  =  {x  +  a){x  —  b).     Ans. 

469.  When  factoring  polynomials  which  come  under 
Case  V,  first  ascertain  whether  there  is  a  monomial  factor 
in  the  expression.  If  there  is  one,  divide  it  out  and  reserve 
it.  If  the  remaining  terms  cannot  apparently  be  factored 
by  Cases  II,  III,  and  IV,  endeavor  to  so  arrange  the  various 
terms  that  they  may  be  factored  by  the  application  of  some  of 
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the  preceding  rules.  No  fixed  rules  can  be  given  which  will 
cover  all  of  the  different  expressions  which  fall  under  Case 
V,  and  the  results  depend  entirely  upon  the  ingenuity  of 
the  student,  who  must  have  considerable  practice  before  he 
can  factor  polynomials  successfully.  It  is  important,  how- 
ever, that  he  should  have  some  knowledge  of  the  process. 
The  explanations  to  the  following  examples  are  more  full 
than  those  given  above,  and  will  probably  afford  some 
assistance  to  understanding  the  solutions  given  under 
Case  V: 

Example. — Factor  ax^  —  a_y^  +  b'^x^  —  b'^y^. 

Solution. — It  is  readily  seen  that  «:  is  a  factor  of  the  first  two  terms, 
and  <^-  a  factor  of  the  last  two.  Enclosing  the  first  two  and  last  two 
terms  in  parentheses,  the  polynomial  becomes(ajir^  —  ay^)  +  {b'^x^—b^'-y^), 
which,  of  course,  equals  a{x^  —  y^) -^  b\x'^  —  y\  It  is  now  seen  that 
both  terms  of  this  binomial  have  the  common  factor  (.r  "^  —/'')•  Dividing 
it  out,  the  quotient  is  «  +  b"^.  Hence,  the  required  factors  are  {a  +  //-) 
and  {x^  —  y^).  But  since  a- ^  and  ji*  are  perfect  squares,  the  quantity 
jjr"  —  y^  may  be  factored  by  Case  III.  Thus,  x^  —y^  =  (.r^  +  J^)  (-f '^  —}'^)- 
Both  of  the  factors  last  obtained  may  be  factored  by  Case  IV.  Thus, 
x^  +  y^  =  {x'^  —  xy  +y'^)  {x  +  y)  and  x^  —  y^  =  {x^  +  xy  +  y'^)  {x  —  y). 
Therefore,  since  it  is  impossible  to  factor  any  further,  ax^  —  ay^  +  b'^x^ 
—bY  =  {^  +  ^'^)  (-i'-' — -V  + 1')  i^' ' + ^y  +/•)  (-^  +  /)  ('^  —  y)-     Ans. 

Example. — Factor  4  —  9;«'^  —  «'^  +  Qtnn. 

Solution. — Apparently,  none  of  the  rules  will  apply  here  ;  hence,  the 
chief  dependence  must  be  placed  upon  the  proper  arrangement  of  the 
terms.  Noticing  that  the  terms  9w^  and  ;/-  are  both  perfect  squares  and 
have  like  signs,  and  that  the  term  6;««  is  twice  the  product  of  the  square 
roots  of  ^iti^  and  n^,  the  last  three  terms  are  enclosed  in  parenthesis,  and 
the  expression  becomes  4  —  (9w^  +  ;/'^  —  6;««).  The  second  term  of  this 
binomial  is  a  perfect  square,  according  to  Art.  456,  and  the  binomial 
may  be  written  4  —  (B/«  —  nf,  since  (3;«  —  n)-  =  9;«^  —  6/««  +  w'^.  The 
binomial  4  —  (3ot  —  ;/)-  may  now  be  factored  by  Case  III,  since  both 
terms  are  perfect  squares.  Therefore,  4  —  (3m  —  tif  = 
[2  +  (3;;z  -  it)]  [2  -  (3/;z  -  ;z)]  =  (2  +  3;«  -  n)  (2  —  3m  +  n).     Ans. 

If  the  student  will  carefully  study  Art.  470,  in  connec- 
tion with  Arts.  446 — 471,  he  should  experience  no  great 
difficulty  in  factoring.  Until  he  has  become  accustomed  to 
factoring,  the  student  should  prove  his  work  by  multiplying 
the  factors  together,  and  comparing  the  result  with  the 
original  expression 
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EXAMPLES  FOR   PRACTICE. 

470.      Factor  the  following  expressions  : 

1.  .i-4_,rt.     Apply  Case  III,  twice.        Ans.  (^* +/*)  (jr+7)  (j^  — /). 

2.  3adx^ +  3ayd +  6axjyd.     Apply  Cases  I  and  II.    Ans.  Sai>  {x  +  _yf. 

3.  a*d'^  -  al)\  Apply  Cases  I  and  IV.       Ans.  ab\a  -  b)  {a'^  +  a!>  +d''). 

4.  2l>c  -b^-c^  -<-  4.  Ans.  {2  +  d  -  c)  {2-d  +  c). 

5.  16;«-^  —  25rt'^  +  4«2  +  I6w«.  Ans.  (4»?  +  2«  +  S^T^)  (4;«  +  2«  -  5^2)_ 

6.  j'^  —  ay+dy—  ad.  Ans.  (7  -  a)  (y  +  ^). 

7.  c'' —  l+4:x—4x'^  —  2cd'^  +  d-^.      Apply   Cases   II   and    III,    after 
arranging  the  terms  as  follows  :  {c^  —  2^(^*  +d'^)  —  (4^*  — 4,r  +  1). 

Ans.  {c  -  d^  +2x  -  1)  (r  -  d'  -  2x  +  1). 

8.  a*  —  x'  —  1  +  2x.     Apply  Cases  II  and  III. 

Ans.  (^z  +  1  —  -r)  («  —  1  +  .r). 

9.  4^3  — 16a<53  +  16a2<^3.     Apply  Cases  I  and  II.       Ans.  W  (1  -  2af. 
10.     ^8  _  ;^^8,  Ans.  (jr-*  +  w»)  (^'•^  +  m-)  {x  +  ;«)  {x  —  in). 


CASE    VI. 

471.  Expressions  of  the  form  a''  ±  b"  frequently  occur, 
in  which  n  is  an  integer  (whole  number).  The  sign  ±  is 
read  plus  or  minus,  and  means  that  either  sign  may  be  used. 
One  of  the  factors  zvill  be  a  +  b,  zvhen  n  is  an  even  number 
{2,  4,  6,  etc.),  and  the  connecting  sign  is  —,  or  when  n  is  an 
odd  number  {3,  5,  7,  etc.,)  and  the  connecting  sign  is  +. 
When  the  connecting  sign  is  —,  a  —  b  is  always  a  factor. 
«"  +  b^  cannot  be  factored  when  n  is  an  even  number,  unless 
n  has  a  value,  a/",  /  being  any  number  greater  than  1. 

Thus,  x^  —y  may  be  divided  by  x  -\-y,  and  also  hy  x—y; 
X*  -\-y*  cannot  be  factored;  x^  +  J*  may  be  divided  by  x-[-y; 
x^  —  y^  may  be  divided  by  x  —  y.  ^'+j"  can  be  factored, 
since  it  equals  x'"^  *  -{- y^  ^  ^ ;  it  is  divisible  by  x^  +  j'. 


LEAST  COMMON  MULTIPLE. 

472.  The  least  common  multiple  (L,  C.  M.)  of  two 

or  more  quantities  is  the  least  quantity  that  may  be  divided 
by  each  without  a  remainder.  When  the  quantities  have  no 
common  factor,  the  L.  C.  M.  will  be  their  product;  but  when 
they  have  a  common  factor,  a  quantity  less  than  their  prod- 
uct may  be  found  that  each  will  exactly  divide. 

473.  To    obtain    the    L.   C.    M.  of  two   or    more 
quantities: 
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Rule. — Find  all  the  factors  of  each  quantity.  Select  the 
smallest  number  of  these  necessary  to  form  a  product  that 
each  quantity  will  divide  without  a  remainder.  The  product 
of  the  factors  selected  will  be  the  L.  C.  M. 

Example. — Find  the  L.  C.  M.  of  x'^  +  2.r>'  +_>'',  -r'  — 7^  and  x— y. 
Solution. — Factoring  each  quantity, 

x''  +  %xy+y''  =  {x  +  y-){x+y).  (1) 

x'^-f  =(.r+j)(.r-j).  (2) 

X   -y  =  x-y.  (3) 

To  be  divisible  by  (1),  the  L.  C.  M.  must  evidently  contain  the  fac- 
tors (.r  +y)  (.r  +  y) ;  hence,  we  select  these  for  two  factors.  To  be  divisi- 
ble by  (2),  it  must  contain  the  factors  (-f  +  _y)  (.r  —  _>') ;  but,  as  a  factor 
X  -\-  y  was  taken  before,  it  is  necessary  to  select  only  the  x  —  y.  To  be 
divisible  by  (3),  the  L.  C.  M.  must  contain  x  —  y\  but  as  a  factor  x  —  y 
has  already  been  taken,  this  is  not  to  be  selected.  Now,  expressing  the 
product  of  the  factors  selected,  we  have  as  the  L.  C.  M.  (.r  + /)  (.r  +  j) 
(-1-— j)  =  (.r +j')'- (.r  — j),  which  is  the  least  quantity  that  each  of  the 
other  quantities  will  exactly  divide.     Ans. 

Example.— Find  the  L.  C.  M.  of  36«(5-,  Yla'-b"-,  and  mabc. 

Solution. — Factoring, 

mat"-   =3x3x2x2x«X^X^.  (1) 

12«2^'2  =  3x2x2Xrt:X«X<^X^.  (2) 

h^abc  =  5  X  5  X  2  X  rt  X  (^  X  '^^  (3) 

To  be  divisible  by  (1),  the  L.  C.  M.  must  contain  all  the  factors  of 

(1);  hence,  we  select  these.     To  be  divisible  by  (2),  it  must  contain,  in 

addition  to  those  already  selected,  the  factor  a,  which  we  select.     To 

be  divisible  by  (3),  it  must  contain,  in  addition  to  the  factors  taken,  the 

factors  5,  5,  and  c,  which  we  select.    The  product  of  the  factors  selected 

is3x3x2x2Xrt:X<5X^XrtX5x5X^  =  900a-<^V,  the  L.  C.  M. 

[Ans. 

474.     The  following  method  of  finding  the  L.  C.  M.  of 

several  quantities  is,  perhaps,  easier  to  understand  and  apply 
than  that  given  in  the  above.  It  will  be  explained  by  means 
of  examples: 

Example.— Find 'the  L.  C.  M.  of  (x^  —  1),  (jt^  —  1),  and  {x+\). 

Solution. — Factor  each  quantity  as  follows: 

.r3-l  =  (x2  +x+l)(.r-l);  .r^  -  1  =  (.r  +  l)(.r- 1),  and  x+\  = 
.r+  1.  Arrange  these  in  a  row,  separating  the  different  quantities  by 
commas,  thus, 


x-\ 
x+1 


(.r2+  ;r  +  l)(jr-  l),{x+l)(^x-l),x  +  1 


x^  +  x+1,  x+1  x+1 

x^  +  x+1,  1.  1 
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Now,  select  some  factor  and  divide  each  quantity  by  it,  if  possible; 
if  any  quantity  cannot  be  thus  divided,  bring  it  down.  Selecting 
x—1  and  dividing  each  quantity  by  it,  the  result  is  x^  +  x+l,  x+1 
and  x+l.  Dividing  the  remaining  quantities  by  another  factor,  as 
x+1,  the  result  is  x^  +  x  +  1.  Multiplying  this  last  remainder  and 
the  two  preceding  divisors  together,  the  result  is  {x'^  +  x+1)(x+ 1) 
(.r-1),  the  L.  C.  M.     Ans. 

Applying  the  above  method  to  the  first  example  in  Art. 

473, 

^+7  l(-y+.y)(-y+J^)>(-y+j)(-r-7).-y-7 
.r  — 7      x  +  j,  x—y,   x—y 

x  +  y,  1,  1 

Hence,  the  L.  C.  M.  is  (x+y) (x—y) {x+y).     Ans. 

Applying  this  method  to  the  second  example  in  Art. 
473, 


2ad 

3 
a 


3G«/^2^     12«V;2,     50fl(5f 


\%b,  Q>ab,        25r 


3,  a,  25^ 


1,  a,  2~iC 


1,  1,  25r 

Hence,  the  L.  C.  M.  =  2a^  X  6(^  X  3  X  «  X  25<:  —  QOOrt'^V.     Ans. 

475.     The  L.  C.  M.  may  often  be  found  by  inspection. 

Example. — Find  the  L.  C.  M.  of  x^  —  y^  and  x  —  y. 

Solution. — The  least  quantity  that  x^—y'^  will  exactly  divide  is 
x^  —  y^.  As  x—y  will  also  divide  this  without  a  remainder,  x^  —  y^  is 
evidently  the  L.  C.  M. 


EXAMPLES   FOR   PRACTICE. 

476.      Find  the  L.  C.  M.  of  the  following: 

1.  ^aH\  \%a-'f>\  and  ISrtV;.  Ans.  ^(Sa^lA. 

2.  2x  +  1  and  2(4.r-^  -  1).  Ans.  2(4^-^  -  1). 

3.  a^  —  b^  and  a^  -  b\  Ans.  {a  +  b)  (a^  —  b^). 

4.  2^-1,  4^2-1,  and  4^5  +  1.  Ans.  16a^-l. 

5.  2a^  +  2ab,  'dab  -  3b\  and  4<7V  -  4b^c.  Ans.  12abc{a-'  -  b''). 
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FRACTIONS. 

477.  A  fraction,  in  Algebra,  is  considered  as  an  expres- 
sion indicating  division.  The  sign  -h-  is  seldom  used,  it  being 
more  convenient  to  write  the  dividend,  or  quantity  to  be 
divided,  above  a  horizontal  line,  with  the  divisor  below  it,  in 
the  form  of  a  fraction. 

478.  Thus,  the  fraction  ,  means  that  a-\-  b  istohe 

c  —  a 

divided  hy  c  —  d,  and  is  the  same  as  (a  +  b)  -^  {c  —  d).  It 
is  read  ^' a  -\-  b  divided  hy  c  —  d,"  or  "«  +  /;  over c  —  d."  All 
fractions  are  read  in  this  way  in  Algebra,  except  simple 
numerical  fractions,  as  ^,  ||,  etc.,  which  are  read  as  in 
arithmetic. 

479.  The  dividend,  or  quantity  above  the  line,  is  called 
the  numerator,  and  the  divisor,  or  quantity  beloAv  the 
line,  the  denominator.  The  numerator  and  denominator 
are  called  the  terms  of  a  fraction. 

480.  Any  whole  number  or  quantity  may  be  taken  as 

a  fraction  with  a  denominator  of  1,  and  in  this  treatment 

of  fractions  it  will  be  considered  as  such.     Thus,  24  is  the 

24 
same  as  — ,  since  24  -^  1  =  24.     The  student  should  observe 

the  difference  between  this  and  the  definition  of  a  reciprocal 
which  follows. 

481.  A  reciprocal  of  a  quantity  is  1  divided  by  that 
quantity  ;  that  is,  a  reciprocal  is  a  fraction  having  the 
number  1  for  its  numerator.     The  reciprocal  of  5  is  1  -^  5 

=  I ;  the  reciprocal  of  x'  +  ^  is     .,     — .     The  reciprocal  of 

a  number  may  be  found  by  dividing  1  by  that  number; 
or  a  number  may  be  found  from  its  reciprocal  by  dividing  1 
by  the  reciprocal.  For  example,  the  reciprocal  of  250  = 
1  -^  250  =  .004  ;    the    number   whose    reciprocal   is    .004   is 

1-^.004  =  -^  =  250. 
.004 
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482.  The  signs  of  a  fraction  are  three  in  number; 
namely,  the  sign  before  the  dividing  line,  which  indicates 
whether  the  fraction  is  to  be  added  or  subtracted  (if  this 
sign  is  +,  it  is  always  omitted  when  the  fraction  stands  alone), 
and  the  signs  of  the  numerator  and  denominator.  Any  two 
signs  of  a  fraction  may  be  cJianged  without  altering  its  value ^ 
but  if  any  one,  or  all  three  be  changed,  the  value  of  the  frac- 
tion will  be  changed  from  -\-  to  —  or  from  —  to  -\-.  These 
principles  can  be  shown  to  follow  from  Art.  436.  If  the 
numerator  or  denominator  is  a  polynomial,  its  sign  belongs 
to  the  entire  numerator  or  denominator ;  and  when  changing 
signs,  care  must  be  taken  to  change  the  sign  before  each  term 
in  the  numerator  or  denominator.  Thus,  with  the  signs 
before  the  dividing  line  and  numerator  changed, 

a  —  b       —  a  -\-  b        ^  —  a  —  b 

c  —  d        c  —  d  c  —  d 

^,  a  —  b  —  a-\-b     ,   —  a-\-b         ,       a  —  b 

That -,  — r!— 7,  -\ -J-  or  -\ — -.  can 

c  —  d  —  c  -{-  d  c  —  d  —  c  -\-  d 

be  readily  shown.      It  is  evident,  from  the  laws  of  fractions, 

that,  if  both  numerator  and  denominator  be  multiplied  by 

the  same   quantity,    the   value  of  the  fraction  will   not   be 

changed.      Multiplying  both  terms  of  the  fraction  — , 

—  (a  —  b)  —  a  4-  b        .       .  , 

by    -  1,    we    get    -  _|^_^j  -  -  3^^^.      Agam,    mul- 

tiplying  and  dividing  a  quantity  by  another  quantity  does 

4 

not  alter  the  value  of  the  quantity.      For  mstance,  2  =  2  X^. 

Now,  the  sign  before  the  dividing  line  of  a  fraction  applies 

to  the  whole  fraction.      Hence, >  =  —  1 >).      Mul- 

c  —  d  \c  —  dj 

tiplying  this  last  expression  by  —  1,  it  becomes  +  1 -A  = 

-y.     To  divide  a  fraction  by  any  quantity,  we  may  divide 

the  numerator  or  multiply  the  denominator.      Dividing  the 
numerator  of  the  last  expression  by   —  1,   the  fraction  be- 

—  ia  —  b)       —  a -\r- b  ,.•   ,    •        .u     j  •     ^ 

comes    — ^ -~-  = -J-  ;  multiplymg  the  denommator, 
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it  becomes  -. rr  = ; — i-     Therefore, ^— ,  = 

—  {c  —  a)       —  c  -{-  a  '         c  —  d 

—  a^b_—  a-\-b_     a  —  b 

—  c  -{-  d~     c  —  d    ~  —  c  -\-  d' 

If  the   above  demonstration   is  not  satisfactory,    let  the 
student  substitute  numerical  values  for  a,  b,  c,  and  d. 


REDUCTION   OF   FRACTIONS. 

483.  To  reduce  a  fraction  is  to  change  its  form  without 

10 1'  %0v 

changing   its   value.     Thus,    -— —   and   ——   have    different 

forms,  but  like  values,  since  lOx  -^  5  and  20^  -¥•  10  are  each 
equal  to  %x. 

In  reducing  fractions  we  have  the  general  rule  that  the 
numerator  and  denominator  may  both  be  multiplied,  or  both 
divided,  by  the  same  quantity  without  changing  the  value  of 
the  fraction. 

484.  To  reduce  a  fraction  to  its  simplest  form : 
Rule. — Resolve  the  numerator  and  denominator  into  their 

factors  and  cancel  those  that  are  common  to  both. 

This  is  in  effect  the  same  as  dividing  both  numerator  and 
denominator  by  the  same  quantity,  and  does  not  change  the 
value  of  the  fraction. 

485.  In  reducing,  or  performing  other  operations  upon 
fractions,  the  student  must  learn  to  use  polynomial  factors.^ 
zvherever  they  occur,  as  though  they  were  one  qtiantity — like 
monomial  factors.  This  is  illustrated  in  the  following 
examples,  where  there  are  polynomial  factors  in  both  numer- 
ator and  denominator  that  can  be  canceled.  (See  Art. 
391.) 

Example. — Reduce  -i        i        to  its  simplest  form. 

Solution. — Factoring  both  numerator  and  denominator, 
x"^  4-  2jtrj  +  y  _  (-r  +  j)  {x  +  y) 
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Canceling  the  common  factor  x  +  _y  from  both,  gives,  as  the  result. 

Example. — Reduce  _    .  , ^^-^  ,  to  its  simplest  form. 

V)X^y^  —  12xy' 

Solution.—     „   „  , — .,„     .  =  5 — 57 k^<  when  factored. 

Gx^y'  —  12xy^       Gxy^{x  —  2y) 

Canceling  the  common  factors,  we  have,  as  the  result, 


486.  Sometimes  the  whole  numerator  is  contained  in 
the  denominator,  or  the  denominator  in  the  numerator. 
The  numerator  or  denominator  will  then  reduce  to  the 
number  1. 

Example. — Reduce  ^^ — -^j—^  to  its  simplest  form. 

Solution. —    jrrt — ^-r-.,  =  -77777 — tth::  —  ot-    Ans. 

x*  —  1 

Example. — Reduce  -^ — 7  to  its  simplest  form. 

jr*  —  1 

j^  -  1       (.1-3  -H  1)  {^ 1)      x^->r\         „       ,        , 

Solution.—    — — r  =  ^ ,^  V. '  =  — z —  =  j:*  +  1.    iVns. 

;ir*—  1  ^*2--=-t-  1 

(Art.  480.) 


487.     From  the  last  example  it  will  be  seen  that  division 

x"  —  I 
may  sometimes  be  performed  by  cancelation.      Thus,  —5 

means  {x"  —  1)  -^  {x''  —  1),  and  the  divisor  x^  —  I  canceled 
from  the  dividend  x^  —  1  gives  the  quotient  x'  +1.  A 
factor  must  be  common  to  each  term  of  the  numerator  and 
to  each  term  of  the  denominator  in  order  to  be  canceled. 

Thus,  the  factor  x  cannot  be  canceled  from --^^ — ,  because 

it  is  not  common  to  both  terms  of  the  denominator. 
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EXAMPLES  FOR   PRACTICE. 

488.      Reduce  the  following  to  their  simplest  form: 

in^  —  n^  .         m  —  n 

Ans. 


Za  +  U  A  3 

Ans. 


3. 
4. 
5. 


a*-b^'  a-b' 

12a^x^ 


Lns.   ; 

v^'+yK 

Ans. 

?>abH 
4    • 

Ans. 

1 

md^x^'  '    3ax^ 


6.     -; 3 T.  Ans. 


«'^  — 4«  +  4*  "   «  — 2* 


489.  When  fractions  are  to  be  added  or  subtracted,  It 
is  necessary  to  so  reduce  them  that  all  the  denominators  will 
be  alike.  This  is  called  reducing  them  to'  a  common 
denominator.  The  common  denominator  may  be  any 
multiple  of  the  given  denominators,  but  it  is  always  better 
that  it  should  be  the  least  common  multiple,  also  called  the 
least  common  denominator. 

490.  To  reduce  fractions  to  a  common  denominator: 
Rule. — Fi)id  the  L.    C.    M.   of  the  given  denominators. 

Divide  this  by  each  denominator.  Multiply  the  correspond- 
ing numerators  by  each  quotient  for  the  new  numerators,  and 
write  the  results  over  the  common  denominators. 

This  is  in  effect  the  same  as  multiplying  both  numerator 
and  denominator  by  the  same  quantity,  which,  by  Art. 
483,  does  not  change  the  value  of  the  fraction.  Before 
applying  the  rule,  all  fractions  should  be  reduced  to  their 
simplest  form. 

14  3 

Example. — Reduce j' tt^t,    and    -yz rr^-    to    a    common 

\  —  0     (1  —  oy  (1  —  by 

denominator. 

Solution.  —The  L.  C.  M.  of  the  denominators  is  (1  —  by,  since  this 
is  the  least  quantity  that  each  denominator  will  divide  without  a 
remainder.  Dividing  this  by  1  —  b,  the  first  denominator  (use  the 
method  of  Art.  487),  the  quotient  is  (1  —  bf;  dividing  it  by  (1  —  by, 
the  second  denominator,   the  quotient  is  {1  —  b)  ;   dividing  it  by  th^ 

M.  E.    l.—ii 
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third  denominator,  the  quotient  is  1.  Multiplying  the  corresponding 
numerators  by  these  quotients,  we  obtain  as  the  new  numerators, 
1  X  (1  -  <^)'  =  (1  -  bf,  4  X  (1  -  ^)  =  4(1  -  ^)  and  3x1  =  3.     Hence   the 

reduced  fractions  are  -;:; t-t,   ■-. ttt  and  ,^  '   ■^„.    Ans. 

(1  —  dy      (1  —  of  (1  —  df 


EXAMPLES  FOR   PRACTICE. 

491.      Reduce  the  following  to  a  common  denominator: 

3/3-     4:X2  5xy  18v^s'^     IG.r^^'       ,  l^xy* 

^-     10  '   T5    """"^    30  •  ^"^--go"'    "W  ^""^  "30- 

2  3,4  A  3  3^?^^        J  Aax^ 

and  — ^.  Ans.  —^ — ;,       „    .  and 


a^.r*'    a.r^          rt*.r  rt^.r^'     a^x^           Wx" 

m  +  n       ,  VI  —  11  .        m^  +  2mn  +  n'^       ,  m^  —  2mn  +  n^ 

4.     and .  Ans. r and ; . 

m  —  n          m  +  n  m'  —  jr                      ;«"■'  —  «'■* 

^       2  3  J    2.r-l 

and 


.y'   2x—\  Ax'-\ 


2(4.r«  -  1)      3.r(2x  +  1)        ,      ■r(2.r-l) 
^"^-   x{4.x-'  -  1)'     jr(4^'^  -  1)  ^(4.r-^  -  I)* 


ADDITION    AND  SUBTRACTION  OF  FRACTIONS. 

492.     To  add  or  subtract  fractions: 

Rule. — Reduce  them^  if  necessary,  to  a  common  denomina- 
tor. Add  or  subtract  the  numerators,  and  write  the  result 
over  the  common  denominator. 

■^  ^.1,  .2a  —  b        ,    a  +  b 

Example. — Find  the  sum  of  — = —  and  — -. — . 


Solution. = —  and  — -. —  reduced  to  a  common  denominator 

5  4 

4(2a-^)  ,   ^a  +  b)        ^.  ^  ,    Sa  -  Al>         .     5^  +  5(5 

become  g„ — -   and        ^ — ,    which  equal  — -^^ —   and    — ^ — . 

Adding  the  numerators,  we  have  Sa  —  4ib  +  ^a  +  5<^  =  13^  +  b.      The 

result  written  over  the  common  denominator  gives,  as  the  sum,  — ^^r — . 

The  work  is  written  as  follows: 

2a  —  b  _    a  +  b       8«  —  4<5       5a  +  5/^ 


5               4                20  20 

8a  —  4(5  +  5a  +  5/5  _  13a  -\- b       . 
"  30 20~-     ^"^ 
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63-2.        4a -1 
Example. — Subtract  — :t-, — ■  from  — ^ — . 

60  la 

4a -1         6^-2          12ad-U         \2ab-4a 
Solution. ^^ ^^  =   —^^ 6^^^.    when 

reduced  to  a  common  denominator.     Subtracting  the  second  numera- 
tor from  the  first,  and  writing  the  result  over  the  common  denomi- 

\2ab  -  U        12ab  -  4a        {\2ad  -  3^)  -  i\2ab  -  4a)  _ 
nator.  we  have  —^^ ^^y-  =  g^^  - 

12ad  -  ^d  -  12a3  +  4a  ^  ^.^j^  ^^^  parentheses  removed.  Combining 
Qad 

,      4a -3/;  . 

like  terms  in  the  numerator  gives,  as  the  result,  — ^-r — •  Ans. 

493.  If,  as  in  the  last  example,  the  numerator  of  the 
fraction  to  be  subtracted  has  more  than  one  term,  care  must 
be  taken  to  change  the  sign  of  every  term  before  combining. 
It  will  usually  be  convenient  to  inclose  the  whole  numerator 
in  a  parenthesis  before  combining.  The  parenthesis  may 
then  be  removed  by  the  rules  of  Arts.  405  and  406. 

.,  .      .1-3  .r'^  X  1 

Example. — Simplify r — r- r-H — ;-. 

^     ■'  x—1        .r+1        X  —  1       x+ 1 

Solution. — Reducing  to  the  common  denominator,  x'^  —  1, 

x^  x^  X  1      _  -r-*  +  x^  _  x^  —  X-  _  -r"  +  x      x  —  1 

T^n.  ~  7T~i  ~  ^^^^1  ^  ^i^n  ~  X-'  - 1      .r-  - 1     X'  - 1    X-'-  r 

Adding  or  subtracting  the  numerators  as  required,  we  have 
{x*  +  .r»)  -  jx^  -  x-^)  -  (x-^  +  x)  +{x  -  1) 

which,  with  the  parentheses  removed,  = 

X*  +  X^  —  X^  +  X^  —  X^  —  X  +  X  —  1 

x-^-1 
Combining  like  terms  we  have,  as  the  result, 
x*-l 


x^-1 

1 

Example. — Simplify  - 


x^  +1.     Ans. 


(^-2)-^       2-x 

Solution.— If  the  denominator  of  the  second  fraction  were  written 
x  —  2  instead  of  2  —  jr,  (jr  —  2)^  would  be  the  common  denominator. 
By  Art.  482,  the  signs  of  the  denominator  and  the  sign  before  the 

fraction -j^ may  be  changed,  giving ^^— —  = ^^-     (Art. 

ti  —  X  '«■  "T"  X  X        »J 

373.)     Hence,  we  have  ^^^  +  -^  =  j^^  -  ^.  which, 

when  reduced  to  a  common  denominator,  = 

1  x-2         \-{x-2)       \-x+2_     ■&-X 


(^-2f        {x-2y  (^-2)'^  (-^-2)*         {^-W 


Ans. 
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EXAMPLES   FOR   PRACTICE. 

494.      Simplify  the  following  ; 

^       X       X       X  .  Alx 

1.     -3+  4  +-5-  A"^--60- 

4x-d      lx+1      3x                                                            139^-8 
3.     — g—  +  —3—  +  -3-.  Ans.  ^ . 

x  +  y  —  1 


Ans. 


x  —  y        x^—y^'  '     x'^—y^ 

a^  +  l>''       (a  +  iy         .  2(a^  +  ^•)  -  {a^  +  2^?<^  +  l>-')  _  (a  -  b)* 

4.     -^—             4       .      Ans,  J                        _        ^       , 

after  removing  parentheses  and  combining. 

^          a^               a               a  .         a^  +  2a 

"•      — n ^ — H  ^ 5~-  Ans.    — :; T— • 

rt''   —   1            a  —  1                «+  1  rt!^  —  1 

4;«'^  +  1        Z/n  —  \        1  —  12«  .         «  4-  w' 

^^^^^              12^^^  ^      12«     •  •    12w3«' 


7. 


(.r  +  _y)'^       .r''*  —  y''        ^  +  / 

^j^g     j(-y-j)+.y(-y+j)-(^'-y-')   ^        2;ty-.r'+J^^ 

(•^+y)*(-^~"/)  x'^  -\-  x'^y  —  xy'^  —  y^' 

n  X  X  ZX  .  ^ 

8.     — —T-  +  -^ 1-  —5 — 7-  Ans. 


x-\-\        \-x^  x'^-X  "•  ;f2_l- 


MULTIPLICATION    OF    FRACTIONS. 

495.  Multiplication,  in  fractions,  is  the  process  of 
finding  a  fractional  part  of  a  fraction.  Thus,  f  X  ^  means  \ 
of  f.  One-half  of  f  inch,  for  example,  is  f  inch;  f  of  f  inch 
is  \  or  Y^g  inch.  The  result  in  each  case  is  the  same  as  that 
which  would  be  obtained  by  finding  the  product  of  the 
numerators,  and  writing  it  over  the  product  of  the  denomi- 
nators. 

496.  Hence,  to  multiply  fractions: 

Rule. — Multiply  the  numerators  together  for  the  numer- 
ator of  the  product,  and  the  denominators  together  for  the 
denominator  of  the  product. 

497.  Two  or  more  fractions  may  be  multiplied  together. 
Common  factors  in  the  numerators  and  denominators  should 
be  canceled  before  performing  the  multiplication,  and  th^ 
product  should  be  reduced  to  its  simplest  form. 
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„  „.    ,    ,  ,  ^6a-      lab        ^  2ac 

Example. — Find  the  product  of  — =- ,  —5 —  and  -j-p- 

Solution. — The  product   of  the   numerators  is    Qo^  y.2aby:,'iac  = 

2Aa*l>c,  and  of  the  denominators,  5  X  3(r  X  <^-  =  15<5V.     Writing  '2Aa*i)c 

24:a*bc      8a* 
over  15b-c,  we  have,  for  the  product,    ,_,,    =-^t-  when  reduced  to  its 

*  loa-c       00 

lowest  terms.     The  work  is  written  as  follows: 

^^'^X^X^-—     Ans. 
b 

Example. — Find  the  product  of  Sm^n*  and  -. . 

^  x  +  4;«« 

Solution. — By  Art  480,  Sm^n*  =  — - — .  The-product  of  the  num- 
erators is  Smhi*  X  11-r-  =  3Sm^n*x^,  and  of  the  denominators,  1  X 
{X  +  4jnn)  =  -r  +  4:mn.     Hence, 

Sm^n*  X -, —  =  -^ A = 1 .     Ans. 

498.  When  the  numerators  or  denominators  consist  of 
more  than  one  term  they  should  be  factored,  if  possible,  to 
aid  in  canceling  the  common  factors  of  the  result. 

Example. — Find  the  product  of r-r-    jr.  and  -^ — . 

Solution. — Factoring  the  numerators  and  denominators  of  the  frac- 
tions, and  writing  the  factors  of  the  numerators  together  over  the 

x^  +  2v     x'^  —  l       V-  — 4r  +  4 
factors  of  the  denominators,  we  have rrj-  X  —, — ^  X  s —  = 

;r(JM>8)(.t  +  l)(a ir)i,^-^{x-2)  _  xix  +  l)(:r-  2) 

(^ ^{x^\){^ — S)(JM--3-)  FITl         '     '^''• 

499.  To  multiply  expressions  in  which  addition  or  sub- 
traction is  indicated,  first  perform  the  addition  or  subtrac- 
tion. 

1         4  r'  a^ 

Example. — Find  the  product  of  — and  . — . 

*^  a"  a  1  +  2ac 

1        4^«        l-4flV* 


Solution. — Performing  the  subtraction,  — ^ = 


fl*        a  a^ 


1-  2ac 
Multiplying,  — ^^  X  j^^^  =  li^I^  =  l-^ac.    Ans. 
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EXAMPLES  FOW  PRACTICE. 

500.      :Multiply  the  following  : 

1-     ^    ,  o     by  -n— 7 — .  Ans.  ■ . 

fir  *v 

2.  il±Z  by  21  xy.  Ans.  15;ry. 
Find  the  product  of 

3.  Sfi'.     ^41-  and  :^.  Ans.  ^. 

4.  -^; — 7^,     ■; 7j  and  ^— .  Ans.  —. ^ — ^. 

^_^3'      (^+j/)«             X  — 7  c'^ +cd  +  d^ 

^      4y      16        ,         1  .        2>/-4 

5.  -^ and  -r 7-.  Ans.  -^ . 

x       xy           2y  -\-  ^  xy 

a  +  b  .   a  —  b      ^             4  .              1 


6.     —r 1 3 —  and  r-—. -,7—7 75-  -A-QS. 


9a«  +  ^ab  +  ^«'  3a  +  b' 


DIVISION    OF    FRACTIONS. 

501.  Division,  in  fractions,  is  the  process  of  finding 
how  many  times  one  fraction  is  contained  in  another.  For  ex- 
ample, \  inch  is  contained  in  f  inch  3  times;  f  inch  is  con- 
tained in  f  inches  2  times.  The  result  in  each  case  is  the 
same  as  that  which  would  be  obtained  by  multiplying  the 
denominator  of  the  first  fraction  by  the  numerator  of  the 
second  for  the  numerator  of  the  quotient,  and  the  numer- 
ator of  the  first  fraction  by  the  denominator  of  the  second 
for  the  denominator  of  the  quotient. 

502.  Hence,  to  divide  by  a  fraction: 

Rule. — Invert  the  divisor,  and  proceed  as  in  multiplication. 
Example. — Divide  by 


Solution. — The  divisor  inverted 


_  lOxY 


dab''  ' 

Tfrnrr    ^^'^:     ^^^'    _  3a^6       lOx^  _  XX  Vf^J^/^  _2axy 
•  S-r^iy      lOxY  ~  bxy  ^    9ab^    -  TxW^W  ~    3^»  ' 

3  <52 

x+  1 
Example. — Divide  x*  +  2;r  -H  1  by      _  ..  ■ 

x+1      j;'  +  2;r-t-l      Sf 1 

Solution.— By  Art.  480,  {x^  +  2j:  +  1)  ^  j^^  = ^ X  ■— j 
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EXAMPLES   FOR   PRACTICE. 

503.      Divide  the  following: 

1      bv  Ans.  5 . 

24         ^     8  •  3 

2  ^^  -  ^-^"  by  ^^-^-^  Ans.  -. 

3.     1^0^          by  -^^.  Ans.  3^(1-2^). 

4.  6aV^— 6a(5<r^by— 5 — ^^  ,    ...  Ans.  a^  _  ^3. 


MIXED  QUANTITIES  AIVD  COMPLEX  FRACTIONS. 

504.  A  mixed  quantity  is  an  expression  containing 

both  integral  and  fractional  parts,  as  2a' 7 — .  Consider- 
ing the  integral  part  as  a  fraction  with  a  denominator  of  1 
(Art.  480),  a  mixed  quantity  becomes  simply  the  indicated 

addition  or  subtraction  of  two  fractions ;  thus,  'Za —  = 

— ^  "^     .     By  integral  part    is  meant    any    expression 

1  ■* 

which  does  not  contain  fractions  or  negative  exponents. 

505.  Any  fraction  may  be  reduced  to  either  an  entire  or 
mixed  quantity  by  dividing  the  numerator  by  the  denomi- 
nator. It  frequently  happens  that  by  performing  the  indi- 
cated division,  the  fraction  will  be  reduced  to  a  simpler 
form.  The  case  of  reducing  a  fraction  to  an  entire  quantity 
was  taken  up  in  Art.  486- 

_,                     „.       ...    4.r5  +  12.r-l 
Example. — Simplify  — ^ ^3 . 

uX  -\-  o 
Solution. — Performing  the  indicated  division, 

2.jr+  3  )  4x2  +  12.r  -  1  (  2.r  +  3  -  ^^  Ans. 

6.r-l 
6x  +  9 


-10 
When  any  operation,  as  multiplication  or  division,  is  to 
be  performed  with  a  mixed  quantity,  it  is  sometimes  easier 
to  first  reduce  it  to  a  fraction. 
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606.     To  reduce  a  mixed  quantity  to  a  fraction: 

Rule. — Consider  the  integral  part  to-be  a  fraction  with  a 
denominator  of  1,  and  perform  the  indicated  addition  or  sub- 
traction. 

Example. — Reduce  jr^  +  jry  +  y* to  a  fraction. 

■^      -^         X  —  y 

„                  ^           b             x^  +  xy  +  v''            b  , 

Solution. —   x^  +  xy+y =  f^ — ;  sub- 

■^    -^      x—y  1  -^—y 

tracting  the  second  fraction  from  the  first  gives 

(x^  +  xy  +y)  {x-y)  —  b  _  x'^' - y'^  -  b      ^^^ 
x—y  x—y 

Example.— Multiply      ^       ,       ^      by  1  +  ^^  "^  "^^ 

a  +  X        a  —  X  2ax    ' 

Performing  the  additions, 

a  a  2^2  rt'  +  jr'       a^  +  'Zax+x^ 

Solution. 1 =  -r, 5-;  IH ^ = ^ . 

a  -It  X       a  —  X       a'  —  x^  2ax  2ax 

a                    fl  +  JT 
,_  ...  ,   .          ^Sfii''       uC  I  ga,r  |  x''-     a(a  +  x)       . 
Multiplying. ^^^X—;^^ =  -^^'    ^^ 

a  —  X 

EXAMPLES  FOR  PRACTICE. 

507.      Solve  the  following: 

1.  Reduce to  a  mixed  quantity.  Ans.  a^  -\ . 

2.  Simplify ■ -^     ^-^ Ans.  jr  +  2v  —  3  +-^ — -~. 

x  +  2y  -^  X  +  2y 

8.     Reduce  jr  +  3  — r  to  a  fraction.  ,     Ans. 


2.r  +  1  ■  2.r  +  1 

4     From  3a  ^ -p —  subtract  a -^ — . 

Ans.2.  +  ^  =  M^. 

a  d 

r      T-w-   -J                         2«     ,                          2n  .         m-\-  n 

5.     Divide  m  +  n by  m  —  n .  Ans.  . 

m  —  ft                       f/i  +  n  .tn  —  n 


508.  A  complex  fraction  is  one  having  a  fraction  in 
its  numerator,  or  denominator,  or  both.  Since  any  fraction 
is  an  expression  of  division,  a  complex  fraction  may  be 
simplified  by  dividing  the  part  above  the  line  by  the  part 

below  it.      Thus,  the  complex  fraction  |.  =  |-i-f;  inverting 

the  divisor  and  multiplying,  |  x  -f  =  -f-. 
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The  same  result  would  have  been  obtained  if  both  terms 
had  been  multiplied  by  the  least  common  denominator  of 
the  denominators   of  the  fractions   in  the  numerator  and 

5    y   g 

denominator.     Thus,  | =  |. 

The  latter  is  generally  the  simpler  method  to  use. 


509.     Hence,  to  simplify  a  complex  fraction: 

Rule. — Multiply  both  terms  by  the  least  common  denomi- 
nator of  the  denominators  of  the  fractional  parts. 

y    ^ 

Example. — Simplify  -r r. 

Solution. — The  least  common  denominator  of  the  denominators  is 
xy.     Multiplying  each  term  by  this,  we  have 

X  y 

—  X^y  —  —  X^y      jr2  — 1/-2 

Z £ = —  =  x  +  y.     Ans. 

1  1  -i'-7 

—  x^y X  J'7 

y  X 

The  multiplication  can  generally  be  performed  mentally,  without 

writing  the  least  common  denominator,  at   the  same  time  canceling 

common  factors. 

X 

Example. — Simplify  r. 

1  +  - 

X 

Solution. — The  L.  C.  D.  is  x.     Multiplying  each  term  by  this,  we 
have 


x+1 

Example. — Simplify 


^   "*■  ^  =  .r'  -  .r  +  1.     Ans.     (Art.  466.) 


1  + 


2a^ 


1-a 

Solution. — This  is  the  case  of  a  complex  fraction  in  which  the 
denominator  is  itself  a  complex  fraction. 


-a* 


Multiplying  both  terms  by  1  —  a,  we 
a{\  -  a) 

have 

a  +  a){l  —  a}  +  2a^        1  —  a' +  2a'^        1  +  a* 
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1 


The  fraction  thus  becomes 


^       a  —  a' 
1  + 


1  +a' 

Multiplying  both  terms  by  1  +  a'',  the  L.  C.  D.,  we  have 

1  +  ^2  \  +  a^ 


1  +  ^'  +  rt  —  a"       1  +  a 


Ans. 


EXAMPLES    FOR   1>RACTICE. 

510.      Simplify  the  following  : 

1         16  Ans  ^ 

24  •  128' 


1  +  - 


Ans. 


_  a'  c  —  a 

c 

2 ■„.  Ans. 


8  -  2,r  +  -g-  ^  ^ 

Note. — 2|  means  2  +  |.     Hence  for  the  numerator  multiply  2  by  the 
least  common  denominator  8,  and  add  7. 

4.      L^ .  Ans.  .-    ^ 


3x+3 
Ans. 


INVOLUTION. 

511.  Involution  is  the  process  of  raising  a  quantity  to 
any  required  power  (Art.  362),  by  taking  it  as  many  times 
as  a  factor  as  there  are  units  in  the  exponent  of  the   power. 

The  rules  for  raising  a  monomial  to  any  power  follow 
directly  from  the  rules  of  multiplication.  For  example,  let 
it  be  required  to  raise  3a^  to  the  4th  power.  Writing  3^' 
four  times  as  a  factor  and  performing  the  multiplication,  we 
have,  by  Art.  420, 

(3^^)'  =  Sa'  X  Sa'  X  3^'  X  3«*  =  Sla\ 

Here  the  power  is  81^*,  and  the  exponent  of  the  power 
is  4.  It  will  be  observed  that  the  exponent  of  a  in  the 
power,  produced  by  adding  together  the  exponents  of   a   in 
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the  factors,  is  the  product  of  4,  the  exponent  of  the  power, 
and  2,  the  exponent  of  a  in  3^\  or  4  X  2  =  8. 

512.  Again,  since  like  signs  produce  plus,  it  is  evident 
that  any  power  of  2^  positive  quantity  will  \)&  positive,  and  by 
multiplying  a  negative  quantity  by  itself  a  number  of  times 
it  will  appear  that  any  odd  power  of  a  negative  quantity  will 
be  negative,  and  any  even  power  positive.  Thus,  (  —  aY  = 
{-a)  X  {-a)  =  +.r;  {  -  ay  =  {  +  a^)  {  -  a)  =  -  a^; 
(  —  ay  =  {  —  a'){  —  a)  =  ~{-  a\  etc. 

513.  From  the  preceding,  we  have,  to  raise  a  monomial 
to  any  power: 

Rule. — Raise  the  numerical  coefficient  to  the  required 
power,  and  multiply  the  exponent  of  each  letter  by  the  expo- 
nent of  the  power.  If  the  power  is  even,  make  its  sign  phis  ; 
if  odd,  make  its  sign  the  same  as  that  of  its  root. 

Example. — Find  the  value  of  (  —Abc"d^Y. 

Solution. — Four  raised  to  the  required  power  equals  4  X  4  X  4,  or  64; 
the  exponent  of  b  in  the  power  is  3  X  1  =  3;  of  <r,  3x3  =  6,  and  of  d, 
3x3  =  9.  Since  the  power  is  odd,  the  sign  is  the  same  as  that  of  its 
root,  or  minus.     Hence,  (  —  Abc^d^f  =  —  QAb^c^d^.     Ans. 

514.  A   fraction   may  be  raised   to  any  power   by   raising  both' 
numerator  and  denominator  to  the  required  power. 

/      2r3\'* 
Example. — Find  the  value  of  (  —  o-~4  )• 

Solution. —  (Sjt^)-*  =  16.r'^  for  the  numerator  of  the  power; 
{Zy*)*  =817'"  for  the  denominator  of  the  power.  Since  the  power  is 
even,  its  sign  will  be  plus.     Hence, 

16,r'-^ 


/_  2-r^Y_ 


81/"* 


Ans. 


EXAMPLES  FOR  PRACTICE. 

515.      Find  the  values  of  the  following: 

1.  {2d^b'^y.  Ans.   IGa^^i*. 

2.  {—haxYY-  Ans.  Q2'6a*x^yK 

3.  (—  m^ny.  Ans.    -  m'^ht^^. 


(       aW  \* 


Ans. 


16 

i^lax'^f.  Ans.  ^^^c 


/  m*n^x  y, 
\-Qc''d^)  ' 


6.     ^^i^^Lri,    •  Ans. 


3l6?«^' 
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INVOLUTION    OF    POLYNOMIALS. 

516.  Since  involution  consists  of  successive  multiplica- 
tions, a  polynomial  may  be  raised  to  any  power  by  multiply- 
ing it  by  itself  until  it  has  been  taken  as  many  times  as  a 
factor  as  there  are  units  in  the  exponent  of  the  power. 

When  finding  the  square  of  a  binomial,  however,  the 
method  of  Arts.  428  and  429  should  be  used,  for  it  saves 
actual  multiplication.  If  a  polynomial  of  more  than  two 
terms  is  to  be  involved,  it  may  sometimes  be  divided  into 
two  parts,  thus  forming  a  binomial  which  can  be  squared  by 
this  method,  as  explained  in  example  11,  Art.  434. 

This  method  may  be  extended  to  include  any  power,  by 
first  raising  the  binomial  a  -{-  d  to  that  power  by  multiplica- 
tion, and  then  substituting  for  a  and  I?  in  the  result  the  two 
terms  of  the  binomial  that  it  is  required  to  raise  to  the 
given  power.  The  student  need  not  use  this  method,  how- 
ever, for  any  except  the  second  power. 


EXAMPLES  FOR  PRACTICE. 

517.      Find  the  values  of  the  following: 

1.  {2a  —  x—4yy'.  Ans.  4a- —  4ax— IGaj  +  x^ +8xy +  lGj''. 

2.  (—  3a^x  —  2ax^  +xy.     Ans.  Qa'^x^  +  ■[2aKr^  —  2a-^x*  —4ax^  +  x\ 

3.  Ix"^  -  ax  +  a-^f. 

Ans.  x^  —  ^ax''  +  Qa'^x*  —  "la^x^  +  Qa*x'^  -  ^a'^x  -\-  aK 


EVOLUTION. 

518.  Evolution  is  the  process  of  extracting  any 
required  root  of  a  quantity.  It  is  exactly  the  reverse  of 
involution.  Thus,  by  involution,  (2^)'  =  2a  X  2a  X  2a  X  ^^ 
=  IQa*;  by  evolution,  |/lG^  =  2a. 

519.  Since  every  even  power  of  both  positive  and  nega- 
tive quantities  is  positive  (Art.  512),  it  follows  that  the 
even  roots  of  a  positive  quantity  may  be  either  positive  or 
negative.  Thus,  since  both  (+  a)'  and  (—  ^)'  =  +  a\ 
y  \  a'    equals  either  +  ^  or  —  a.     When   it  is   desired   to 
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indicate  that  a  quantity  is  either  positive  or  negative,  the 
double  sign  ±  is  used.  Thus,  ±  a  means  that  a  is  to  be 
taken  as  either  -\-  a  ov  —  a,  and  is  read  "plus  or  minus  a. " 

520.  From  Art.  512  it  follows,  also,  that  there  can  be 
no  even  root  of  a  negative  quantity.  A  negative  even 
power  is  impossible ;  hence,  an  even  root  of  a  negative  quan- 
tity is  impossible. 

521.  Since  evolution  is  the  reverse  of  involution,  we 
have  the  following  for  extracting  any  root  of  a  monomial: 

Rule. — Extract  the  required  root  of  the  numerical  coeffi- 
cient, and  divide  the  exponent  of  each  letter  by  the  index  of 
the  root.  Make  the  sign  of  every  even  root  of  a  positive 
quantity  ± ,  and  the  sign  of  every  odd  root  of  any  quantity 
the  same  as  that  of  the  quantity. 


Example. — Find  the  value  of  4/  256a^^'='r*. 

Solution. — The  4th  root  of  256  is  4.  The  exponent  of  a  in  the  root 
is  4  H-  4  =  1 ;  of  <5,  12  -T-  4  =  3 ;  and  of  ^,  8  -=-  4  =  2.  As  this  is  an  even 
root  of  a  positive  quantit)'',  the  sign  should  be  ±.  Hence,  y  256a'*iJ"<r* 
=  ±  Aad^C'.     Ans. 


Example. — Find  the  value  of 


3/27//2^jr9 


Solution. —    ^/21m''^j:^ —  Smx^;    ^  a^d^c^'^  =z  a^d'^c*.     The  quantity  is 
positive,  and,  as  this  is  an  odd  root,  its  sign  must  be  the  same,  or  positive. 


Hence,  4/ =     _ .,  , .     Ans. 


EXAMPLES  FOR  PRACTICE. 
522>      Find  the  values  of  the  following: 

1.  t^  —  125.ry.?9.  Ans.   —hxy^z^. 

2.  |/I0,000ai«^-^V.  Ans.    ±\^a^bH'^. 


3.       \/  243;«'5«'^o.  Ans.  ZinhiK 


4.      4/  —  ^id^b'^.  Impossible. 


■'^   "  Ans. ■'-^  - 


cC'^b^-c^^d^'  '         a^b^c^d' 

Ans,   *  ,^\ 
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SQUARE  HOOT  OF  POLYNOMIALS. 

523.  In  Art.  455,  the  method  of  extracting  the  square 
root  of  a  trinomial,  which  is  a  perfect  square,  was  explained. 
The  method  of  extracting  the  square  root  of  any  poly- 
nomial which  is  a  perfect  square,  is  as  follows: 

Rule. — Arrange  the  terms  according  to  the  powers  of  some 
letter. 

Write  the  square  root  of  the  first  term  as  the  first  term  of 
the  required  root,  and  subtract  its  square  from  the  given 
polynomial. 

For  a  trial  divisor,  divide  the  first  term  of  the  rcjnainder 
by  twice  the  part  of  the  root  already  found ;  annex  the  result 
to  the  root,  and  also  to  the  divisor. 

Multiply  the  divisor  as  it  now  stands  by  the  term  of  the 
root  last  obtained,  and  subtract  the  product  from  the 
remainder. 

If  there  is  still  a  remainder,  use  twice  the  part  of  the  root 
already  found,  for  a  trial  divisor,  and  continue  as  directed 
above. 

Example. — Find  the  square  root  of  the  expression  1  -t-  lO.r*  +  25^  + 
16^6  _  24.r5  —  20^:3  -  4x. 

Solution. — First,  arrange  the  expression  according  to  the  decreasing 
powers  of  x:  ^^^f 

|4r3_3;r2  +  2jr-l.  Ans. 


16jr«  —  24^5  +  25^*  -  20^:^  +  lOx'^  ~4x+l 


8.jr'  — 3.r-' 


—  24x*  +  25.i"» 
-2ix'+    9x* 


Sx^  —  Qx-^  +  2x 


Sx'i  -  6x^  +  4:x  —  \ 


Ux^  -  20.r»  +  10;i:« 
16x4-12;r3+    4r* 


-  8jr»+    6x«-4.r+l 

-  8x^+    6x'  — 4jr+l 


The  square  root  of  the  first  term,  1(U'°,  is  4,r',  which  is 
the  first  term  of  the  root.  This,  squared  and  subtracted 
from  the  given  polynomial,  leaves  a  remainder  of  —  24;r^  -f 
25x\  plus  the  terms  that  were  not  brought  down.  Doubling 
4:x\  the  part  of  the  root  already  found,  gives  8.t'';  —  24.t'* 
divided  by  ^x^  =  —  dx'',  which  is  the  second  term  of  the  root. 
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Annexing  this  to  the  S.v",  the  trial  divisor,  we  have  for  our 
complete  divisor  8.r'  X  3,r\  which,  multiplied  by  —  3.r',  = 
—  24f*-]-9'i-'*.  Subtracting  this,  and  bringing  down  the  next 
two  terms,  we  have  IGx*  —  20.t-'  +  10.r'.  For  a  new  trial  di- 
visor, double  the  root  already  found,  and  obtain  2(4^'  —  3x') 
=  8,t''  —  G-i'^,  which  is  contained  in  the  above  dividend  +  ^-^ 
times,  the  third  term  of  the  root.  In  like  manner,  the  last 
term  is  found  to  be  —  1.  Since  this  is  an  even  root,  it  would 
have  the  double  sign  ±.  (Art.  519.)  In  such  examples, 
however,  it  is  not  necessary  to  consider  the  minus  sign. 

Example. — What  is  the  square  root  of  x^  +  Sx^y^  —  Ax^j  —  4.vy^ -i- 

Solution. —  \x^  —  2x'^j/  +  2xy^  —y^-   Ans. 

x^  —  Ax^y  +  8.r-*7'^  —  10.r3_y3  +  s.ry*  —  Axy^  +/« 
.r6 


2x^  —  2xy 


—  Ax^_y  +  8xy^ 

—  4x^_y  +  Ax^y"- 


2x^  —  Ax-y  +  2xy^ 


4.ry-  —  10.r=y3  +  8.ry* 
4.r  ■*_>'-  —    Sx^y^  +  4,ry 


2x^  —  Axy  +  Axy^  —  y^ 


—  2x^y^  +  Ax'^y*  —  Axy^  +  y* 

—  2x^y^  +  Ax^y*  —  Axy' +  y^ 


EXAMPLES  FOR  PRACTICE. 

524.      Extract  the  square  root  of  the  following  polynomials: 

1.  4.r^  +  9  -  30.r  -  20,r3  +  Slx^.  Ans.  2x^  -  5x  +  3. 

2.  16/-»  +  24/3  _^  89yj  ^  60/  +  100.  Ans.  Ay^  +  3/  +  10. 

3.  -  2x  -  12.1-5  ^  io.t-»  +  5.r^'  -  lO^r^  +  9.i-«  +  1. 

Ans.  3.r3  —  2.r«  +  .r  —  1. 

Note. — Arrange  according  to  the  decreasing  powers  of  x. 
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EXPONENTS. 

525.  In  Art.  361,  an  exijonent  was  defined  as  a  fig- 
ure written  to  the  right  and  above  a  quantity  to  show  how 
many  times  the  latter  is  taken  as  a  factor.  This  definition 
is  not  complete,  because  it  applies  only  to  positive  integral 
exponents.  Fractional  and  negative  exponents  sometimes 
occur,  and  require  a  more  extended  definitioai.  The  rules 
for  positive  integral  exponents  are  used  for  fractional  and 
negative  exponents,  however,  and  will  be  repeated  here: 

526.  I.  In  multiplication,  exponents  of  like  quantities 
are  added.      (Art.  418.) 

II.  In  division,  the  exponents  of  quantities  in  the  divisor 
are  subtracted  from  the  exponents  of  like  quantities  in  the 
dividend.      (i\rt.  438.) 

III.  When  raising  a  monomial  to  any  power,  its  exponents 
are  multiplied  by  the  exponent  of  the  power.      (Art.  511.) 

IV.  When  extracting  the  root  of  a  monomial,  its  expon- 
ents are  divided  by  the  index  of  the  root.      (Art.  521.) 

527.  Since  letters  may  represent  numbers,  they  may  be 
used  for  exponents,  the  same  as  figures.  Thus,  a"-  means 
that  a  is  to  be  taken  as  many  times  as  a  factor  as  there  are 
units  in  w,  or  a 'yi  a  Y.  n,  etc.,  to  n  factors.  Such  exponents 
are  called  literal  exponents.  Fractional,  negative  and 
literal    exponents  are  all  read  by  using  the  word  exponent. 

n 

Thus,  rt!,  a-\  a'"-,  and  a'\  are  read,  "<^,  exponent  |,"  *'«, 
exponent,  minus  4,"  "<^,  exponent ;/  ~  in"  and  *'«,  exponent 
«,"  respectively. 

For  notice  of  the  copyright,  see  page  immediately  following  the  title  page. 
M.  £.     J.—T2 
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528.  The  meaning  of  fractional  exponents  will  be 
evident  from  the  following  illustration:  By  Art.  526,  IV, 
the  square  root  of  a^  is  «',  obtained  by  dividing  the  exponent 
G  of  the  power,  by  the  index  2  of  the  root.  Since,  however, 
a  fraction  is  an  expression  of  division  (Art.  477),  the  square 
root  of  a!^  might  be  indicated  by  writing  the  exponent  of  a, 
as  f,  thus  indicating  the  division  of  G  by  2.  Thus,  ^S, 
means  the  square  root  of  «".      Hence, 

The  munerator  of  a  fractional  exponent  denotes  a  power, 
and  the  denominator,  a  root. 

m  m 

For  example,  ai  —  \/a;  d  =  4/?;  x"  =  ^/x"^;  2c'^=  24/?", 
the  exponent  ^  applying  only  to  the  c. 

Since  ^  =  ^x  6,  a^=  a^^^  -,  in  other  words,  a^  may  also  be 
read  as  the  sixth  power  of  the  square  root  of  a. 

529.  The  meaning  of  negative  exponents  may  be 

illustrated  as  follows :   Let  it  be  required  to  divide  a*  by  a^. 

By  Art.  526,  II,  we  have  ^=a'-'=a';  also,  a'-^a'=~ 
■'  '  a  a* 

a" 
=  a^'"'  =  a",  and  a"  -^  a"^  =  -^  =  a""  =  a-",  etc.     From  this,  it 
'a 

a" 
will  be  seen  that  — ^  =  a-'';  but,  by  Art.  439,  a°  =  1,  so  that 

a"        1 
1  may  be  written  for  a",  in  this  expression,  thus:    -^r  =  -7  == 

a^''.      Hence, 

A  quantity  affected  with  a  negative  exponent  denotes  the  re- 
ciprocal of  the  same  quantity  affected  with  an  equal  positive 
exponent.     (Art.  481.) 

530.  Also,  since  in-y  =  a-*,  the  a-*  changes  to  a""  when 

CI- 

placed  in  the  denominator,  we  may  state  that, 

A  factor  may  be  changed  from  the  numerator  to  the  denom- 
inator, or  from  the  denominator  to  the  numerator,  if  the  sign 
of  its  exponent  be  changed. 

^  ,     n-^         1  n  nb^        x-l  y 

P  or  example,  — r  =  — r— 5 ;    —, — r  = \  i- — r  —  r   a">  ^^^• 

^     '  ab       abn' '   ab  ^         a     '    5y-'        5xi 

In  the  last,  the  positive  exponent  1  of  the  y  is  not  written. 
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Example. — Express,  with  positive  exponents, 

Solution. — Since  these  terms  may  be  taken  as  fractions,  with  one 
for  the  denominators,  we  have,  by  transferring  the  letters  with  nega- 
tive exponents  to  the  denominators, 

^1  3 

531.  It  should  be  observed  that  only  factors  of  the 
whole  denominator  or  numerator  can  be  changed,  and  that 
they  must  become  factors  of  the  whole  numerator  or 
denominator    to    which    they    are    transferred.      Thus,    in 

~, — r— — >,  the  c~^  cannot  be  transferred   to  the   numerator, 
oc~  +  a 

by  merely  changing  the   signs  of  the  exponent,  because  it 

is  not  a  factor  of  the  whole  denominator;  but  the  exponent 

may  be  made  positive  in  the  following  manner: 

a  a  a  ac"^  ^     ac^       .         , 

~  ~  "■  In-r—. — >.  the  ^:~  , 


dc-'  +  d        b    ,     r       b  4-  c'd       b  +  c'd'  b  +  d' 

c  c' 

when    transferred,    must    become    a    factor    of    the    whole 

denominator,  thus. 


c\b  +  d) 

532.  The  method  of  dealing  with  fractional,  negative, 
and  literal  exponents  will  be  clearly  shown  by  the  examples 
which  follow: 

Example. — Find  the  products  of  the  following:  a^  and  a  "' ;  «  and 

n  2n  J 

n~^;  c^  and  c~m  ;  x-^  and  f^.r- ;  2r"3  and t7=,-     Write  all  the  prod- 

—  O  y  C' 

ucts  with  positive  exponents. 

Solution. — Apply  Art.  526, 1,  in  each  case.  The  exponents  of  the 
first  are  3  and  —  1 ;  their  sum  is  3  —  1  =  2.     Hence,  a^  X  ^"^  =  o!^-    Ans. 

In  like  manner,  n  X  n~i  =  «'~»  =  n^,  Ans.,  the  exponent  f  being  the 

n  2  k  3» 

sum  of  1  and  —  \;  f "^  X  c^  =  c '"■  . ^Ans. 

To  multiply  the  next,  change  ^.v-  to  ^r'  by  Art.  528.    Then.ir->  X  -^^ 

1  ,       2  , 

=  x-h  =  —I.      Ans.      (Art.    530.)      In    the    last    one    2^3  ==  -^    and 

x^  c' 

1  1  2  12  2^ 

whence,  -j  X r-r  = ~~r  =  —  ~r~*-     Ans» 


_3  ^TT  -  _3J  •  ""— .  ^j  ^   _3^S  ~  -3^i  ~       3f»' 


in  ALGEBRA. 

I'vXAMri.r,.  —  Finil  tlitj  tiUDliL-nls  <>f  IIk-  follou-in;^:   <?'■  ~-  ^7  ' ;  ;/i  -4-  u-i; 

SoiA  riDN-  —  Ai)i)ly  Ail.  n2<i,II,  in  ck  li  case.  The  e.xponenls  of  the 
lirsl  arc   '■'>  aiul  —  1  ;  suljlraclinu^,   :!  —  i  —  1;  =  4.      Hence,   d'  -=-  rz  '  =  a^. 

In  like  maniuT, /-z  '  H- //'' ^ //  '  ■'       //'■.      Ans.  ;      c''"  —  c ■"  =  c"^"^  = 

.^    ■'■.  Ans.  ;     .1----    j'.r- =  .r-  -- .1'  :i  ,r\      Ans. 

]C.\.\Mi'Li:. — I'ind    llu-    values    of    the    followini^  :     {ii~''f'^  ;    ('■'/-'■';'  ; 

ur")  ''  --(->•   ")  '■;  V'  ■>'"  '•!■♦■ 

SoLi'iiox. — .Xpplv  Arl.52(>,  HI.  In  llu-  first,  nuiltiplyinj^  Ihe  expon- 
ents (see  An.  5  I  1  I.  --  \  X  —  I-  i-  IlL-nee,  (a  'j  '  =  a^  or  |/  (r.  Ans. 
In  like  mainu-r,  (n/  '■  )i  ~  c^</  \  Ans.,  since  1  X  [;  =  0.  '^'I'l  —  ~  X  0  =  —  5- 

In  liie  next  one,  (f")"'' = -i— ''' and  (r  ")'' -  .r"''.  I)ivi(lin,<,^  r""'' ^ 
X"''  ~  X -"'''■'''  --^  X -'■■''■.  Ans.  I'-or  the  last  examjile,  apply  Art.  52(1,  IV. 
Since  this  is  the  sijuare  root,  divide  the  exponents  by  ~,  thus:  —  2  h- 
2  =  —  1,  and  J  -r-  2  =  f.      Hence,    i''  Ow^-.r^  ^  ;5w  '.(  S.     Ans. 

i:xAMi»i.i:s  FOR  i»R.\cTici:. 
533.      Clear  the  following  of  nei^ative  exponents: 

1.     a-- }'-•-';- 5.  Ans. 


2.     'ia-'I>  +  — -^  +  r-'.  Ans.  —  +  2alrc  +  -^. 

26-  -;■  d  a-K^c  +  d) 

ICxpress  the  follmving  without  radical  si,t^ns: 

4.       ^IF--.  Ans.  {jr^'f  or  F  ~ 


1    — a 


i).     Ail  \^ii  Hr'-.  Ans.  4.^'^~V^»  =  4</Vr*. 
Find  the  values  of  the  following: 

G.     ;//2  X  iirl.  Ans.  in^. 

7.  "XalA  X  a-^b.  Ans.   2<i5(^?. 

8.  <:'^^  -=-  ^7^-  Ans.  c". 

9.  3.1— 2  ^  (.r'-TJ.  Ans.   2.r-'. 

10-     \cd~'^)      X   '^d^".   Ans.  r«™. 

RADICALS. 

534.  A  radical   is  a  root   indicated  by  a  radical  sign. 
(Art.  363.) 

535.  An  indicated  root  that  can  be  exactly  obtained  is 
called    a    rational    (|iiantity;     when    tlie     root    cannot    be 
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exactly   obtained,    it    is    called    a    surd.      Thus,  y'O   is    a 
rational  quantity,  and  4/2  is  a  surd. 

536.  The  degree  of  a  radical  is  denoted  by  the  index  ot 
the  radical  sign ;  thus,  ^/a  +  2  is  of  the  third  degree. 

537.  By  Art.  511,  an  expression  like  (a/?)^  =  a^d^,  or 
a^xb*.  Hence,  expressing  the  exponent  *  by  the  radical 
sign  (Art.  528),  \/ab  =  \/a  X  4/^.  That  is,  the  product  of 
two  radicals  of  the  same  degree  is  equal  to  a  radical  of  like 
degree,  consisting  of  the  product  of  the  quantities  under  the 
radical  sign. 

538.  In  like  manner,  \/a-b  =  4/^^  X  4/T=  a  \/T.  That 
is,  when  the  quantity  under  the  radical  sign  has  a  factor 
whose  indicated  root  can  be  extracted,  the  quatitity  may  be 
placed  outside  the  radical  sign. 

Example.— Simplify  the  following:    4/48;  \/21a^x'^;  -^108;  3-^4a^. 

Solution. — In  each  case,  resolve  the  quantity  under  the  radical  sign 
into  two  factors,  one  of  which  is  the  greatest  factor  of  which  the  indi- 
cated root  can  be  extracted,  and  apply  Art.  538. 


4/48=  4/16x3=  4/T6X  4/3  =  44/37     Ans. 

4/27^PP=  4/9a*.r«x3<^.t-=  \/Qa^x^  X  4/ 3rt.r  =  Srt^^- •■' 4/ S^-*"-  Ans. 
-f  108  =  -^27X4  =  -^37  X  4^/4  =  3  f  I     Ans. 
3  .^1a^=  3 ^a'-'  X  4  =  3  -^^^X  -^4  =  3a^  f  4     Ans. 

539.  Until  the  student  becomes  accustomed  to  the 
handling  of  radicals,  it  may,  perhaps,  be  better  for  him  to 
use  the  fractional  exponent  method  of  expressing  them,  in 
preference  to  the  radical  sign.  Thus,  in  simplifying  4^48, 
write  it  48^  and  solve  as  follows:  48^=  (16  X  3)^=  IG^  X  3^  = 
4  X  3i  =  44/3.  In  a  similar  manner,  \/~^[^x'  =  27'  Xa^X 
;i-5  =  93  X  3^  X  rt^  X  «*  X  xix  x"^  =  3  X  3^  X  «'  X  «^  X  x^  X  x^  = 
Sa^x'  X  S'aix^  =  da'x'  ^Sax. 

540.  When  the  quantity  under  the  radical  sign  is  a 
fraction,  multiply  both  terms  by  such  a  quantity  as  will  make 
the  denominator  a  perfect  power  of  the  same  degree  as  the 
radical. 
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Example. — Reduce    |/f"and  -f/^  to  their  simplest  forms. 

Solution. —     \  -^  =  i/ ,       o  =  V  77-     Factoring    this   expression, 

as    was    done    in     the    last     example,    y^  =  4/^x6  =  \/~^  X  f/^  = 
J  /6.     Ans.     (Art.  538.) 

\/f  =  /if.        Factoring,     this     equals      /t»,  x2  =  /^  X  /2  = 

3 1/2.     Ans. 

541.  Example. — Remove  from  under  the  radical  sign  the 
denominator   of  4/ 

y  2(5v^ 

Solution. — It  is  necessary  to  multiply  both  terms  of  the  fraction  by 
such  a  quantity  as  will  make  the  exponents  of  the  denominator  all 
equal  to  4.  Hence,  the  denominator  must  be  2*d*c*.  Dividing  2*d*c* 
by  2^V^  the  result  is  2^dc^  =  8dc'K     Multiplying  both  numerator  and 

denominator  by  86c^,  the   radical   becomes  A/ — '^  ^  = i/dXhTZr^ 

Ans. 

542.  It  follows,  also,  from  Art.  538,  that  a  factor  out- 
side a  radical  sign  may  be  placed  under  it  by  raising  it  to  a 
power  corresponding  to  the  degree  of  the  radical. 

Example. — In  Sx\/2x,  introduce  the  3ar,  and  in  ^a^d'^Sad,  the  2a^i, 
under  the  radical  signs. 

Solution. — Squaring  Sx,  we  have  9^-^  Hence,  since  this  is  the 
reverse  of  Art.  538. 

Sx^/^  =  /ar»  X  i/2x  =  VlSx\     Ans. 

Ans, 


543. 


l>y  =  Sa^d\  2a^^-iiad  = 

-.^Sa 

■^P  X'^'da&=f24:a-b\ 

EXAMPLES  FOR  PRACTICE. 

Simplify  the  following: 

1.      |/50! 

Ans.  5 1/2! 

2.       3f24. 

Ans.  6/3".  ■ 

3.       2i/80. 

Ans.  4/57 

4.      4/125flV». 

Ans.  ba'^d\^. 

^Vl- 

Ans.  ^\/m. 

,.  /I. 

Ans.  i/15. 

'•  l/I'- 

Ans.      ^  ,  \^2ab. 
2ab 
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Introduce  the  coefficients  of  the  radicals  in  the  following,  under  the 
radical  sign: 

8.  54/33.  Ans.    |/800. 

9.  jr^^y.  Ans.    ^^y, 
10.     2.r|/^                                     Ans.    \/'S2xy. 

ADDITION    AND    SUBTRACTION    OF     RADICALS. 

544.  Rule. — Reduce  the  radicals  to  their  simplest  for  ins  ^ 
and  proceed  as  in  addition  or  subtraction^  combining  like  radi- 
cals^ and  indicating  the  addition  or  subtraction  of  unlike 
terms. 

Example. — Find  the  sum  of   -/iS,    ^Wi,  and  ^\. 
Solution. — Simplifying,  by  Art.  538, 

,/l8=  j/O'x  1/2^=34/2^ 

4/27=  i/9"x  i/^  =  ZV^. 

4/r=  ^1"=  4/r X  i/t=  ii/K 

Sum  =(3  +  i)  |/2"+3|/3'=|v^+3  4/3;     Ans. 

Example.— From  2-^^  take  ^162. 
Solution. — Simplifying, 

2^i8  =  2,f8"x  i^'6"=4-^ 

,^^  =  ^27  X -^=  3-^ 
Difference  =  (4  -  3)#'6"=  ^W.     Ans. 

545.  In  addition  and  subtraction  of  radicals,  it  is  better 
to  use  the  fractional  form  of  expressing  them  in  all  cases, 
since  the  liabilities  of  making  mistakes  are  then  greatly- 
reduced.  Thus,  in  finding  the  sum  of  4/18^  +  ^/W  +  4/^, 
4/T8  =  9i  X  25  =  3  X  2i,  4/27"  =  95  X  35  =  3  X  3i  and  4/f  = 
1 4/2  =  I  X  25.  Hence,  3  X  25  +  3  X  35  +  -|  X  25  =  (3  +  ^) 
X  25  +  3  X  35  =  3^4/2  +  34/3.  Here  it  is  perfectly  evident 
that  it  would  not  do  to  add  3X3*  and  3  X  25,  and  get  6  X  5'. 

Example.—  4/I32O  —  4/80  =  64^  x  55  —  165  ^  55=  8  X  5»  —  4  X  55  = 
(8-4)55=44/5:      Ans.  

EXAMPLES  FOR   PRACTICE. 

546.  Find  the  value  of  the  following: 

1.      4/50  +  4/72.  Ans.  114/5! 

2-      V1  +  V^  +  VH-  Ans.^\4^. 
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4^^  +  5-^^T28+f8r                Ans.  32f^  +  3f3. 
^'1029-^192.                                                Ans.  3^3. 

5. 

b  ^  ma^b  -  ^  216rt«^-'.                       Ans.  -  Za^b  i^b. 

MUI.TIPLICATIOX  AND  DIVISION  OF  RADICALS. 
5-47.     Rule. — If    the  radicals  arc  of  the  same  degree^ 
imiltiply  or  divide  the  quantities  under  the  radical  signs,  and 
write  the  results  under  the  common  radical  sign. 

Example. — Find  the  product  of  4/  12  and  |/3. 


Solution.—    1/12x4/3  =  1/12x3=4/30  =  6.     Ans. 
Example. — Divide  -^9^-*  by '^3«. 


Solution.—  ^'9^4  ^  ^'3,^  ^  ^q^a  ^  3,^  ^  ^/-^.^i  ^a^/'i.   Ans. 

548.  If  the  radicals  are  not  of  the  same  degree,  theji 
must  be  reduced  to  equivalent  ones,  all  of  which  have  the 
same  degree,  as  follows :  Express  the  radicals  ivith  fractional 
exponents  ;  reduce  these  fractions  to  a  common  denominator, 
and  express  the  resulting  fractiojial  exponents  with  radical 
signs. 

Example. — Multiply  together  4/27-^^  and  Y~^- 

Solution.— By  Art.  528,  4/2=  2';  4^3  =  3* ;  4^  =  5*;  reducing 
the  exponents  to  a  common  denominator,  C, 

2i  =  2i  =  4/23  =  4/8: 
3^  =  3?  =  4/5P  =  f9: 
55  =  4/57 
Multiplying,    4/8'x  4^9'x  4^5"=  4/3GO.    Ans. 

549.  Example.— Multiply  74/0^  2  4/6"  and 4/3? 

Solution. — Writing  these  surds  with  fractional  exponents,  and 
multiplying,  the  result  is  (7  X  53)  X  (3  X  Ci)  X  4J  =  14  (oJ  X  6t  X  4l). 
That  part  of  the  product  included  in  parenthesis  cannot  be  multiplied 
together  by  reason  of  the  difference  in  the  exponents.  For  example, 
2»  X  S''  =  8  X  25  =  200;  it  does  not  equal  lO^,  since  this  equals  100,000. 
Hence,  in  order  to  multiply  the  three  numbers  included  in  parenthesis, 
they  must  all  be  affected  with  the  same  exponent.  To  effect  this,  tna 
fractional  exponents  must  first  be  reduced  to  a  common  denominator. 
The  common  denominator  is  12;  5^  =  5'%  Gi  ^  6"  and  4*  =  4^  But 
5A  =  (5')<'i  =  15,625-^,  ^^  =  (G')^'»  =  216^  and  4"  =  (4')^'  =  lO^^.     Since 
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the  numbers  now  have  the  exponent,  they  may  be  multiplied  together  • 
thus,  15,625^  X   216^'»  X   IG^^  =  (15,625  X  216  X  16)i''»  =  (54,000,000)-^ 
Hence,  the  product  of  7  |/5,  2^6  and   {/  4  = 

14  X  54,000,000^'*  =  14'V54,000,000.     Ans. 

To  prove  that  the  answer  is  correct,  perform  the  indicated 
operations  in  both  cases.  If  the  results  are  the  same,  the 
work  must  be  correct.     Thus,  in  the  last  example,  7^/5  = 

15.65248;    2 |/(j'=  3.13017    and    |/T=  1.25992.      Therefore, 
15.G5248  X  3.13017  X  1.25992  =  G1.7297. 


But  11 1/ 51,000,000  also  equals  G1.7297,  showing  that  the 
work  was  correct. 

In  all  doubtful  cases  arising  from  the  use  of  surds  and 
radicals,  if  the  student  will  use  fractional  exponents  instead 
of  the  radical  sign,  he  should  experience  but  little  difficulty. 
In  addition  and  subtraction,  the  surds  (not  the  coefficients 
of  the  surds)  must  be  alike ;  if  they  are  not  alike,  the  addi- 
tion or  subtraction  must  be  indicated.  For  example,  3  X  45 
+  14  X  4J  =  17  X  4'^,  for  the  same  reason  that  da  -f  14:a  = 
17a;  but  3  X  4J  +  14  X  5^  =  3  X  4J  +  14  X  5^,  for  the  same 
reason  that  da""  +  14;^^  =  3^^  +  14/r.  In  multiplication  and 
division,  the  surds  need  not  be  alike,  but  the  fractional  ex-, 
ponents  of  the  surds  must  be  alike,  for  the  reason  stated 
above. 

550.  If   there    are    factors   outside    the    radical    signs, 
multiply  or  divide  them  separately. 

Example. — Divide  44/'3  by  2^^. 
Solution.—            4|/"3  =  4  x  3«  =  4  x  3«  =  41^27. 
2-^'3  =  2  X  3»  =  2  X  3^  =  2|A9. 
4  -^  2  =  2  and   27  -f-  9  =  3;   hence,    4^/^  -r-  2^'3  =  4f  27  -i-  2f^  = 
2^3^  

EXAMPLES   FOR   PRACTICE. 

551.  Multiply   the    following,    reducing    the  answers   to  their 
simplest  forms: 

1.  5/8  by  3/5.  Ans.  30/l0. 

2.  /8by4/S.  Ans.  32/3^ 
8.    i-^byf/12.  Ans.  i-^ 
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Divide  the  following: 

4.  3|/15by4|/5:  Ans.  |  V^ 

5.  i  4/Fby  U^f.  Ans.^. 

6.  ^2  by   {/3.  Ans.  "-^^^^ir- 


INVOLUTION    AND    EVOLUTION    OF    RADICALS. 

552.  A  radical  may  be  raised  to  any  power,  or  any  root 
of  a  monomial  radical  may  be  taken,  by  writing  the  radical 
with  fractional  exponents  and  proceeding  as  in  Art.  532. 
If  there  is  a  factor  outside  the  radical  it  should  be  involved 
separately  in  involution,  and  in  evolution  it  should  first  be 
introduced  under  the  radical  sign. 

553.  The  most  important  case  is  that  of  raising  a  radical 
to  the  power  corresponding  to  the  degree  of  the  radical, 
when  the  radical  sign  will  disappear;  thus,  to  raise  4/4^  to 
the  third  power,  {Vlay  =  [(4«)4]'  =  (4^)8  =  4^',  or  4a. 
Ans.  

EQUATIONS. 

554.  As  defined  in  Art.  354,  an  equation  is  a  state- 
ment of  equality  between  two  expressions,  as  x  -[-  C  =  14. 

555.  Every  equation  has  two  parts,  called  the  first 
and  second  members.  The  first  member  is  the  part  on 
the  left  of  the  sign  of  equality,  and  the  second  member  the 
part  on  the  right  of  that  sign.  In  x  -{-  G  =  14,  x  -\-  Q  is  the 
first  member,  and  14  is  the  second  member. 

556.  Equations  usually  consist  of  known  and  un- 
kno^wn  quantities ;  that  is,  of  quantities  whose  values 
are  given,  and  of  quantities  whose  values  are  not  given,  but 
are  to  be  found.  Thus,  in  x  -{-  6  =  14,  G  and  14  are  known 
quantities,  and  x  is  unknown ;  but  since  by  the  statement  of 
the  equation,  x  -\-  Q  must  equal  14,  x  must  have  such  a  value 
that  when  added  to  G  the  sum  will  be  14.  Hence,  the  value 
of  X  is  fixed  for  this  particular  case,  and  in  a  similar  manner 
the  value  of  a  single  unknown  quantity  in  any  equation  is 
fixed  by  the  relations  that  it  bears  to  the  known  quantities, 
and  this  value  can  usually  be  found. 
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557.  To  solve  an  equation  is  to  find  the  value  of  the 
unknown  quantity.  This  is  done  by  a  series  of  transfor- 
mations by  which  the  first  member  becomes  the  unknown 
quantity,  and  the  second  member  becomes  a  known  quantity, 
which  is,  therefore,  the  value  of  the  unknown  quantity. 


TRANSFORMATIONS. 

558.  In  transforming  an  equation,  the  equality  of  its 
members  must  be  preserved ;  otherwise,  the  existing  relations 
between  the  known  and  unknown  quantities  will  be  destroyed. 
Transformations  are  based  upon  the  following  principles- 

559.  In  any  equation: 

I.  The  same  quantity  may  be  added  to  both  members. 
For  example,  if  2  be  added  to  both  members  of  x'  =  16,  the 
members  of  the  resulting  equation,  x^  -\-  2  =  18,  will  be  equal. 

II.  The  same  quantity  may  be  subtracted  from  both  mem- 
bers.    Thus,  if  x'  =  16,  then  x^  —  2  =  14. 

III.  Both  members  may  be  multiplied  or  both  divided 
by  the  same  quantity.     Thus,  if  x^  =  16,  then  2-r*  =  32  and 

2  -^' 

IV.  Both  members  may  be  raised  to  the  same  power. 
Thus,  if  x^  =  16,  then  x*  =  256. 

V.  Like  roots  of  both  members  may  be  extracted.  Thus, 
if  x'  =  16,  then  x  =  4. 

A  little  thought  will  show  that  none  of  these  operations 
■will  destroy  the  equality  of  the  members.  In  the  equation 
16  =  16,  for  example,  by  I,  16  +  2  =  16  +  2 ;  by  II,  16  -  2  = 
16  —  2;  by  III,  16  X  2  =  16  X  2,  etc.  It  is  to  be  observed, 
however,  that  after  any  transformation,  the  members  do  not 
equal  their  original  values. 

560.  Transposition. — In  transforming  an  equation, 
it  is  frequently  necessary  to  transpose,  or  change  a  term 
from  one  member  to  the  other.  For  example,  in  the  equa- 
tion 3;r  +  5  =  12,  let  it  be  required  to  transpose  the  -)-  5  to 
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tin;  scrond  member.      This  mny  ])r.  clcmc  by  snhtractins:;  -\-  T\ 

from    both    meml^ers,    wliich,    by    Art.     55i-),    II,    will    not 

destroy   the  eciualilv;  thus, 

:].r  +  5  =  1 2 

Sid)traclii"i£!;  4-  •'»  from  l)olh  members,  5         5 

l^.i^  =  1:2  -  r,  =  7. 

AL^aiii,  let  it  be  reciuired  to  transj)ose  the  —  5  in  Wx  —  ')  = 

\l,  to  tlu;  seeond   m(;ml)er.      This   may   be   done   bv  addim:; 

1"  T)   to   both   members,    Avhich,    by   Art.    o55-),    I,    will    not 

destroy  the  tM[ualitv;   thus, 

:}.r  -  5  =  12 

Addini;-  +  a  to  l)()th  members,  h         5 

?^v         r^  12+")  =  17. 

Now,  Avhat  was  really  aeeomjilislKMl  in  each  ease  -was  that 
T)  was  transposed  from  the  lirst  to  the  seeond  meml)er,  with  Us 
sii^ii  (•//(/ //^i;rd ;  and  in  changing'  a  term  from  the  seeond  to  the 
first  member,  the  same  operation  would  be  performed.    Hence, 

5<">I.  A)iy  term  utay  he  transposed  from  citf/rr  member 
of  an  equation  to  the  other,  if  its  si<[/i  he  eJ!a)ii!;ed. 

5(->2.      Cancelation. —  \\'Ite)i  the  same  term  a f fears  7vith 

the  same  sij^'ii  in  hoth  members  of  an.     //cv/,  //  may  be  ean- 

celed  from  h(>tli.       I'or,    in  the  equa., r  +  c^  =  (J  +  <?,  we 

ha\a',  bv  trans[)osini;'  the  a  in  tlie  first  memb(M%  to  the  seeond 
membi-r,  .r  =  (J  +  ^c  —  c?  ;  Avhenee,  the  c^-'s  eanei-l,  Icaviuir 
X  =  (i.  Tt  must  be  observed  that  terms  ^vill  not  eaneel  from 
both  members  mdess  they  havt:  the  same  sijj^n.  Th.us,  in 
X  —  a  ^  i>  ■{-  a,  we  have,  by  trans])osin;.j;  the  —  (r,  x  =i  (i  +  2^?. 

0<^I{.  ClianjLi-iny;  Siii-ns. — It  is  sometimes  desirable  to 
chanp^e  the  si^-n  of  a  cpiantit}-  in  an  t-cpiation  from  —  to  +  or 
from  +  to  — .  To  ehaiv^e  it,  we  use  tlu;  TdllowiuL;"  principle: 
the  si^i^'-ns  of  all  the  terms  of  both  members  of  an  equation  may 
he  eha)io;ed  loithout  destroyint^  the  equality.  For,  in  the 
e([uation  —  x  +  1  ~  bi  —  r/,  both  members  may  be  multiplied 
by  -  1  (Art.  55J-),  HI),  -ivin--  x  —  4  =  -  10  +  a,  ova  —  10. 

5(>  1.  CIcarintr  of  1'^ Tactions. — When  an  equation 
contains  fractions  it  must  be  cleared  of  them  in  order  to  find 
the  value  of  the  unkncjwn  (piantity. 
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Example. — Clear  the  equation  x-\--^-\---f-  +  -^=  100  of  fractions. 

is         4  o 

Solution. — The  L.  C.  M.  of  the  denominators  2,  4  and  6  is  12.     By 

Art.  559,  III,  both  members  may  be  multiplied  by  the  same  quantity. 

]  2  r      36  tr      24jr 
Hence,  multiplying  each  term  by  12,  we  have  12,r  H — ^  -\ — f-  H — ^  = 

(W  4  b 

1,200.     Now,  reducing  each  fraction  to  its  simplest  form,  which  will 

not  alter  its  value  (Art.  483),  and  so  will  not  destroy  the  equality  of 

the  members,  we  have  12.r  +  C.r  +  9x  +  Ax  =  1,200,  the  denominators  to 

all  the  fractions  having  canceled. 

565.  Hence,  to  clear  an  equation  of  fractions,  multiply 
each  term  of  the  equation  by  the  L.  C.  M.  of  the  denominators. 

566.  Instead  of  multiplying  the  numerators  by  the 
L.  C.  M.  and  then  reducing  the  fractions  to  their  simplest 
forms,  it  is  easier  to  divide  the  L.  C.  M.  by  each  denominator, 
and  then  multiply  the  corresponding  numerators  by  the  quo- 
tients, as  was  done  in  Art.  490. 

Example. — Clear  the  equation  -^ — -  =  -r- ^ -.  of  fractions. 

Solution. — The  L.  C.  M.  of  the  denominators  is  2(jr2  — 4).  Divid- 
ing this  by  x  +  2  and  multiplying  2.r  by  the  quotient,  ^{x—  2),  gives 
4.i(.r— 2),  or  4.r'-*  —  8x;  dividing  2(^:^  —  4)  by  2  and  multiplying  1  by 
the  quotient,  x-  —  4,  gives  x"^  —  4;  and  dividing  2(jr^  —  4)  by  x'-  —  4  and 
multiplying  —  (3.r  +  2)  by  the  quotient,  2,  gives  —  6.r—  4.  Hence,  the 
equation  becomes  4.i-^  —  8.r=:  ,r'- —  4  — G.r— 4,  all  the  denominators 
having  canceled  in  the  process. 

567.  Where  a  fraction  is  preceded  by  a  minus  sign,  care 
must  be  taken  to  chajige  the  sign  of  every  term  of  the  numer- 
ator when  clearing  of  fractions.     See  Art.  493. 


EXAMPLES  FOR  PRACTICE. 

568.      Clear  the  following  equations  of  fractions  : 

i.      x+^+^  =  \Q--.  Ans.  28^2  -f-  21,r2  +  20x  =  448-r  -  56. 

4:  -1  X 

2.  ^  -  ^^  =  |-  Ans.   3.V  -  6,r  +  18  =  2a. 

3.  _^-.r  =  ^-l. 
a  —  0  a  +  0 

Ans.  ax+  bx—  a^x  +  b'^x  =  a^  —  2ab  ■\-  b"^  —  a^  +  b\ 

.1  X  a  +  b  .  oo       10 

Ans.  x  =  x^  —  a^  +  b^. 


{a  —  b)      a  —  b         x 
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SOLUTION    OF    SIMPLE    EQUATIONS. 

569.  A  simple  equation  is  one  containing  only  the 
first  power  of  the  unknown  quantity,  when  cleared  of  radical 
and  aggregation  signs  and  fractions.  It  is  also  called  an 
equation  of  the  first  degree. 

570.  The  unknown  quantity  in  a  simple  equation  con- 
taining but  one  unknown  quantity  is  usually  represented  by 
the  letter  x.  Known  quantities  are  represented  by  figures 
and  by  Xho.  first  letters  of  the  alphabet.  Equations  contain- 
ing known  quantities  represented  by  letters  are  called  literal 
equations,  and  if  any  literal  equation  be  solved  (Art. 
557),  the  value  of  the  unknown  quantity  will  usually  con- 
tain one  or  more  of  the  first  letters  of  the  alphabet. 

571.  To  solve  a  simple  equation: 

Rule. — Clear  the  equation  of  fractions^  if  it  lias  any. 

Transpose  the  terms  containing  tinknozun  quantities  to  the 
first  member,  and  the  knowti  terms  to  the  second  member. 

Combine  the  terms  containing  the  unknown  quantity  into 
one  term  and  reduce  the  second  member  to  its  simplest  form. 

Divide  both  members  of  the  resulting  eqjiatioti  by  the 
coefficient  of  the  ttnknown  quantity  {Art.  559,  III),  and  the 
second  member  of  this  last  equation  will  be  the  value  of  the 
7inknown  quantity. 

This  rule  does  not  hold  absolutely  in  all  cases,  since  special 
methods  are  often  used,  of  which  the  student  can  learn  only 
by  practice. 

572.  To  verify  the  result,  substitute  the  value  of  the 
unknown  quantity  in  the  original  equation,  which  should 
then  reduce  so  that  both  members  will  be  alike.  When  this 
occurs  the  equation  is  said  to  be  satisfied. 

573.  In  the  following  examples,  the  value  of  the  unknown 
quantity  x  is  to  be  determined.  All  the  transformations 
used  depend  upon  principles  explained  in  Arts.  558-567. 

Example. — Solve  the  equation  20  +  5.r  —  3,r  —  18  =  10. 
Solution. — Transposing  20  and  —  18  to  the  second  member, 

5,r  -  3.r  =  10  -  20  +  18. 
Combining  like  terms,        2.r  =  8. 
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Dividing  both  members  by  2  (Art.  559,  III), 

.r  =  4.     Ans. 
To  verify  the  result,  substitute  4  for  x  in  the  original  equation.    (Art 
572.)    Thus, 

20  +  5  X  4  -  3  X  4  -  18  =  10, 
or       20+20-12-18  =  10. 
Combining,  10  =  10,  which  proves  the  result. 

Example. — Solve  the  equation  5.r  —  (10  —  x)  =  5-r+  4(.t-—  1). 

Solution. — Removing  the  parentheses, 

5.r  —  10  4-  .r  =  5x  +  Ax  —  4. 
Transposing  —  10  to  the  second  member  and  5.r  +  4^  to  the  first 
member,  5.*-  +  .r  —  5.r  —  Ax  =10  —  4. 

Combining  like  terms,  —  3.r=  6. 

Changing  signs  to  make  the  term  containing  x  positive, 

3jr=-6.     (Art.  563.) 
Dividing  both  members  by  3,  x=  —  2.     Ans. 

Proof:     5  X  -  2  -  (10  + 2)  =  5  X  -  2  +  4(  -  2  -  1), 

or      -10- 10- 2= -10- 8- 4. 
Combining,  —  22  =  —  22,  which  proves  the  result. 

Example. — Solve  the  equation 

16-x-{  Ix  -  [8x  -  {dx  -  3x  -  6.1-)] }  =  0. 

Solution. — Removing  the  aggregation  signs  (Art  407), 
16  -  .r  -  Ix  +  8.r  -  9.r  +  3.r  -  6.r  =  0. 

Transposing  16  to  the  second  member, 

—  x—'7x+  8x  —  9x  +  3.r  —  6.r  =  —  16. 

Combining  like  terms,         —  12.r=  — 16. 

Dividing  both  members  by  —  12, 

x=  fl  =  1^.     Ans. 

Example. — Solve  the  equation 

2,t-  +  2       1  _  8  -  6.r       2(6,y  +  7) 
2  4^5"^  8 

Solution. — Reducing  the  first  term  of  the  first  member  and  the  last 
term  of  the  second  member  to  a  simpler  form,  the  equation  becomes 

,       1       8  -  6.r      6,r  +  7 
•^+^+4=-5-+-^- 

Clearing  of  fractions  by  multiplying  each  term  of  both  members  by 
20,  the  L.  C.  M.  of  the  denominators,  we  have 

20.r  +  20  +  5  =  32  -  24.r  +  30.r  +  35. 
Transposing  terms, 

20.r  +  24.r-  30.r  =  32  +  35-20-5. 
Uniting  terms,  14.r  =  42. 

Dividing  by  14,  jr  =  3.     Ans, 
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x'+4       Hr  —  4       X 
l>XAMrLi:. — Solve  the  ccjuation  x  +  '■ — '^ S"  =  ^- 

SoLT'iiox. — Clcarinij  <)f  fractions  by  imiltiplyinj^  cacli  term  l)y  40, 
the  [>.  C.  M.,  and  rcnRnil)LTiii)^  tliat  the  si,t;n  of  tin;  second  fraction  is 
minus  (Art,  5<-)7),         4().t-  -f  2()  r  H  ^^0  —  (~  li  —  ;52)  —  5.1-  -^  ?M). 

Remo\in.c(  j)arentlu'sis  and  transposinjj;  terms, 

4().r  +  »'().r  -  24.r  -  or  -  ?,m  -  80  -  32. 

Unitin.u;  terms,  ?y\x  —  248. 

Dividini^  by  ;51,  j- =  8.     Ans. 

;5  2  1 

J'-XA.MiM.i;.^ — Solv(;  tlie  equation , + =  0. 

*  1  —  .r        1  +  .1        1  —  .r- 

SoLTTiox. — Ciearin,Lj  of  fractions  by  multiplying  by  1  —  .r^  the 
L.  C.  M., 

3(l+.r)-2(l  -.r)+l  =0. 
3-l-;j.,--  2  -1-  2.r+  1  =  0. 
Uniting  terms,  5.r  =  —  2. 

X  =  —  .1.     Ans. 
NoTi':.' — 0  mulliplied  or  divided  l)y  any  number  =  0. 

574.     If  flu;   (Icnoininators  in   a  fractional  equation  are 

partly  nionDuiial   and   ])ai"t]y  polynomial,  it  will  be  easier  to 

clear    of    fractions    at    lirst    ])artially,    nuiltiplyinjj;    by    the 

L.  C.  M.  of  the  ///(^v/f^////V?/ denominators. 

„    ,         ,  .       8.r+5       4.r4-0       7.r-3 

r.XA.Mi'i-K. — Solve  the  etiuation  — — —  ~  — ^ ^■ 

'■  14  7  (j.r  +  2 

Solution. — Clearing  of  fractions  partially,  Ijv  muhiiilying  eacii 
term  by  14,  and  noticing  that  2  may  be  canceled  from  the  denominator 
of  the  second  fraction  of  the  second  member  wlien  multiplying  by  14, 

4i)r—  21 

8.1-  +  5  =  8.r  +  12  -  -,-^ — . 

;!.r  +  1 

Transposing  and  uniting  the  terms  (Art.  5G2), 

"    ■19-r-21  ^^ 

3.r+l  '• 

Clearing  of  fractions  by  multiplying  each  term  by  iix  +  % 

49.r- 21  =  21-1-+ 7 

2Sx  =  28 

X  =  1.     Ans. 

4  —  4- 

o  ,       .  .     .         3        ^  +  T^r7 

ExAMPi,K. — Solve    the  equation  1  -\ = . 

.1  —  1  .? 

S(jli;tiox. — Simplifying   the   second   meml)er  by  multiplying  both 
numerator  and  denominator  of  the  fraction  l)y  1  —  .r  (Art.  5()9), 
1  :{  :!(!  -  .1)  H-  4  -  X 

'^  x-1  ~  3(1-^-) 
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Changing  the  signs  of  the  first  fraction  so  as  to  bring  1  —  ,r  in  the 
denominator  (Art.  482),  and  clearing  of  fractions  by  multiplying  by 
3(1  -  -r),  3(1  -  .r)  -  9  =  3(1  -  .r)  +  4  -  .r. 

Canceling  3(1  —  x)  from  both  members  and  transposing, 

,r  =  13.     Ans. 

575.  When  powers  of  the  unknown  quantity  higher 
than  the  first  appear  in  an  equation,  they  will  often  cancel, 
the  equation  thus  reducing  to  a  simple  one. 

Example. — Solve  the  equation 

(.r  +  3)'^  -  3.r(4-r  +  1)  =  5x^  -  (4.r  -  5f. 

Solution. — Performing  the  operations  indicated, 

;i:2  +  6.r  +  9  -  12-r-^  -  Bx  =  S-r^  -  (Wx'^  -  40.r  +  25). 

Removing  the  parentheses  and  transposing  terms, 

,1-2  +  6.r  -  12.r'^  -  Sx  -  5x^  +  IG.r^  -  40.r  =  -  25  -9. 

Combining  like  terms,     —dlx  =  —  34. 

Dividing  by  —  37,  x  =  ff.     Ans. 

576.  In  literal  equations  (Art.  570),  the  terms 
containing  known  or  unknoAvn  quantities  cannot  always  be 
combined  into  one.  In  solving,  all  terms  containing  un- 
known quantities  must  be  brought  into  the  first  member 
without  regard  to  whether  they  contain  known  quantities. 

Example. — Solve  the  literal  equation  2ax—  %b  =  x+  c  —  Bax. 

Solution. — Transposing  the  terms  containing  the  unknown  quanti- 
ties to  the  first  member  and  the  remaining  terms  to  the  second  mem- 
ber, and  combining  like  terms,        hax  —  ,r  =  3(^  -f-  c. 

Factoring  hax  —  x  with  a  view  to  bringing  x  alone  in  the  first 
member,  (5^;  —  1)  x  —  3d  +  c. 

The  coefficient  of  x  is  now  ha  —  \,  this  being  considered  as  one 
quantity.     (Art.  391.) 

Dividing  by  5«  —  1,  x=  p -.     Ans. 

Proof. — Since  the  original  equation  is  equivalent  to  hax  —  x  =  bd  + 
c,  it  will  be  sufficient  to  satisfy  this  equation.  Hence,  substituting  the 
value  of  X, 

^oaK^b  -f  c)      U  +  c  (5^_i)(3^  +  ^) 

5^-1     -5^^^!  =  ^'^  +  ^'    «^  5a-l -^b  +  c. 

Canceling  the  ba  —  1,     dd  +  c  =  3d  +  c. 

Example. — Solve  the  equation 

(x  +  a)  {x  -d)-{x—a){x+i>)  =  a^  —  dK 

Solution. — Performing  the  operations  indicated, 

x^  +  ax  —  dx  —  ab  —  {x'^  —  ax  +  bx  —  ab)  =  «'  —  ^*, 

U.  E.    I— 13 
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Combining  like  terms,  2ax  —  2bx  =  a'  —  <5'; 
whence,  2{a  —  b)x  =  a'^  —  b'^, 

_  a^  -  //^       {a  +  b){a-  b)      {a  +  b) 
'''"        ^-2{a-b)=        2(«  -  b)       ="~3~-     ^"^• 

„  o  1       ^u  ,.       3.r+l       Ux  —  2a-\-c 

Example. — Solve  the  equation r  =  tt ti • 

^  x-\-\       b{x  +  1)  —  rt 

Solution. — Clearing  of  fractions, 

(3jr  +  \)Yb(^x  +!)_«]  =  (.r  +  1)  {Ux  -  2a  +  c\    or 

■Ux{x  +  1)  -  3«.r  +  ^(.r  +  1)  -  «  =  3(ix(,r  +  1)  -  (2a  -  r)  (^  +  1). 

Canceling  Zbx{x  -\-  1)  from  both  members, 

—  3a.r  +bx-vb  —  a  —  —  2ax  +  ex  —  2a  +  c. 

Transposing  and  uniting  terms, 

—  ax  +  bx  —  ex  =z  —  a  —  b  +  c. 

Changing  signs  and  factoring, 

{a  —  b  +  c)x  =  a  +  b  —  c; 

whence,        x  = j .     Ans. 

a  —  b  +  c 


EXAMPLES  FOR   PRACTICE. 

SiTT.      Solve  the  following  equations; 

1.  16  -  3jir  =  13  -  Qx.  Ans.  x=  —  l. 

2.  3(4.r  -  5)  +  6  =  1  +  2.r.  Ans.  x=l. 

3.  6(5  -2x)  =  6-  2{x  —  2).  Ans.  x  =  2. 

,      2x      4x      ^      Sx  A  tfft 

4.  -—_—-  =  5 7-  Ans.  X  =  60. 

do  4 

^       x+1         x+A  x+S  .  . 

5.  — t: ;: —  =  16 3 — .  Ans.  X  =  41. 

3  5  4 

„     X       x^  —  5x      2  .  _ 

^-     S--Sr^  =  T  Ans..r=-7. 

r,,     5^_iz:^=o.  Ans.x  =  4i. 

x+  1         x  +  4  * 

a^  _)_  4a 
8.     2x  —  Aa  =  Sax  +  a"^  —  a^x.  Ans.  x—- 


-  3a  +  2* 
^      ax+2x      a'^  +  4a-\-4       .  .  Sa' +  10a 

9.       r j-r =  0.  Ans.   X= jy . 

5a  4b  4b 

Suggestion. — Transposing  the  second  term  to  the  second  memjjer, 
ax+2x      g"  +  4a  +  4      (a  +  2)^ 
5a       ~  4b         -       4b      ' 

Multiplying  both  sides  by  5a, 

4b 
Solving  for  x, 

_  5a{a  +  2)^  _  5a(a  +  2)  _  Sa"  +  10a 
^~   {a-{-2)4b  ~        4b        ~        4b       ' 

10.     -^ — - — '-  =  ab-\ .  Ans.   x  = -j. 

cx  c  .  b 
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SIMPLE  EQUATIONS  CONTAINING  RADICALS. 

578.  To  solve  equations  containing  radicals,  the  radical 
signs  must  first  be  removed.  For  example,  to  solve  4/r  =  4, 
we  know  from  Art.  559,  IV,  that  both  members  may  be 
raised  to  the  same  power.  Hence,  squaring  both  members, 
|/i  X  4/^  =  4  X  4,  or  ,r  =  16,  since,  by  Art.  553,  any  radical 
raised  to  a  power  corresponding  to  its  index  equals  the 
quantity  under  the  radical  sign.  Again,  in  ^^x  =  4,  cubing 
both  members,  ^  X  '^-r  X  \^'  =  4  X  4  X  4,  or  .r  =  64. 

579.  Hence,  to  solve  equations  containing  a  single 
radical: 

Rule. —  Transpose  tlie  terms  of  the  given  equation  so  that 
the  radical  will  stand  alone  in  one  member  ;  then  raise  both 
members  to  a  power  corresponding  to  the  index  of  the  radical. 


Example. — Solve  the  equation  f/.r^  —  5  —  jr=  —  1.  • 
Solution. — Transposing  —  x  so  that  the  radical  will  stand  alone, 

f/.r"-^  —  5  =  .r—  1. 
Squaring  both  members,  since  the  index  of  the  radical  is  3, 

,r^  —  5  =  x'^  —  2x  +  1. 
Transposing  and  uniting  terms, 

or        jr  =  3.     Ans. 
580.     Before  clearing  of  the  radicals  the  equation  should 
be  simplified  as  much  as  possible. 


Example. — Solve  the  equation  %^ x  —  18  =  |. 
Solution. — Dividing  by  |,  |/.r  —  18  =  |  X  f  =  6. 
Squaring  or  —  18  =  36, 

or        x  =  54.     Ans. 

581.  If  there  are  two  or  more  radicals  in  the  equation, 
remove  each  one  separately,  beginning  with  the  most  complex, 
as  directed  above. 


Example. — Solve  the  equation  4/4.1:+  21  r=  2^x+  1. 
Solution. — The  square  of  j/4.r+21  is  4.r  +  21,  and  the  square  of 
2|/.r  +  1  is  4x  +  4 1/  .r  +  1 ;  hence,  squaring, 

4x  +  21  =  4x  +  4|/^  + 1. 
Transposing  and  uniting,    if'x  —  20. 
Dividing  by  4,  ^x=  5. 

Squaring  again,  x  =  25.    Ans. 
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Example. — Solve  the  equation 


jA.r  +  -/IG-r  +  2  =  1  +  2|/J. 


Solution. — Squaring,  4x+  ^ Idx +  2  =  1  +  i\/x  +  4x. 
Canceling  Ax  and  squaring  again, 

16.r  +  2  =  1  +  8|/J+  16.r. 
Canceling  16x  and  transposing, 

Changing  signs,  8\/x  =  1, 

or       \/x  =  \. 
Squaring  again,  x  =  -^-f.     Ans, 

582.     When   there   are    fractions   with    radicals    in    the 

denominators,  it  is  usually  better  to  clear  of  fractions  before 

squaring. 

/-        / 60 

Example. — Solve  the  equation  y  x  +  y  x—  24 


|/.r-24 

Solution. — The  product  of  ^x  and  |/.r—  24  is  |/.i-^  —  24^,  and  the 
product  of  -f/.r—  24  and  ^ x  —  24  is  x  —  24.     Hence,  clearing  of  frac- 
tions, i/x^  —  24:x  +  jir  -  24  =  60. 
Transposing  and  uniting, 

^x-^  —  Mx  =  84  —  .r. 
Squaring,  x^-24x=  7,056  -  168;r  +  x', 

or        144.^=7,056; 
whence,  x  =  49.     Ans. 

a        i/x+  i/~d 

Example. — Solve  the  equation -r-  =  — ;= ■;=• 

b        |/.r-  i\/ b 

Solution. — Clearing  of  fractions  by  multiplying  a  by  ^~x  —  4/T  and 

^~x  -\-   1^  b\iy  b,  _  _ 

a/^  X—  a\n>  =  b\/x+  b\/~b. 

Transposing,    — a  ^  b  and  b^  x, 

a  |/^  —  b  ^~x  =  a^  +  b  ^~b. 

Factoring,  {a  —  b)  \/l:  =  {a  +  b)y^\ 

whence,         \^  — '-^ — ^• 

a  —  b 

(a  +  bfb       {a  +  bW       . 
Squaring,  x  =  i^^-^  =  (^  b.     Ans. 

Example. — Solve  the  equation  ax-^  +  d  =  c. 
Solution. — Transposing,     ax~^  =  c  —  d, 

or  —^=c-d.    (Art.  530.) 
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Clearing  of  fractions,  a  —  x^ {c  —  ^), 

or        .r  *  (r  —  (/)  =  a. 

Dividing  hy  c  —  d,  x^  = 


c  —  d' 
Cubing.  -^=(7^)'-     Ans. 


EXAMPLES  FOR   PRACTICE. 

583.  Solve  the  following  equations: 

1.  4/,v+l-2  =  3.  Ans.  x  =  24. 

2.  |/.r-32  =  16-  |/:^.  Ans.  ;r  =  81. 

3.  X- i  +  2.r- J  +  3,t- i  =  2.  Ans.   ;r  =  9. 

/-  / 2« 

4.  y  -r  +  y  rt  +  ,r  =      .  Ans.  x  =  \a. 

y  a  +  X 

5.  2{\/x  -  \/x-S)  =  — ^  Ans.   x  =  4. 

yx 

6.     --3  =  2.  Ans.  x  =  9. 

(10.r  +  35)-§  , 

PROBLEMS    LEADING    TO    SIMPLE     EQUATIONS 
WITH    ONE    UNKNOWN    QUANTITY. 

584.  There  are  two  steps  in  the  solution  of  problems  by- 
Algebra: 

First. — The  relations  which  exist  between  the  known  and 
the  unknown  quantities — that  is,  between  those  whose  value's 
are  given  in  the  problem  and  those  whose  values  are  required 
— must  be  stated  by  one  or  more  equations.  This  is  called 
the  statement  of  the  problem. 

Second. — The  resulting  equation  or  equations  must  be 
solved,  giving  the  values  of  the  required  quantities. 

585.  It  will  thus  be  seen  that  by  the  algebraic  method, 
the  answer  to  a  problem  is  used  in  the  solution  and  operated 
upon  as  though  it  were  a  known  quantity,  which  is  one  great 
advantage  over  the  arithmetical  method. 

The  ability  to  state  a  problem  by  means  of  an  equation 
depends  upon  the  ingenuity  of  the  operator  and  his  ability 
to  reason,  rather  than  upon  his  knowledge  of  Algebra.  No 
definite  rule  can  be  given  for  making  the  statement,  but  in 
general,  where  there  is  only  one  unknown  quantity  in  a 
problem : 
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586.     Decide  what  quant  it j  it   is  zu/wse  value  is  to  be 

found.      This  zvill  be  the  imknown  quantity^  or  the  ansiuer. 

Tlien  represent  the  unknown   quantity   by  x  and  form  an 

equation  that  will  indicate  the  relations  between  the  known 

and  the  unknown  quafttities  as  stated  in  the  problem. 

Note. — The  equation  will  also  indicate  the  operations  that  would  be 
performed  in  proving  the  statement  made  in  the  problem,  were  the 
answer  known.  Hence,  the  equation  may  often  be  formed  by  noticing 
what  operations  would  be  performed  upon  the  answer  in  proving. 

Example. — Find  such  a  number  that,  when  14  is  added  to  its  double, 
the  sum  shall  be  80. 

Solution. — The  quantity  whose  value  is  required  is  the  number 
itself.  As  this  is  the  unknown  quantity,  let  x  =  the  number,  whence 
2.r  must  be  double  the  number.  Now  the  problem  states  that  when  14 
is  added  to  double  the  number  the  sum  will  be  30.  In  other  words, 
when  14  is  added  to  2x  the  sum  will  be  30.  Hence,  the  statement  of 
the  problem  in  the  form  of  an  equation  is, 

2x  +  14  =  30;  whence,  solving, 
X  —  8.     Ans. 

Example. ^Find  a  number  which,  when  multiplied  by  4,  will  exceed 
40  by  as  much  as  it  is  now  below  40. 

Solution. — Let  .r=the  required  number,  which,  when  multiplied 
by  4,  becomes  4.r.  According  to  the  conditions  of  the  problem.,  the 
amount  by  which  4  times  the  required  number,  or  4x,  exceeds  40  is 
equal  to  the  amount  that  the  number  itself,  or  x,  is  below  40. 

But  4.r  —  40  is  the  amount  by  which  ^.x  exceeds  40,  and  40  —  x  is  the 
amount  by  which  x  is  below  40. 

Hence,  by  the  conditions,  we  have  the  statement 

4.1-  —  40  =  40  —  jr. 

Transposing  and  uniting,        hx  =  80, 

or        jr=16.     Ans. 

Example. — Two  loads  of  brick  together  weigh  4,000  lb. ;  but  if  500  lb. 
be  transferred  from  the  smaller  to  the  larger  load,  the  latter  will  weigh 
7  times  as  much  as  the  former.     How  much  does  each  load  weigh  ? 

Solution. — If  the  weights  of  the  two  loads  Avere  known  an.d  it  was 
desired  to  prove  the  correctness  of  the  example,  we  should  add  500  lb. 
to  the  weight  of  the  larger  load  and  subtract  500  lb.  from  the  weight  of 
the  smaller  load,  as  stated  in  the  example.  The  larger  load  should 
then  weigh  7  times  as  much  as  the  smaller.  To  obtain  the  equation 
the  same  thing  is  done  by  letting  jr=  the  weight  of  one  load,  whence 
4,000  —  x  equals  the  weight  of  the  other  load. 

Let  ;r=  the  weight  of  the  smaller  load. 

Then   4,000  —  xr=  the  weight  of  the  larger  load. 

Also,  X  —  500  =  the  weight  of  the  smaller  load  after  transferring  500  lb. 
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And  4,000  —  x  +  500  =  the  weight  of  the  larger  load  after  transferring 
500  lb. 

By  the  conditions,  the  larger  load  now  weighs  7  times  as  much  as 
the  smaller. 

Hence,  7(.r- 500)  =  4,000- .r  + 500. 

Solving,        "Ix  -  3,500  =  4,500  -  x, 
or        8.r=  8,000; 
whence,  .r=  1,000  lb.  =  weight  of  smaller  load,  [  ^ 

and   4,000  —  jr  =r  3,000  lb.  =  weight  of  larger  load.      ) 
Proof.— 1,000  —  500  =  500  =  weight  of  the  smaller  load,  and  3,000  + 
500  =  3,500  =  weight  of  the  larger  load  after  the  500  pounds  have  been 
transferred;  3,500-^-500  =  7. 

Until  the  student  has  attained  considerable  proficiency  in 
solving  problems  of  this  kind,  it  is  a  good  plan  to  prove  all 
problems. 

Example. — The  circumference  of  the  fore  wheel  of  a  carriage  is  10 
feet,  and  of  the  hind  wheel  12  feet.  What  distance  has  the  carriage 
traveled,  when  the  fore  wheel  has  made  8  more  turns  than  the  hind 
wheel  ? 

Solution. — In  this  example  the  distance  traveled  is  not  known,  but 
is  required  to  be  found.  Suppose  that  the  distance  is  known,  and  that 
it  equals  x  feet,  and  that  we  wish  to  see  whether  the  statement  is  true 
that  the  fore  wheel  makes  8  more  revolutions  than  the  hind  wheel  in 
passing  over  x  feet.     The  number  of  revolutions  of  the  fore  wheel  is 

X  X 

evidently  777:,  and  of  the  hind  wheel,  r^-.     The  example  states  that  the 
10  1* 

difference  between  them  equals  8. 

Hence,  10  ~  12  ~  ^'        ^ 

Solving  for  x,  12;r-  10.r  =  960, 

or        2.f=960,  and 

X  =  480  ft.     Ans. 

480 
Proof. —  -zr^  =  48  =  revolutions  of  fore  wheel. 

— —  =  40  =  revolutions  of  hind  wheel. 

48  —  40  =  8.     Compare  this  proof  with  (1). 

Example. — A  water  cistern  connected  with  three  pipes  can  be  filled 
by  one  of  them  in  80  minutes,  by  another  in  200  minutes,  and  by  the 
third  in  300  minutes.  In  what  time  will  the  cistern  be  filled  when  all 
three  pipes  are  open  at  once  ? 

Solution. — Here  the  unknown  quantity  is  the  number  of  minutes 
required  to  fill  the  cistern  by  all  three  pipes  together.  Supposing  this 
to  be  X  minutes,  the  example  may  be  proved  by  noticing  that  the  sum 


194  ALGEBRA. 

of  the  quantities  of  water  flowing  through  each  pipe  separately  in  a 
given  length  of  time,  as  1  minute,  must  be  equal  to  the  (quantity  flow- 
ing through  all  three  together  in  the  same  length  of  time.  According 
to  the  problem,  the  quantity  discharged  by  the  first  pipe  in  one  minute 
would  be  ■^^j,  by  the  second  -^,  and  by  the  third  -j-J-^  of  the  contents  of 
the  cistern.     In  like  manner  the  quantity  discharged  by  all  three  at 

once  in  one  minute  would  be  — .     Then,  if  the  example  is  stated  cor- 

X 

rectly.  we  must  have  "^  +  2^  +  3^  =  F 

Clearing  of  fractions, 

x{30  +  12  +  8)  =  2,400, 
or        50x=  2,400; 
whence,        x  —  48  minutes.     Ans. 
Example. — A  man  rows  a  boat  a  certain  distance  w/Z/i  the  tide,  at 
the  rate  of  6j  miles  an  hour,  and  returns  at  the  rate  of  3^^  miles  an 
hour,  against  a  tide  half  as  strong.     If  the  man  is  pulling  at  a  uniform 
rate,  what  is  the  velocity  of  the  stronger  tide  ? 

Solution. — If  the  following  statement  is  not  clear,  the  student 
should  reason  it  out  for  himself  in  a  manner  similar  to  that  used  in  the 
last  three  examples. 

Let  X  =  number  of  miles  per  hour  that  the  stronger  tide  is  running; 

then,   -^  =  number  of  miles  per  hour  that  the  weaker  tide  is  running. 

X 

Hence,  6|  —  x  and  3^  +  „-  are  expressions  for  the  rate  at  which  the 

man  is  pulling.  But,  as  he  is  pulling  at  a  constant  rate  all  of  the 
time,  these  expressions  must  be  equal.     Hence, 


6|  _  ^  =  3i  +  ±, 


X 

"2 
20  10      X 

^^       T--^=T+2- 


Clearing  of  fractions,       40  —  G.r  =  20  -f  3x, 
or  —  9.r=  — 20; 

whence,  jr  =  2|  miles  per  hour.     Ans. 


EXAMPLES   FOR   PRACTICE. 

5S7.      Solve  the  following  examples: 

1.  The  greater  of  two  numbers  is  four  times  the  lesser  number,  and 
their  sum  is  400 ;  what  are  the  numbers?  Ans.  80  and  320. 

2.  A  farmer  has  108  animals,  consisting  of  horses,  sheep  and  cows. 
He  has  four  times  as  many  cows  as  horses,  lacking  8,  and  five  times  as 
many  sheep  as  horses,  lacking  4;  how  many  has  he  of  each  kind  ? 

fl2  horses. 
40  cows. 
56  sheep. 
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3.  A  can  do  a  piece  of  work  in  8  days,  and  B  can  do  it  in  10  days; 
in  what  time  can  tliey  do  it  working  together  ?  Ans.  4^  days. 

4.  Find  five  consecutive  numbers  whose  sum  is  150. 

Ans.  28  +  29  +  30  +  31  +  32. 

5.  A  boat  whose  rate  of  sailing  is  G  miles  per  hour  in  still  water, 
moves  down  a  stream  which  flows  at  the  rate  of  3  miles  per  hour,  and 
returns,  making  the  round  trip  in  8  hours ;  how  far  did  it  go  down  the 
stream  ?  , Ans.  18  mi. 

QUADRATIC    EQUATIONS. 

588.  A  quadratic  equation  is  one  in  which  the 
square  is  the  highest  power  of  the  unknown  quantity,  when 
simplified  as  stated  in  Art.  569.  It  is  also  called  an  equa- 
tion of  the  second  degree. 

589.  A  pure  quadratic  equation  is  one  which  con- 
tains the  square  only  of  the  vniknown  quantity,  as  ,v^  -\-  2ad 
=  10. 

590.  An  affected  quadratic  equation  is  one  con- 
taining both  the  square  and  the  first  power  of  the  unknown 
quantity,  as  x''  -{-  2x  =  G. 

591.  By  the  processes  used  to  reduce  simple  equations, 
any  pure  quadratic  equation  may  be  reduced  to  an  equation 
having  the  square  of  the  unknown  quantity  alone  in  the  first 
member,  and  some  known  quantity  in  the  second  member, 
as  in  x^  =  a,  where  x''  is  the  square  of  the  unknown  quan- 
tity and  a  is  a.  known  quantity.  The  value  of  the  unknown 
quantity  may  then  be  found  by  extracting  the  square  root 
of  both  members,  which,  by  Art.  559,  V,  will  not  destroy 
the  equality  of  the  equation.  By  referring  to  Art.  519,  it 
will  be  seen  that  after  extracting  the  square  root,  each  mem- 
ber should  be  written  with  the  ±  sign.  Thus,  extracting 
the  square  root  of  both  members  of  x"^  =  a,  we  have  ±  -r  =  ± 
i/a.     This  may  be  taken  in  four  ways,  namely,  that 

-{-  ^  =  -{-  \^- 
-{-  X  =  —  4/^ 

—  X  =  —  ^~a. 

—  X  —  -\-  \/a'. 

But  by  Art.  563,  the  signs  of  both  members  of  the  last 
two  equations  may  be  changed,  making  -j-  jr  =  -[-  y^  and 
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+  •*■=—  4/^    the    same    as    in    the    first    two    equations. 
Hence,  the  equation  x^  =  a  has  the  two  values, 

X  =  -\-  i/  a  and 

X  =  —  4/^ 
and  these  may  be  expressed  by  writing  x  in  the  first  mem- 
ber without   any  sign  (plus,   understood),  and  writing  the 
square  root  of  a  in  the  second  member  with  the   ±  sign, 
thus,  X  =  ±  ^/TT. 

592.  From  the  foregoing,  we  have  the  following  rule 
for  solving  a  pure  quadratic  equation : 

Rule. — Reduce  tJie  given  equation  to  the  form  ofx'^  =  a 
{Art.  S91),  and  extract  the  square  root  of  both  members,  writ- 
ing the  ±  sign  before  the  square  root  of  the  second  member. 

Note. — The  root  of  an  equation  is  the  value  of  the  unknown  quan- 
tity. From  this  it  will  be  seen  that  a  simple  equation  has  one  root, 
and  a  quadratic  equation  has  two  roots.  In  general,  any  equation  has  as 
many  roots  as  there  are  units  in  the  exponent  of  the  unknown  quantity. 

^2       r*  — 3       1 

Example. — Solve  the  equation  rrr ~ —  =  ktt. 

16  5  20 

Solution. — Clearing  of  fractions  by  multiplying  each  term  by  80, 

5.r2  -  16(.r-^  -  3)  =  4. 
Transposing  and  uniting,  —  lljr'^  =  —  44, 

or        x"^  =  4. 
Extracting  the  square  root  of  both  members, 

JT  =  ±  2.     Ans. 

Example. — Solve  the  equation 


|/.r-2         V  x+l 
it  x+2        i/  x-2  ~ 
Solution. — Clearing    of    fractions  by   multiplying  each   term   by 
Vx+2  X   |/.v-3. 


.r— 2  +  jr+2  =  4|/x+2  X   4/  -v  —  2  ; 
or,        2x  =  4  i/x^  -  4.     (Art.  547.) 

Dividing  by  2,  x=2  \/x^-4:. 

Squariag,  x^  =  4{x^  —  4), 

or         x^  =  Ax'^-lG; 
whence,    —  3x-  —  —  16, 
and         x^  =  Jj*. 
Extracting  the  square  root  of  both  members, 

.r=:  ±  4  j/J.     Ans. 
By  Art.  540^  the  answer  may  also  be  written  ±  |  4/  3 ,  a  better  form 
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EXAMPLES    FOR    PRACTICE 
593.      Solve  the  following  equations: 
1.     3.rs  -  57  -  4.r2  =  -8x"-  +  6. 

I        „         ^ 

r-2  4-50  r'  —  10 

3.     35   -         J^       =x'-        .,       . 
0  o 


4.     jr  4/6  +  Jir-^  =  1  +  ;i-2. 


Ans. 

X  — 

±3. 

Ans. 

x  = 

±i- 

Ans. 

x=^ 

±5. 

Ans. 

x  = 

±i- 

Ans. 

x  = 

± 

3VJ  = 

±1 

|/¥. 

\/  x+l  i/  jr  —  1 

5.  ^, .+   ^ . =  3. 

y  x—1       y  x+l 

6.  X  \/a  +  x-^  =  />  +  x^. 

Note. — After  squaring,  transpose  all  terms  containing  x"^  into  the 
first  member  and  factor. 


Ans.   x=±/^yj^^^=  ±^^723^^- 


2^. 


AFFECTED     QUADRATIC    EQUATIONS. 

594.  The  solution  of  affected  quadratic  equations  de- 
pends upon  the  form  of  the  trinomial  obtained  by  squaring- 
a  binomial,  a.s  x  -\-  a  or  x  —  a,  where  a  and  x  represent 
known  and  unknown  quantities,  respectively.  By  Arts. 
428  and  429,  {x  ±  a)"-  =  x'  ±  2ax  +  a\  It  is  to  be  ob- 
served that  the  first  term  of  this  trinomial  is  the  square  of 
the  laiknown  quantity,  and  that  it  is  positive ;  the  second 
term  contains  the  first  pozver  of  the  unknoivn  quantity,  and 
the  third  term  is  a  known  quantity,  which  is  a  perfect  square 
and  positive. 

595.  Every  affected  quadratic  equation  can  be  reduced 
so  that  the  second  member  will  become  a  known  quantity, 
2in6.  the  first  menibcr  will  consist  of  only  two  terms,  corre- 
sponding to  x^  and  ±  Sax,  as  above.  When  reduced  to  this 
form,  it  may  be  solved  by  adding  a  known  quantity  to  both 
members,  corresponding  to  the  d^  above,  which  will  make  a 
perfect  square  of  the  first  member.  Then,  by  extracting 
the  square  root  of  both  members  of  the  equation,  the  first 
member  will  be  in  the  form  of  x  ±  a,  containing  only  the 
first  power  of  the  unknown  quantity. 

596.  Inspection  of  the  trinomial  x"^  ±  lax  -|-  d^  shows 
that  the  third  term,  or  the  quantity   to   be   added   to   both 
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members,  is  equal  to  the  square  of  half  the  coeflficient  of  x. 
Adding  this  quantity  to  both  members  is  called  complet- 
ing the  square,  meaning  that  it  makes  a  perfect  square  of 
the  first  member. 

597.     Hence,  to  solve  an  affected  quadratic  equation: 

Rule. — Reduce  the  equation  to  the  form  of  ,f'  ±  ax  ^b  ; 
that  is,  so  that  the  second  member  consists  of  a  known  quan- 
tity, while  the  first  member  has  but  tivo  terms,  the  first  being 
the  square  of  the  unknown  quantity  and  positive,  its  co- 
efficient being  1,  and  the  second  containing  the  first  poiver"  of 
the  unknown  quantity  zuith  any  coefficient. 

Complete  the  sqtiare  by  adding  the  square  of  half  the 
coefficient  of  x  to  both  members. 

Extract  the  square  root  of  both  members  and  solve  for  x. 

Example  1. — Solve  the  equation,  4jr-  —  16.r  —  128  =  0. 

Solution. — Transposing  the  —  128, 

4^2  _  16^- =128.     (1) 
Dividing  by  4,  .r^  —  4.r  =  32. 

The  equation  now  fulfils  the  conditions  of  the  rule;  namely,  the 
second  member  is  a  known  quantity,  32,  while  the  first  member  has 
but  two  terms,  the  first  being  x'^  alone,  and  positive,  and  the  second 
containing  the  first  power  of  x. 

The  coefficient  of  x  divided  by  2  is  —  2 ;  the  square  of  this  is  4,  the 
quantity  to  be  added  to  both  members.     Hence,  completing  the  square, 

x-^  _  4,v  4-  4  =  32  +  4  =  36. 
Extracting  the  square  root  of  both  members, 

.r-2=±6. 
Transposing  —  2,  jr=  2  +  G,  or  2  —  6; 

whence,        .r  =  8,  or  —  4.     Ans. 

Proof. — Substituting  8  for  x  in  equation  (1), 

4(8)2  _  16  X  8  =  4  X  64  -  128  =  128. 
Substituting  -  4  for  x,  4(-  4)^  -  16(-  4)  =  64  +  64  =  128.     . 

Example  2. — Solve  the  equation  —  ,r*+  13.r  =  —  14. 

Solution. — Changing  all  the  signs  to  make  the  first  term  positive, 

;r2-13.r=14.     (1) 
To  complete  the  square,  (—  ^)'^  or  if^  must  be  added  to  both  mem- 
bers.    To  do  this,  change  14  into  fourths,  giving  ^. 
Completing  the  square, 

„      ,„        169      ,,       169       56       169       225 
^2_i3^^_  =  14  +  _^_^_^_. 
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Extracting  the  square  root,  x  —  -^#  =  ±  -i# ; 

whence,        jr  =  ®^  or  —  |  =  14  or  —  1.     Ans. 

Note. — It  is  Taetter,  as  a  rule,  to  use  common  fractions  than  to  use 
decimals,  when  solving  affected  quadratic  equations.  Until  the  student 
has  attained  considerable  proficiency  in  solving  these  equations,  he 
should  prove  the  correctness  of  his  result,  as  was  done  in  example  1. 

Example  3. — Solve  the  equation,  —  3,r-  —  1x  =  i^. 

Solution. — Dividing  both  members  by  —  3  to  make  x^  stand  alone, 
and  positive,  .r**  +  |.r=  —  ^^. 

Completing  the  square  by  adding  (|)^  =  ||, 

t-2i_7^_i_49   —   10_i49   —     9 

X    -f-  j.r  -t-  gg-  _       -5-  -t-  55^  _  -g^. 
Extracting  the  square  root,  jjr  +  |  =  ±  f ; 

whence,        x  =  —  f  or  —  |.     Ans. 

r^  —  8 
Example  4. — Solve  the  equation  x—  '—, =  =  3. 

Solution. — Clearing  of  fractions, 

.r3  +  5^^  _  ,^-3  ^  8  =  2^2  +  10. 
Transposing  and  uniting  terms, 

-  2x''  +  5.r  =  2. 
Dividing  by  —  2,  x^  —  f.r  =  —  1. 

Completing  the  square,  x'^  —  %x  +  fj  =  ■^. 
Extracting  the  square  root, 

x-|=±|; 
whence,        jr  =  2  or  |.     Ans. 

Example  5. — Solve  the  literal  equation,  acx'^  —  bcx  -f-  adx  =  bd. 

Solution. — Reducing  the  equation  so  that  the  first  member  will 
contain  two  terms,  one  with  x'^  and  one  with  .f, 

acx-  —  (be  —  ad)x  =  bd. 

Here,  be  —  ad  is  the  coefficient  of  x.  Dividing  by  ae  to  make  the 
first  term  a  perfect  square, 

„      be  —  ad         bd 

x^ X  —  — 

ae  ac 

Completing  the  square, 

„      be  —  ad         {be  —  adf       bd      b-c"  -  2abed  +  ^W* 
ae      '  Aa'^e'^  ae  4«V^ 

b^e'^+  %abed  +  a'uP 
4:a^e'^ 
Extracting  the  square  root, 

be  —  ad  be  +  ad 

X -= =  ± 


2ae  2ac 

Transposing  and  uniting, 

_  be  —  ad  be  -^  ad  ^ 
2ae  2ae 

whence,        ;r  =  —  or  ' Ans. 

a  c 
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598.  An  affected  quadratic  equation  always  contains 
three  terms:  the  first,  containing  the  square  of  the  unknown 
quantity;  the  second,  the  first  power  of  the  unknown  quan- 
tity, and  the  third,  containing  no  power  of  the  unknown 
quantity.  Every  such  equation  may  be  solved  by  means  of 
the  rule  given  in  Art.  597. 

Example. — Solve  the  equation  (2m  +  n)x^  —  mx  =  4;«'«*. 
Solution. — According  to  the  rule,  the  coefficient  of  .r*  must  be  1 ; 
hence,  dividing  both  sides  of  the  equation  by  the  coefficient  of  x^  (which 


m 


•will  not  alter  the  equality),  the  equation  becomes  x-  —  -r- 


-X  =■ 


.     According  to  the  rule,  the  square  of  one-half  of  the  coefficient 

of  X  (the  first  power  of  the  unknown  quantity)  must  be  added  to  both 
members  of  the  equation.     In   this  example,  the  coefficient  of  x  is 

,  and  the  square  of  one-half  of  it  is     ^r-^ .     Adding  this 

to  both  members,  the  equation  becomes 


-2  


■  ^  "^  \_2(2m  +  n)]    ~  2m  +  «  '^  \_2{2m  +  7i)\  ' 


2m  +  11  \_2{2m  +  n)j         2m  -t-  n        \_2{2;n  +  h)_ 

Simplify  the  right-hand  memb&r,  thus  : 


r    "'    r 

I2{2fn  +  «)J 


m'  m' 


4(4;;2'^  -I-  4jnn  +  «*)       IQm'^  ■+-  IGmn  +  An^' 

Therefore, 

Aui^fi^  m"^  _  A}>t'^n\Sm  4-  4«)  -f-  ;«*  _ 

2w  H-  n       IGm'^  +  Wmn  +  in'^  ~    Wm'^  +  IQmn  +  An'^  " 
?,2mhi^  +  X^mhi^  +  ;;z^      m\Z2mn^  +  16/r''  +  1) 
16;«"''  +  \^mn  +  Aii^     ~"  4(2;«  +  nf    • 

Extracting  the  square  root  of  both  sides  of  the  completed  square, 
which  is  now 

m  r        m        1^      ;«'(32w«2  ^  16«3  + 1) 


r       m       -y  _ 
L2(2;«  +  7i)\    ~ 


we  have  x  — 


2m  -\-  n  L2(2;«  +  «)J  4(2;«  +  nf 

m  ni 


2(2;;?  +  n)  2(2;«  4- «)  '  - 

7)1  7)1 


°^        ''  =  2(2m  +  7t)  ±  W^iTT^  ^  ^^""^'  +  ^^''^  +  ^  = 

7)1 


„,.,       ,      <  (1  ±  i/  32/««2  -t-  16«3  +  1).     Ans. 

This  example  is  quite  as  complicated  as  any  the  student 
will  probably  ever  be  called  upon  to  solve.  It  is  by  no 
means  difficult,  it  each  step  is  followed  by  reference  to  the 
rule.     It  should  be  noted  that  in  all  cases  the  coefficient  of 


ALGEBRA.  201 

the  first  power  of  the  unknown  quantity  (i.  c,  the  quantity 
whose  value  it  is  desired  to  find)  consists  of  all  the  numbers 
and  letters  which  are  multiplied  into  the  quantity.  Thus, 
in  da'^dc^x  the  coefficient  of  x  is  da'^dc^,  and  one-half  of  it  is 

Example. — Solve  for  x  in  the  equation  80  —  3.r^  —  2.r  =  —  5. 

Solution. — Transposing  the  known  term  in  the  left-hand  member, 
—  3.r*  —  2.r  =  —  85.  Dividing  by  the  coefficient  of  x  (which  is  —  3  in 
this  case),  the  equation  becomes  x-  +  f.r  =  ^"-.  One-half  of  the  coeffi- 
cient of  X  is  I  X  i  =  i.  and  the  square  of  it  is  (if  —  \.  Adding  \  to 
both   members,   .r-  +  f  ;r  -|-  ^  =  -^  -f- 1.      But,   -%^-  -)-  ^  =  (reducing  to  a 

255  -I-  1 
common  denominator) =  ^|^. 

Hence,  x^  +  ^x+\  =  ^^.  Extracting  the  square  root  of  both  mem- 
bers \/^~+Jx+\  =  y^,  or  x  +  i=  ±^;  whence,  .r=  —  ^±^'-  =  5, 
or  —  ^.     Ans. 

X  b 

Example. — Find  the  value  of  x  in  the  equation = r- 

^  .r -f-  «        X—  0 

Solution. — Clearing  of  fractions,  x{x  —  <5)  =  b{x  +  a)  or  x-  —  bxz=  bx 

-H  ab.     The  term  bx  in  the  right-hand  member  must  be  transposed  tc> 

the  other  side,  so  that  only  the  known  term  shall  be  on  the  right.     T.ie 

equation  then  becomes ,r-  —  bx—  bx=  ab,  or  x-  —  2bx  —  ab.     Here  the 

/2^\^ 
coefficient  of  x  is  2b  and  the  square  of  one-half  of  it  is  I  -^  1   =  b'^. 

Adding  b-  to  both  sides,  x'^  —  2b  x+  b'^  =  ab  +  b"^  —  {a  +  b)b.     Extracting 
the   square   root   of   both   members,  x—  b  —  ±  |/(«  +  b)b,  or   x=  b  ± 
\/{a  -h  b)b.     Ans. 

When  extracting  the  square  root  of  the  left-hand  mem- 
ber, after  the  square  has  been  completed,  it  is  easier  and 
quicker  to  apply  the  rule  given  in  Art.  457,  than  the  rule 
for  square  root  given  in  Art.  523. 


EXAMPLES   FOR   PRACTICE 
599.      Solve  the  following  equations: 

1.  ;i:2  +  2.r=35. 

2.  ^x^  +  Qx  =  l^. 

3.  5jr2-24.r=5. 

24 

4     X  +  ■ 7-  =  3.r  —  4.  Ans.  jtr  =  5  or  —  2. 

x—\ 

5.      —  o.r*  +  9.r  =  2^.  Ans.  .r  =  ^  or  |. 

e.     —I- -I- .:^±i  =  J^.  Ans.  .r  =  2  or -3. 

X+1  ^ 


Ans. 

X 

=  5  or 

-7. 

Ans. 

x  = 

1  or- 

-If 

Ans. 

X 

=  5  or 

_  1 
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Ans.  -1'  =  ^-  (•!  ±  4^17). 

.  "^ui      a 

Ans.  .r  =  -—-  or  — . 
4        2 


EQUATIONS  IN  11 1 1:  QlADieATIC  lOW.M. 
<■>()().  All  cciuation  is  \\\  the  qitadratic  forui  when  it  con- 
tains only  two  i)o\vcrs  of  the  unknown  ([uantity,  diul  llic  cx- 
poiioit  of  one  poiccr  IS  /loicc  as  grcot  ois  tlic  cxpo}ic}it  of  the 
other.  Stich  equations  are  solved  by  the  rules  for  quad- 
rat ies. 

IvXA^U'i.i:. — Solve  tlie  equation  .i''  +  Ax"-  —  12. 
SoiA'TioN. — Completing  the  square, 

.i--"  +  4.r-  +  4  ;=  1(5. 
Extraetini^  the  i-quare  root,  .r-  +  2  =  ±  4, 

or         .r-  =  2  or  —  6. 
E.xtracting  the  square  root  again, 

x=  ±  4,/2'or  ±  4/  —  G.     Ans. 

E.XAMPLi:. — Solve  the  eciualion  .r*^  +  20.r''  —  ]()  =  59. 
Solution. — Transposing  the  —  10, 

.r«  +  20.r-^  =  09. 
Completing  the  square,  .r'^  4-  SO.r^  +  100  =  10!). 
E.xtraeting  the  scpiare  root,  x'-^  +  10  =  ±  l!5, 

or        .r^  =  o  or  —  23. 
Extraeting  the  cube  root,  .r  =r  (' ;5  or  —  j^  23.     Ans. 

E.x.vMi'Li:. — Solve  the  equation  x^  +  x^  —  750. 
SoLUTiox. — Completing  the  scpiare. 


.vS  + 


B  a-  4- 


:'.,025 


4 

5; 

.r^  +  ^  =  ±  - 


.i?  =  27<)r  -2S. 

Now,  to  obtain  a  value  for  .r,  we  must  extraet  the  cube  root  of  both 
members,  and  then  raise  both  members  to  the  5th  power.  This  will 
clear  .r  of  its  fractional  exponent. 

Extracting  the  cube  iX)Ot,  .t^  ~  3  or  —  |'  28. 

Raising  to  the  5th  power,  .r  =  243  or  —  |'  3n^     Ans. 


KXAMI»I>F-S    low    I'R.VCTICi:. 

601.      Solve  the  following  ecpiations: 


1.  .r-»  +  4.r-^  =  117.  Ans.  .r=  ±  3  or  ±  |/-13. 

2.  .r«  -  2.t-3  =.  48.  Ans.  x  =  2  or  -  v'  0. 
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8.     x^  -  %x^  =  513.  Ans.  or  =  3  or  -  -^^197 

4.     jr^  — ^'=56.  Ans.  ;r  =  4or  (— 7)i 

PROBLEMS  LEADING  TO  QUADRATIC  EQUA- 
TIONS. 
602.  In  quadratics,  where  two  answers  are  obtained  by 
solving  equations,  it  is  usually  the  case  that  only  one 
answer,  the  positive  value,  is  required.  In  some  instances, 
however,  the  negative  value  is  the  one  sought.  In  works 
treating  on  higher  mathematics,  the  negative  value  is  used 
as  frequently  as  the  positive  value. 

Example. — There  are  two  numbers  whose  sum  is  40,  and  the  sum  of 
their  squares  is  818.     What  are  the  numbers? 

Solution. — Let  x  =  one  number,  and  40  —  x=:  the  other  number. 
Then,  by  the  conditions,  x'^  +  (40  —  x)-  =  818; 
whence,  .r^  +  1,600  -  80.r  +  x^  =  818. 

Combining,  2x^  —  80.r  =  -  782,      . 

or         ;r5  — 40.r=-391. 
Completing  the  square,  x^  —  AOx+  400  =  9. 
Extracting  the  square  root,  .r  —  20  =  ±  3 ; 

whence,  .r=  23  or  17,  ) 

and        40 -x=  17  or  23.  5 
Both  answers  fulfil  the  conditions. 


Ans. 


Example. — An  iron  bar  weighs  36  pounds.  If  it  had  been  1  foot 
longer,  each  foot  would  have  weighed  ^  a  pound  less.  Find  the  length 
of  the  bar. 

Solution. — Let  x  =  the  length  of  the  bar  in  feet. 

on 

Then,  —  =  the  weight  per  foot,  and 

—  =  the  weight  per  foot  if  the  bar  were  1  foot  longer. 

By  the  conditions, —  =  i. 

^  .  X        X  +1        - 

Clearing  of  fractions,  72.r  +  72  —  12x  =  x-  +  x, 

or        x^  +  x=12. 

1      289 
Completing  the  square,    x''  +  x+  -j  =  ^^. 

4         4 

1  17 

Extracting  the  square  root,      x  +  -r=  ±-^\ 

whence,        jr  =  8  ft.  or  —  9  ft.     Ans- 

-^  36       . ,        36  4     / ,        /        1 

Proof.-    _  =  4^;  ^-^  =  4;  4^  -  4  = -. 

Or  -Ji-  =  -4-       ^^       --4x._4_(_4iwi 


M.  E.    L—I4 
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Only  the  positive  value  is  required,  although  both  values  will  satisfy 
the  equation. 

Example. — A  number  of  men  ordered  a  yacht  to  be  built  for  §6, 300. 
Each  man  was  to  pay  the  same  amount,  but  two  of  them  withdrew, 
making  it  necessary  for  those  remaining  to  advance  $200  more  than 
they  otherwise  would  have  done.     How  many  men  were  there  at  first  ? 

Solution. — Let  x  =  the  number  of  m.en  at  first. 

Then,  — =  what  each  was  to  have  paid,  and 

— ! — -  =  what  each  finally  paid. 

T,    *t           a:-          6,300       6,800      „., 
By  the  conditions, ^ =  200. 

Clearing  of  fractions  and  combining, 

200.r2  -  400a-  =  12,600, 

or      x^  —  2x=63. 
Completing  the  square  and  solving. 


.«-2  — 2;r+l: 

=  64. 

X-1: 

=  ±8. 

X  ■ 

=  9  or 

-7. 

Ans. 

?•'"'? -900; 

900- 

700  = 

=  200. 

_  6,300      „.. 

Proof.-     ^Y"^       '9-2 

Or,  ^^  =  -  900 ;  -^^^^  =  -  700 ;  -  700  -(-  900)  =  200. 

—   t  —   (  —  <s 

Only  the  positive  value  can  be  used. 

Example. — A  and  B  start  at  the  same  time  to  travel  150  miles.  A 
travels  3  miles  an  hour  faster  than  B,  and  finishes  his  journey  8^  hours 
before  him.     How  many  miles  did  each  travel  per  hour  ? 

Solution. — Let  x=  number  of  miles  A  traveled  per  hour,  and 
x—3  —  number  of  miles  B  traveled  per  hour. 
150 

X 

150 


Then,  —  =  the  time  in  which  A  performs  the  journey,  and 


X—  3 


=  the  time  in  which  B  performs  the  journey. 


By  the  conditions,        ^ =  8^. 

X  —  O  X 

Clearing  of  fractions  and  combining, 

25.^2 -75jr=  1,350, 
or       ;tr«-3jr=:51 
Completing  the  square  and  solving, 

jfS  -  3;ir  +  I  =  ^. 
x-i=±ii-; 
whence,  .r  =  9  or  —  6, 

and         .r- 3  =  6  or- 9. 
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Using  the  positive  values,  A  traveled  9  miles  per  hour  and  B  traveled 
6  miles  per  hour.     Ans. 

603.  As  an  illustration  of  the  use  of  the  negative 
values,  consider  the  following  explanation,  which  refers  to 
the  preceding  example:     In   Fig.  1   let    C  be  the   starting 


c 

FIG.  1. 


point.  Call  any  advance  in  the  direction  of  the  upper  ar- 
row, or  from  C  towards  D,  positive,  and  in  the  opposite  di- 
rection, negative.  Let  E  and  D  be  each  150  miles  from  C. 
Suppose  that  a  train  of  cars  150  miles  long  has  one  end  at 
C  and  the  other  end  at  D,  and  that  the  train  is  moving  in 
the  direction  from  C  to  E  2it  the  rate  of  15  miles  per  hour. 
Now,  if  A  and  B  start  towards  D,  running  on  the  train  at  the 
rate  of  9  and  6  miles  per  hour,  respectively,  while  the  train 
moves  15  miles  per  hour  towards  E,  the  rate  of  travel  of  A 
towards  Z?  is  9  —  15  =  —  G  miles  per  hour,  and  of  B,  6  —  15 
=  —  9  miles  per  hour.  It  is  now  evident  that  A  is  travel- 
ing towards  D  3  miles  per  hour  faster  than  B.  When  A  has 
traveled  150  miles — in  other  words,  when  he  has  reached  the 
end  of  the  train — B  has  reached  the  point  iT;  he  has  traveled 
negatively  farther  than  A,  but  if  he  travels  to  the  end  of 
the  train  it  will  take  him  8^  hours  longer  than  it  did  A. 

The  preceding  paragraph  is  also  an  illustration  of  the 
statement  in  Art.  380,  that  of  two  negative  values,  the 
one  which  has  the  less  value  numerically  is  the  greater. 


EQUATIONS  CONTAINING  TWO  UNKNOWN 

QUANTITIES. 

604.  In  the  third  problem  in  Art.  586  it  was  shown 
how,  under  certain  conditions,  more  than  one  unknown 
quantity  vi  an  example  may  be  represented  in  an  equation, 
by  expressing  the  value  of  each  quantity  in  terms  of  x, 
thus  producing  only  the  07ie  unknown  quantity  x  in  the  equa- 
tion. 

605.  Sometimes,  however,  each  quantity  is  represented 
by  a  different  letter,  as  x,  y  or  z,  in  which  case  it  is  neces- 
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sary  to  have  as  many  equations  as  there  are  unknown  quan- 
tities, in  order  td  effect  a  solution.  For  example,  if  it  were 
required  to  find  the  value  of  .r  in  the  equation  x  -\- y  =  10, 
X  and  J  being  unknown  quantities,  we  should  have  x  ^=10  —y, 
X  being  still  undetermined  because  its  value  is  in  terms 
of  the  unknown  quantity  y.  There  must  be  another  equa- 
tion, therefore,  expressing  some  other  relation  between  the 
unknown  ^quantities  ,r  and  j,  in  order  to  fix  their  values. 
The  equations  which  fix  the  values  of  the  unknown  quanti- 
ties must  be  iiidcpcndoit  and  simultaneous. 

606.  Independent  equations  are  those  which  ex- 
press different  relations  between  the  unknown  quantities. 
Thus,  X  -\- y  ^=  4  and  -tf  =  6  express  different  relations  be- 
tween X  and  jK,  and  are  independent.  But  x  -\-y  =  4  and  Sx 
-j-  3^  1=  12  are  not  independent,  because,  by  dividing  both 
members  of  the  second  equation  by  3,  it  reduces  to  the  first 
equation,  and  thus  expresses  the  sa^ne  relations  between  the 
unknown  quantities. 

607.  Simultaneous  equations  are  such  as  will  be 
satisfied  (Art.  ST^)  by  substituting  the  same  values  for  the 
same  unknown  quantities  in  each  equation. 

608.  Equations  containing  more  than  one  unknown 
quantity  are  solved  by  so  combining  them  as  to  obtain  a 
single  equation  containing  but  one  unknown  quantity.  This 
process  is  called  elimination.  In  what  follows,  equations 
containing  two  unknown  quantities  will  be  considered. 

609.  To  Eliminate  by  Substitution  : 

Rule. — From  07ie  equation^  fiiid  the  value  of  one  of  the  un- 
known quantities  in  terms  of  the  other.  Substitute  this  value 
for  the  same  unknown  quantity  in  the  other  equation. 

Example. — Solve  the  equations: 

2.^+3/ =  18.  (1) 

3jr-2/  =  l.  (2) 

Solution. — It  will  be  more  convenient  to  first  find  the  value  of  x  in 
(2),  since,  after  transposing  —  2j  to  the  second  member,  it  will  become 
positive. 

Transposing  —  2/  in  (2),  2,x  —\  -^  2y. 
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Dividing  both  members  by  3, 

-.=  5^'.  (8) 

This  gives  the  value  of  .r  in  terms  of  j. 
Substituting  this  value  of  x  for  the  .r  in  (1), 

2(1  +  2)0 


3 
Removing  the  parenthesis. 


+  3j  =  18. 


O 

Clearing  of  fractions,        2  +  4;'  +  9/  =  54. 
Transposing  the  2  and  uniting  the  4/  and  9/, 

13/ =  52; 
whence,        j'  =  4.     Ans. 
Now,  having  the  value  of  j',  we  may  substitute  it  for  ji'  in  any  of  the 
above  equations  containing  both.r  and  j,  and  thus  obtain  a  value  for  x. 
Substituting  this  value  in  equation  (3), 

1  +  2x4 
■^  3         ' 

whence,        x  =  3.     Ans. 

610.     To  Eliminate  by  Comparison  : 

Rule. — From  each  equation  find  the  value  of  one  of  the 
unknozvn  quantities  in  terms  of  the  other.  Form  a  neiu  equa- 
tion by  placing  these  two  values  equal  to  each  other  and  solve. 

Elimination  by  comparison  depends  upon  the  principle 
that  quantities  which  are  equal  to  the  same  or  two  equal 
quantities  are  equal  to  each  other.  Thus,  if  y  =  2,  and  x  = 
2,  y  is  evidently  equal  to  x. 

Example. — Solve  the  same  equations  as  before: 

2.r  +  3j  =  18.  (1) 

Sx-2j=  1.  (2) 

Solution. — First  obtain  the  value  of  x  in  each  equation,  it  being 

more  convenient  to  obtain  in  this  case  than_>'. 

Transposing  3/  in  (1),       2j:  =  18  —  3j, 

18  -  3/  .„_ 

or        .1-  = ^.  (3) 

Transposing  —  2j'  in  (2),  3.r  =  1  +  2/, 

or        x  =  — q-^.  (4) 

Placing  the  values  of  x  in  (3)  and  (4)  equal  to  each  other, 

18  -  3k      1  +  2_)' 
2        -       3     ■ 
Clearing  of  fractions,  54  —  9j'  =  2  +  4y. 
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Transposing  and  uniting  terms, 

-13)/ =-52; 
whence,  _y  =  4.     Ans. 

Substituting  this  value  in  (4), 

X  =  — 5—  =  3.     Ans. 

611.  To  Eliminate  by  Addition  or  Subtraction  : 
Rule. — Select  the  unknozvn  quantity  to  be  eliminated,  and 
multiply  the  equations  by  such  Jiumbers  as  ivill  make  the  co- 
efficients of  this  quantity  equal  in  the  resulting  equations.  If 
the  signs  of  the  terms  having  the  same  coefficient  are  alike, 
subtract  one  equation  from  tJie  otJier;  if  unlike,  add  the  tzvo 
equations. 

It  is  evident  that  this  will  not  destroy  the  equality,  be- 
cause adding  or  subtracting  two  equations  is  equivalent  to 
adding  the  same  quantity  to,  or  subtracting  it  from,   both 
members. 
Example. — Solve  the  same  equations  as  before; 

2j:  +  3j  =  18.  (1) 

^x-y  =  \.  (2) 

First  Solution. — Since  the  signs  of  the  terms  containing  x  in  each 
equation  are  alike,  x  may  be  eliminated  by  subtraction.  If  the  first 
equation  be  multiplied  by  3  and  the  second  by  2,  the  coefficients  of  -r  in 
each  equation  will  become  equal.     Hence, 

Multiplying  (1)  by  3,  6.r-i-97  =  54.  (3) 

Multiplying  (2)  by  2,         6;r— 4_y  =  3.  (4) 

Subtracting  (4)  from  (3),  13j  =  52; 

whence,  ^j'  =  4.       Ans. 

Substituting  this  value  oiy  for  the/  in  (2), 

3x-8  =  l. 
Transposing,  3jr=9, 

or        X  =  3.      Ans. 
Second  Solution. —         2jf  +  3j  =  18.  (1) 

3jr-2j  =  l.  (2) 

Since  the  signs  of  the  terms  containing  _y  in  each  equation  are  unlike, 
Y  may  be  eliminated  by  addition. 

Multiplying  (1)  by  2,         4^ +6/ =  36.  (3) 

Multiplying  (2)  by  3,         9jr— 6y  =  3.  (4) 

Adding  (3)  and  (4).  13.jr  =  39; 

whence,  jr  =  3.       Ans. 

Substituting  in  (1),  6  4-  3j  =  18. 

Zy  =  12. 
J  =  4.      Ans. 
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MISCELLANEOUS  EXAMPLES. 

612.  From  the  foregoing  it  will  be  seen  that  any  one 
of  the  three  methods  of  elimination  can  be  applied  to  the 
solution  of  equations.  The  student  must  use  his  judgment 
as  to  which  is  the  best  one  to  apply  in  any  case. 


Example, — So 

ve  the  equations: 
3       1 

:j+7 

5 

~  4- 

(1) 

2       3 

X      y 

=  -!• 

(2) 

Solution. — Multiplying  (1)  by  3, 

l+?-  =  5^-  (8) 

;r       J/         4 

Adding  (2)  and  (3), 

11_15^_     _^_i_ll 
jr~4  4       4^4' 

Clearing  of  fractions,  44  =  ll.r, 

or        x  —  \.     Ans. 

Substituting  this  value  of  x  in  (1), 

4  "*"/  "4  ' 
Clearing  of  fractions,  3/  +  4  =  5/, 

Transposing,  —  2/  =  —  4, 


or       y  —  '^ 

Ans. 

Example. — Solve  the  equations: 

j:  +  36y  =  900. 

(1) 

36^  + J  =1320 

(2) 

Solution. — Adding  (1)  and  (2), 

37;ir+37y  =  2220. 

(3) 

Dividing  by  37,                x+y  =  60. 

(4) 

Subtracting  (4)  from  (1),     35j/  =  840. 

7  =  24. 

Ans. 

Substituting  this  value  in  (4), 

;r+24  =  60. 

x  =  36. 

Ans. 

Example. — Solve  the  equations: 

in       n 

~7  +  .T  =  '^• 

a) 

X      y 

n       m       , 
-H =b. 

(3) 

X       y 

Solution. — Multiplying  (1)  by  tn. 

;«*      ttm 

—  H r=  ant. 

(^ 

^    i    -^ 

Multiplying  (2)  by  «, 1 =  bn. 

(4) 
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Subtracting  (4)  from  (3), 


vr  —  ti' 

X 


=  am  —  bn. 


Clearing  of  fractions,  vi"^  —  it^  =  {am  —  bti)x\ 


whence, 
Multiplying  (1)  by  «, 


m' 


w 


x^= 


am  —  bn 
jiift       «* 
X        y 


an. 


.   Ans. 
(5) 


Multiplying  (2)  by  ;«,      — -  H =  bin.     (6) 


Subtracting  (6)  from  (5), 


n-  —  m' 


=  an  —  bm. 


Clearing  of  fractions,  n^  —  ;;/^  =  (an  —bm)}'; 


whence, 


7 


n^  —  m-  m 

-,  or 


n' 


an  —  bm ' 


bm  —  an 


Ans. 


EXAMPLKS    FOR    PRACTICE. 

613.      Solve  the  following  equations: 


1.  Zx+1y  =  33.  ) 
2;r-  +  4/  =  20.  ) 

2.  8>/  +  12jr=116.  > 
2x-y  =  S.  S 


3.     ax+b_y  =  m.) 
n.  > 


{  y  —  6. 


Ans.  \ 

dm  —  bn 


;ir  =  5. 

y  =  l. 


x  = 


ex  +  dy. 


4.  a      b 

1 —  =  m. 

X     y 

c     d 

1 —71. 

X     y 

5.  ^_3^_4 
X     y~    ' 

X       y 


Ans.  - 


Ans. 


y. 


.r  = 


y 


ad  — 

a?t  — 

bc 
cm 

ad- 
ad- 

be 
■be 

dpi  - 
bc- 

■bn 
ad 

cm  —  an 


{y  =  - 


QUADRATIC       EQUATIONS      CONTAINING      T^VO 
UNKNOWN    QUANTITIES. 

614.  The  methods  of  solving  will  be  illustrated  by  the 
solution  of  a  few  examples  : 

Case  I. —  When  elimination  may  be  performed  by  the  meth- 
ods given  for  simple  equations  in  Arts.  609-611. 
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Example. — 

Solve  the  equations: 

.r^-h/^ 

=  13. 

(1) 

X  +y 

=  1. 

(2) 

Solution.— 

-Transposing  the  x  in 

(2). 

j=l 

—  X. 

(3) 

Substituting  the  value  of/  in  (1), 

x'  +  (l- 

-xf  = 

13, 

or         x^  +  1-  2x 

+  .r'^  = 

13. 

Transposing 

■  and  uniting  terms, 

2x'- 

2.1- =12 

'. 

or        x^  - 

-x  =  6. 

Completing 

the  square,  and  solving. 

x"'-x  +  i^ 

=  ¥• 

.r-i  = 

=  ±|. 
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X  =  3  or  —  2. 
Now,  two  values  must  be  found  for  j'  which  will  satisfy  the  equations 
when  x=S  and  .r  =  —  2. 

Substituting  these  values  of  x  in  (8),  we  have, 

when  .r  =  3,  _)'  =  —  2  ;  ) 
when  .r  =  —  2,  J'  =  3.    f 

This  is  the  form  in  which  answers  to  simultaneous  quadratic  equations 
should  always  be  written. 

Example. — Solve  the  equations: 

4.r2  -  By'  =  -  11.  (1) 

11  .r^  +  5/^  =  301.  (2) 

Solution. — Multiplying  (1)  by  (5), 

20.r2  -  15j'2  =  -  55.  (3) 

Multiplying  (2)  by  (3), 

d3x^  +  15y'=  903.  (4) 

Adding  (3)  and  (4),  5Sx^  =  848, 

or        x^=  16. 
Extracting  the  square  root,  .r  =  ±  4. 

Substituting  +  4  for  x  in  (2), 

11  X  16  +  5y  =  301. 
or        5y  =  125. 

y  =  25. 

J  =±  5. 
Substituting  —  4  for  x  in  (2)  will  evidently  give  the  same  result,  since 
(  —  4)'''  =  16,  the  same  as  4-.     Hence, 

when  jr  =  4, 
when  X  =  —  4,  J' 


''i^""''.   \      Ans. 
-  4,  J  =  ±  5.  ) 


615.     Case   II. —  Whoi  the  equations  may  be  so  combined 
or  reduced  as  to  produce  an  equation  Jiavitig  for  the  first 
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fnenibcr  an  expression  of  the  form  x^  -{-  2xy  +/",  or  x"^  —  2xy 

No  rule  can  be  given  for  solving  examples  under  this 
case.     The  student  must  depend  upon  his  own  ingenuity. 

Example. — Solve  the  equations: 

jr2+y  =  25.  (1) 

xy  =  \2.  (2) 

Solution. — Multiplying  (2)  by  2, 

2xy  -  24.  (3) 

Adding  (1)  and  (3),         jr«  +  2^j  +  j*  =  49.         (4) 
Subtracting  (.3)  from  (1), 

x^  —  2xy+f  =  \.  (5) 

Extracting  the  square  root  of  (4), 

x  +  y=±'i.  (6) 

Extracting  the  square  root  of  (5), 

x-y=±\.  (7) 

This  gives  two  simple  equations,  from  which  either  .ror_y  may  be 
eliminated  by  subtraction  or  addition.  Adding  (6)  and  (7),  the  first 
member  of  the  new  equation  will  be  2x,  and  the  second  member  may 
have  four  values  as  follows: 

7  +  1,  7-1,  -7  +  1  or -7-1, 
or        2jir  =  8,  C,   -6  or  -8; 
whence,  ;i-  =  4,  3,  —  3  or  —  4. 

By  substituting  these  values  in  (2),  we  have  for  the  corresponding 
values  oi  y,  y  =  3,  4,  —  4,  or  —  3. 

These  values  may  also  be  obtained  by  subtracting  (7)  from  (6).  The 
answers  would  be  written, 

when         .r=4,  _y  =  3;  .r=3,  j  =  4;  [      ^^^ 


j  =  4;  ) 

-4v  =  -3.  y 


.r=—  3,  /=- 4;  x=  —  4iy 

Note. — In  solving  examples  under  this  case,  the  object  is  always  to 
produce  two  equations,  one  with  x  +y  and  one  with  x  —  y  for  the  first 
member,  from  which  the  value  of  xory  can  easily  be  found. 

Example. — Solve  the  equations: 

x^+y^  =  \^Z.  (1) 

x^-xy+y'^  =  l%.  (2) 

Solution. — Since  both  members  of  (1)  may  be  divided  by  the  same 
quantity  without  destroying  the  equality,  they  may  be  divided  by  equal 
quantities.     Hence,  dividing  (1)  by  (2),  member  by  member, 

x  +  y  =  1.  (3) 

This  gives  at  once  an  equation  with  x  +  y  for  the  first  member.  To 
obtain  a  value  for  x—y,  it  will  be  noticed  that  the  first  member  of  (2) 
lacks  only  one  —  xy  ot  being  .r-  —  2jry  +y'^,  from  which  x—y  may  be 
obtained ;  hence,  we  should  proceed  to  obtain  a  value  for  —  xy,  to  add 
to  (2). 
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Squaring  (3),  x»  +  2xj  +  /  =  49.  (4) 

Writing  (2)  under  (4),  jt'    -  .ly  +_y-  =  19, 

and  subtracting,  3.ij  =  30, 

of         xy  =  10.  (5) 

Subtracting  (5)  from  (2), 

x'  —  2xy-\-y^=9. 

Extracting  the  square  root, 

x-}'=±S.  (60 

Adding  (6)  and  (3),  2x  =  10  or  4. 

;r  =  5  or  2. 
Subtracting  (6)  from  (3),     2_y  =  4  or  10. 

_y  =  2  or  5. 

Or,  solvmg  (5)  for  x,  x= 

Substituting  the  vahie  of  x  in  (3), 

10  „ 

1- J  =  7. 

Clearing  of  fractions  and  changing  signs, 

j2  -  Ty  =  -  10. 
Solving  for  j,  _y  =  5  or  2. 

Substituting  their  values  in  (3), 

.r  =  2  or  5. 
Hence,  when  x  =  5,  j  =  2;)     ^^^ 

jr=2,  j  =  5.  ) 


EXAMPLKS   FOR   PRACTICE. 

616.      Solve  the  following  equations: 

1.     .r'+y  =  29.)  ^^^   (^=5.^  =  -2. 

x  +  f  =  3.       )  (x=-2,y  =  5. 

2x^+r-  =  9.       )  ^^^   (r=.2.j=±l. 

5x2  +  6k*  =  26.   i  ix-  -2,y=  ±1. 


2, 


5^2  +  6y»  =  26.   )  {X-  -  2,  y 

x+y  =  -\.)  ^^^^x=l,y=-^. 


PROBLEMS     LEADING     TO     EQUATIONS     WITH 
TWO    UNKNOWN    QUANTITIES. 

617.  A  few  examples  involving  quadratics  with  two 
unknown  quantities  will  now  be  given.  The  student  should 
pay  particular  attention  to  the  manner  in  which  the  equa- 
tions are  formed  from  the  conditions  given. 
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Example. — A  certain  fraction  becomes  equal  to  |  if  8  is  added  to  its 
numerator,  and  equal  to  |  if  3  is  added  to  its  denominator.  What  is 
the  fraction  ? 

Solution. — Let  —  =  the  required  fraction. 

y 

By  the  conditions  =  ^,       and 


X 


—  2 


J-h3 

Solving  these  equations,  x—^  and/  =  18. 
That  is,  the  fraction  is  -j^.     Ans. 

Example. — A  crew  can  row  20  miles  in  2  hours  down  stream,  and  12 
miles  in  3  hours  up  stream.     Required,  the  rate  per  hour  of  the  cur- 
rent, and  the  rate  per  hour  at  which  the  crew  would  row  in  still  water. 
Solution. — Let  x  =  rate  per  hour  of  crew  in  still  water,  and 

y  =  rate  per  hour  of  current. 
Then,  x -\-  y  —  rate  per  hour  rowing  down  stream,  and 

X  —  y  =  rate  per  hour  rowing  up  stream. 
Since  they  row  20  miles  in  two  hours  down  stream,  in  one  hour,  they 

20 
would  row  -^  =  10  miles,  or  at  the  rate  of  10  miles  per  hour.     Also,  in 

a 

12 

rowing  up  stream,  they  would  row  at  the  rate  of  -h-  =  4  miles  per  hour. 

o 


Consequently, 

.r  +  j  =  10. 

(1) 

X— y  =  4. 

(2) 

Adding, 

2;r  =  14, 

or        x  —  1. 

Subtracting, 

2j  =  6, 

or       _)/  =  3. 
Hence,  the  rate  of  the  crew  is  7  miles  per  hour,  and  of  the  current,  3 
miles  per  hour.     Ans. 

Example. — A  wine  merchant  has  two  kinds  of  wine,  which  cost  73 
cents  and  40  cents  a  quart,  respectively.  How  much  of  each  must  he 
take  to  make  a  mixture  of  50  quarts  worth  60  cents  a  quart  ? 

Solution. — Let  x  =  required   number  of  quarts  at   72  cents,  and 

y  =  required  number  of  quarts  at  40  cents. 
Then,  72x  =  cost  in  cents  of  the  first  kind; 

40/  =  cost  in  cents  of  the  second  kind,  and 
60  X  50  =  3,000  =  cost  in  cents  of  the  mixture. 
By  the  conditions,  jr  +  j/  =  50,  and 

72.r  + 40/ =  3,000. 
Solving,  X  =  31i  qts.  and  /  =  18|  qts.     Ans. 


LOGARITHMS. 


EXPONENTS. 

618.  By  the  use  of  logarithms,  the  processes  of  multi- 
plication, division,  involution,  and  evolution,  are  greatly 
shortened,  and  some  operations  may  be  performed  that 
would  be  impossible  without  them.  Ordinary  logarithms 
cannot  be  applied  to  addition  and  subtraction. 

619.  The  logarithm  of  a  number  is  that  exponent 
by  which  some  fixed  number,  called  the  base,  must  be  af- 
fected in  order  to  equal  the  number.  Any  number  may  be 
taken  as  the  base.  Suppose  Ave  choose  4.  Then,  the  loga- 
rithm of  16  is  2,  because  2  is  the  exponent  by  which  4  (the 
base)  must  be  affected  in  order  to  equal  16,  since  4^  =  16. 
In  this  case,  instead  of  reading  4^  as  4  square,  read  it  4 
exponent  2.  With  the  same  base,  the  logarithms  of  64  and 
8  would  be  3  and  1.5,  respectively,  since  4'  =  64,  and  4"'^  = 
4^  =  8.  In  these  cases,  as  in  the  preceding,  read  4^  and  4'  •* 
as  4  exponent  3,  and  4  exponent  1.5,  respectively. 

620.  Although  any  number  ccdi  be  used  as  a  base,  and  a 
table  of  logarithms  calculated,  but  two  numbers  have  ever 
been  employed.  For  all  arithmetical  operations  (except 
addition  and  subtraction),  the  logarithms  used  are  called  the 
Briggs  or  common  logarithms,  and  the  base  used  is  10. 
In  abstract  mathematical  analysis,  the  logarithms  used  are 
variously  called  hyperbolic,  Napierian, or  natural  loga- 
rithms, and  the  base  is  2.7182818284--  The  common  log- 
arithm of  any  number  may  be  converted  into  a  Napierian 
logarithm  by  multiplying  the  common  logarithm  by 
2.30258508+,  which  is  usually  abbreviated  to  2.3026,  and 
sometimes  to  2.3.  Only  the  common  system  of  logarithms 
will  be  considered  in  this  Course, 

For  notice  of  the  copyright,  see  page  immediately  following  the  title  page. 
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621.  Since,  in  ihe  common  system,  the  base  is  10,  it  fol- 
lows that,  since  10'  =  10;  10'  =  100;  10'  =  1,000,  etc.,  the 
logarithm  (exponent)  of  10  is  1 ;  of  100  is  2;  of  1,000  is  3, 
etc.  For  the  sake  of  brevity  in  Avriting,  the  words  "loga- 
rithm of,  "  are  abbreviated  to  "  log."  Thus,  instead  of  writ- 
ing logarithm  of  100  =  2,  write  log  100  =  2.  When  speak- 
ing, however,  the  words  for  which  "log"  stands  should 
always  be  pronounced  in  full. 

622.  From  the  above  it  will  be  seen  (see  Arts.  439 
and  529)  that,  when  the  base  is  10, 

Since  10"  =  1,  the  exponent  0  =  log  1; 

"      10' =  10,  "  "      1  =    "    10; 

"      10'  =  100,  "  "2=    "    100; 

"      10^  =  1,000,  "  "3=    "    1,000,  etc. 

Also, 
Since  10~'  =  yV  =  •  1  the  exponent  —  1  =  log  .  1 ; 

"      10-' =  ^  =  .01,         "  "         -2=  "    .01; 

"      10-^  =  ^1^  =.001,     "  i'         -3="    .001,  etc. 

From  this  it  will  be  seen  that  the  logarithms  of  exact 
powers  of  10  and  of  decimals  like  .1,  .01,  and  .001  are  the 
whole  numbers  1,  2,  3,  etc.,  and  —  1,  —  2,  —  3,  etc.,  respec- 
tively. Only  numbers  consisting  of  1  and  one  or  more  cipJiers 
have  zvhole  numbers  for  logarithms. 

623.  Now,  it  is  evident  that  to  produce  a  number 
between  1  and  10,  the  exponent  of  10  must  be  a  fraction;  to 
produce  a  number  between  10  and  100,  it  must  be  1  plus  a 
fraction;  to  produce  a  number  between  100  and  1,000,  it 
must  be  2  plus  a  fraction,  etc.  Hence,  the  logarithm  of 
any  number  between  1  and  10  is  a  fraction;  of  any  number 
between  10  and  3  00,  1  plus  a  fraction;  of  any  'number 
between  100  and  1,000,  2  plus  a  fraction,  etc.  A  logarithm, 
therefore,  usually  consists  of  two  parts,  a  whole  number, 
called  the  characteristic,  and  a  fraction,  called  the 
mantissa.  The  mantissa  is  always  expressed  as  a  decimal. 
For  example,  to  produce  20,  10  must  have  an  exponent  of 
approximately  1.30103,  or  10'"'"  =  20,  very  nearly,  the 
degree  of  exactness  depending  upon  the  number  of  decimal 
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places  used.     Hence,  log  20  =  1.30103, 1  being  the  character- 
istic and  .30103  the  mantissa. 

62-4.  Referring  to  the  second  part  of  the  table,  Art. 
622,  it  is  clear  that  the  logarithms  of  all  numbers  less  than  1 
are  negative,  the  logarithms  of  those  between  1  and  .1 
being  —  1  plus  a  fraction.  For,  since  log  .1  =  —  1,  the 
logarithms  of  .2,  .3,  etc.  (which  are  all  greater  than  .1,  but 
less  than  1),  must  be  greater  than  —1;  i.  e.,  they  must 
equal  —  1  plus  a  fraction.  For  the  same  reason,  to  produce 
a  number  between  .1  and  .01,  the  logarithm  (exponent  of  10) 
would  be  equal  to  —  2  plus  a  fraction,  and  for  a  number 
between  .01  and  .001,  it  would  be  equal  to  —  3  plus  a  frac- 
tion. Hence,  the  logarithm  of  any  number  between  1  and 
.1  has  a  negative  characteristic  of  1,  and  a  positive  man- 
tissa; of  a  number  between  .1  and  .01,  a  negative  character- 
istic of  2,  and  a  positive  mantissa;  of  a  number  between  .01 
and  .001,  a  negative  characteristic  of  3,  and  a  positive  man- 
tissa; of  a  number  between  .001  and  .0001,  a  negative  char- 
acteristic of  4,  and  a  positive  mantissa,  etc.  The  negative 
characteristics  are  distingiiisJicd  from  the  positive  by  the  — 
sign  tvritten  over  the  characteristic.  Thus,  3  indicates  that 
3  is  negative. 

//  must  be  remembered  that  in  all  cases  the  mantissa  is 
positive.  Thus,  the  logarithm  1.30103  means  +  1  +  .30103, 
and  the  logarithm  1.30103  means  —  1  +  .30103.  Were  the 
minus  sign  written  in  front  of  the  characteristic,  it  would 
indicate  that  the  entire  logarithm  was  negative.  Thus, 
-  1.30103=  -  1  -.30103. 

625.     Rules  for  Characteristic. — From  Art.  624,  it 
follows  that : 

I.  For  a  number  greater  than  1  the  characteristic  is  one 
less  than  the  number  of  integral  places  in  the  number. 

By    "integral    places"    is    meant    the    figures    (including 
ciphers)  to  the  left  of  the  decimal  point. 

II.  For  a   tiumber   wholly  decimal,  the  characteristic  is 
negative,  and  is  numerically  one  greater  than  tJie  number  of 
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cipJicrs  betiveen   the  diximal  point  a)ui  the  first  digit  of  the 
decimal. 

For  example,  the  characteristics  of  the  logarithms  of  256, 
31.24,  7.53,  and  1,728.0036,  are  2,  1,  0,  and  3,  respectively,  or 
one  less  than  tiie  number  of  integral  places  in  each  case ;  the 
characteristics  of  the  logarithms  of  .0005,  .0674,  and  .50072, 
are  4,  2,  and  1,  respectively,  or  numerically  one  greater  than 
the  number  of  ciphers  immediately  following  the  decimal 
point.  It  will  be  noticed  that  in  the  last  number  there  are 
no  ciphers,  and  the  characteristic  is  0  +  1  =  1. 


THE  LOGARITHMIC  TABLE. 


TO    FIND    THE    LOGARITHM    OF    A   NUMBER. 

<526.  To  aid  in  obtaining  the  mantissas  of  logarithms, 
tables  of  logarithms  have  been  calculated,  some  of  which 
are  very  elaborate  and  convenient.  In  the  Table  of 
Logarithms,  the  mantissas  of  the  logarithms  of  numbers, 
from  1  to  9,999,  are  given  to  five  places  of  decimals,  and  the 
mantissas  of  logarithms  of  larger  numbers  can  be  found  by 
interpolation.  The  table  contains  the  mantissas  only,  and 
the  characteristics  may  be  easily  found  by  the  rules  of 
Art.  625. 

The  table  depends  upon  the  principle,  which  will  be 
explained  later,  that  all  numbers  having  the  same  figures  in. 
the  same  order,  have  their  mantissas  alike,  without  regard 
to  the  position  of  the  decimal  point,  which  affects  the  char- 
acteristic only.  To  illustrate,  if  log  206  =  2.31387,  then, 
log  20.6  =1.31387.  log  .206  =1.31387. 
log    2.06=    .31387.         log  .0206  =  2.31387,  etc. 

627.  To  find  the  logarithm  of  a  number  not  having 
more  than  four  figures: 

Rule. — Fi)id  the  first  three  significant  figures  of  the  num- 
ber zvhose  logarithm  is  desired,  in  the  left-hand  column;  find 
the  fourth  figure  in  the  column  at  the  top  {or  bottovi)  of  the 
PagCy  and  in  the  column  under  {or  above)  this  figure,  and 
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opposite  the  first  three  figures  previously  found  will  be  the 
mantissa  or  decimal  part  of  the  logarithm.  The  eharacter- 
istic  being  found  as  described  in  Art.  625,  write  it  at  the  left 
of  the  mantissa^  and  the  resulting  expression  will  be  the 
logarithm  of  the  required  number. 

628.  Example.— Find  the  logarithm  {a)  of  476  ;  (J))  of  25.47  ; 
(r)  of  1.073,  and  {d)  of  .06313. 

Solution. — {a)  In  order  to  economize  space,  and  make  the  labor  of 
finding  the  logarithms  easier,  the  first  two  figures  of  the  mantissa  are 
given  only  in  the  column  headed  0.  The  last  three  figures  of  the  man- 
tissa, opposite  476  in  the  column  headed  N  (N  stands  for  number),  page 
9  of  the  tables,  are  761,  found  in  the  column  headed  0;  glancing  up- 
wards, we  find  the  first  two  figures  of  the  mantissa,  viz.,  67.  The  char- 
acteristic is  2;  hence,  log  476  =  2.67761.     Ans. 

Note. — Since  all  numbers  in  the  table  are  decimal  fractions,  the 
decimal  point  is  omitted  throughout;  this  is  customary  in  all  tables  of 
logarithms. 

(J))  To  find  the  logarithm  of  25.47,  we  find  the  first'three  figures  254, 
in  the  column  headed  N  on  page  5,  and  on  the  same  horizontal  line, 
under  the  column  headed  7  (the  fourth  figure  of  the  given  number),  will 
be  found  the  last  three  figures  of  the  mantissa,  viz.,  603.  The  first  two 
figures  are  evidently  40,  and  the  characteristic  is  1;  hence,  log  25.47  = 
1.40603.     Ans. 

(c)  For  1.073,  the  last  three  figures  of  the  mantissa  are  found  in  the 
usual  manner,  in  the  column  headed  3,  opposite  107  in  the  column 
headed  N  on  page  2,  to  be  060.  It  will  be  noticed  that  these  figures  are 
printed  *060,  the  star  meaning  that  instead  of  glancing  ttpwards  in  the 
column  headed  0,  and  taking  02  for  the  first  two  figures,  Ave  must  glance 
down  and  take  the  two  figures  opposite  the  number  108,  in  the  left- 
hand  column,  i.  e.,  03.  The  characteristic  being  0,  log  1.073  =  0.03060, 
or,  more  simply,  .03060. 

{d)  For  .06313,  the  last  three  figures  of  the  mantissa  are  found  op- 
posite 631,  in  column  headed  3  on  page  12,  to  be  024.  In  this  case,  the 
first  two  figures  occur  in  the  same  row,  and  are  80.  Since  the  charac- 
teristic is  2,  log  .06313  =  2.80024.     Ans. 

629.  If  the  original  number  contains  but  one  digit  (a 
cipher  is  not  a  digit),  annex  mentally  two  ciphers  to  the  right 
of  the  digit ;  if  the  number  contains  but  two  digits  (with  no 
ciphers  between,  as  in  48),  annex  mentally  one  cipher  on  the 
right,  before  seeking  the  mantissa.  Thus,  if  ihe  logarithm 
of  7  is  wanted,  seek  the  mantissa  for  700,  which  is  .84510 
or    if  the  logarithm  of  48  is  wanted,  seek  the  mantissa  for 
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480,  which  is  .68124.  Or,  find  the  mantissas  of  logarithms 
of  numbers  between  0  and  100,  on  the  first  page  of  the 
tables. 

The  process  of  finding  the  logarithm  of  a  number  from 
the  table  is  technically  called  taking^  out  the  logarithm. 

630.  To  take  out  the  logarithm  of  a  number  consisting 
of  more  than  four  figures,  it  is  inexpedient  to  use  more  than 
five  figures  of  the  number,  when  using  five-place  logarithms 
(the  logarithms  given  in  the  accompanying  table  are  five- 
place).  Hence,  if  the  number  consists  of  more  than  five 
figures,  and  the  sixth  figure  is  less  than  5,  replace  all  figures 
after' the  fifth  with  ciphers;  if  the  sixth  figure  is  5  or  more, 
increase  the  fifth  figure  by  one,  and  replace  the  remaining 
figures  with  ciphers.  Thus,  if  the  number  is  31,415,926, 
find  the  logarithm  of  31,416,000;  if  31,415,426,  find  the 
logarithm  of  31,415,000. 

63 1 .  Example.— Find  log  31,416. 

Solution. — Find  the  mantissa  of  the  logarithm  of  the  first  four 
figures,  as  explained  above.  This  is,  in  the  present  case,  .49707  (see 
page  6).  Now,  subtract  the  number  in  the  column  headed  1,  opposite 
314  (the  first  three  figures  of  the  given  number),  from  the  next  greater 
consecutive  number,  in  this  case  721,  in  the  column  headed  2.  721  — 
707  =  14;  this  number  is  called  the  difference.  At  the  extreme 
right  of  the  page  Avill  be  found  a  secondary  table  headed  P.  P.,  and  at  the 
top  of  one  of  these  columns,  in  this  table,  in  bold-face  type,  will  be  found 
the  difference.  It  will  be  noticed  that  each  column  is  divided  into  two 
parts  by  a  vertical  line,  and  that  the  figures  on  the  left  of  this  line  run 
in  sequence  from  1  to  9.  Considering  the  difference  column  headed  14, 
we  see  opposite  the  number  6  (6  is  the  last  or  fifth  figure  of  the  number 
whose  logarithm  we  are  taking  out)  the  number  8.4,  and  we  add  this 
number  to  the  mantissa  found  above,  disregarding  the  decimal  point  in 
the  mantissa,  obtaining  49707  +  8.4  =  49715.4.  Now,  since  4  is  less  than 
5,  we  reject  it,  and  obtain  for  our  complete  mantissa  .49715.  Since  the 
characteristic  of  the  logarithm  of  31,416  is  4,  log  81,416  —  4.49715.     Ans. 

632.  Example.  —Find  log  380. 93. 

Solution. — Proceeding  in  exactly  the  same  manner  as  above,  the 
mantissa  for  3,809  is  58081  (the  star  directs  us  to  take  58  instead  of  57 
for  the  first  two  figures),  the  next  greater  mantissa  is  58092.  found  in 
the  column  headed  0,  opposite  381  in  column  headed  N.  The  difference 
is  092  —  081  =  11,     Looking  in  the  section  headed  P.  P.,  for  column 
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headed  11,  we  find  opposite  3,  3.3;  neglecting  the  .3,  since  it  is  less  than 
5,  3  is  the  amount  to  be  added  to  the  mantissa  of  the  logarithm  of  3809 
to  form  the  logarithm  of  38093.  Hence,  58081  +  3  =  58084,  and  since 
the  characteristic  is  2,  log  380.93  =  2.58084.     Ans. 

633.  Example.— Find  log  1,296,728. 

Solution. — Since  this  number  consists  of  more  than  five  figures 
and  the  sixth  figure  is  less  than  5,  we  find  the  logarithm  of  1,296,700, 
and  call  it  the  logarithm  of  1,296,728.  The  mantissa  of  log  1,296  is 
found  on  page  2  to  be  11201.  The  difference  is  294  —  261  =  33.  Look- 
ing in  the  P.  P.  section  for  column  headed  33,  we  find  opposite  7  on  the 
extreme  left,  23.1;  neglecting  the  .1,  the  amount  to  be  added  to  the 
above  mantissa  is  23.  Hence,  the  mantissa  of  log  1,296,728  =  11261  + 
23  =  11284;  since  the  characteristic  is  6,  log  1,296,728  =  6.11284.     Ans. 

634.  Example.— Find  log  89.126. 

Solution. — Log  89.12  =  1.94998.  Difference  between  this  and  log 
89.13  =  1.95002  —  1.94998  =  4.  The  P.  P.  (proportional  part)  for  the 
fifth  figure  of  the  number,  6,  is  2.4,  or  2. 

Hence,  log  89.126  =  1.94998  +  .00002  =  1.95000.     Ans. 

635.  Example.— Find  log  .096725. 

Solution.—  Log  .  09672  ="2. 98552.     Difference  =  4 

P.  P.  for  5  =  2 


Hence,  log  .096725  =  2.98554.     Ans. 

636.  To  find  the  logarithm  of  a  number  consisting  of 
five  or  more  figures: 

Rule. — I.  If  the  number  consists  of  more  than  five  figures 
and  the  sixth  figure  is  5  or  greater,  increase  the  fifth  figure 
by  1,  and  write  ciphers  in  place  of  the  sixth  and  remaining 
figures. 

II.  Find  the  mantissa  corresponding  to  the  logarithm  of 
the  first  four  figures,  and  subtract  this  mantissa  from  the 
next  greater  mantissa  in  the  table ;  the  remainder  is  the 
difference. 

III.  Find  in  the  secondary  table  headed  P.  P.  a  column 
headed  by  the  same  number  as  that  Jjist  found  for  the  differ- 
ejice,  and  in  this  column  opposite  the  member  corresponding 
to  the  fifth  figure  {or  fifth  fig2irc  increased  by  I)  of  the  given 
number  {this  figure  is  always  situated  at  the  left  of  the 
dividing  line  of  the  column\  will  be  found  the  P.  P.  {propor 
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tio)iai  part)  for  that  number.  The  P.  P.  thus  found  is  to  be 
added  to  tJie  mantissa  found  in  11,  as  in  the  preceding  ex- 
amples, and  the  result  is  the  mantissa  of  the  logarithm  of  the 
given  number,  as  nearly  as  may  be  found  luith  five-place 
tables.  

EXAMPLES   FOR   PRACTICE. 

637.  Find  the  logarithms  of  the  following  numbers: 

1.  .062.  Ans.  2.79239. 

2.  620.  Ans.  2.79239. 

3.  21.4.  Ans.  J^.  33041. 

4.  .000067.  Ans.  5.82607. 

5.  89.42.  Ans.  2-95143. 

6.  .785398.  Ans.  J.- 89509. 

7.  .0010823.  Ans.  "3.03435. 

8.  10,000.  Ans.  4. 

9.  1,923.208.  Ans.  3.28403. 
10.     3.00026.              Ans.  .47717. 

TO    FIND     A     NUxMBER    WHOSE     LOGARITHM    IS 

GIVEN. 

638.  Rule  I. — Consider  the  mantissa  first.  Glance 
along  the  different  columns  of  the  table  wJiicJi  are  headed  0 
until  tJie  first  two  figures  of  the  mantissa  are  found.  Then 
glance  doivn  the  same  column  iintil  the  third  figure  is  found 
{or  1  less  than  the  third  figure).  Having  found  the  first 
three  figures,  glance  to  the  right  along  the  rozv  in  zuhich  they 
are  situated  until  the  last  three  figures  of  the'  mantissa  are 
found.  Then,  the  number  tvliicJi  heads  the  column  in  which 
the  last  three  figures  of  the  mantissa  are  found  is  the  fourth 
figure  of  the  required  number,  and  the  first  three  figures  lie 
in  the  column  headed  N,  and  in  the  same  rozv  in  zvhich  lie  the 
last  three  figures  of  the  mantissa. 

II.  If  the  mantissa  cannot  be  found  in  the  table,  find  the 
mantissa  ivJiicJi  is  nearest  to,  but  less  than,  the  given  mantissa, 
and  zvhich  call  the  next  less  mantissa.  Subtract  the  next  less 
mantissa  from  the  next  greater  mantissa  in  the  table  to  obtain 
the  difference.  Also  subtract  the  next  less  mantissa  from  the 
mantissa  of  the  given  logarithm,  and  call  the  remainder  the 
P.  P.       Looking  in  the    secondary  table   headed  P.    P.  for 
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the  column  headed  by  the  difference  just  found,  find  t  lie  num- 
ber opposite  the  P.  P.  Just  found  {or  the  P.  P.  corresponding 
most  nearly  to  that  Jjist  found)  ;  this  number  is  the  fifth 
figure  of  the  required  mimber ;  the  fourth  figure  will  be 
found  at  the  top  of  the  column  containing  the  next  less  mantissa, 
and  t lie  first  three  figures  in  the  column  headed  N  and  in  the 
same  rozu  zvhich  contains  the  next  less  mantissa. 

III.  Having  found  the  figures  of  the  number  as  above 
directed,  locate  the  decimal  point  by  the  rides  for  the  character- 
istic, annexing  ciphers  to  bring  the  number  up  to  the  required 
number  of  figures  if  the  characteristic  is  greater  than  Jf.. 

639.      Example. — Find  the  number  whose  logarithm  is  3.56867. 

SoLUTiox. — The  first  two  figures  of  the  mantissa,  56,  are  found  on 
page  7;  glancing  down  the  column,  we  find  the  third  figure,  8  (in  con- 
nection with  820),  opposite  370  in  the  N  column.  Glancing  to  the  right 
along  the  row  containing  820,  the  last  three  figures  of  the  mantissa,  867, 
are  found  in  the  column  headed  4;  hence,  the  fourth  figure  of  the 
required  number  is  4,  and  the  first  three  figures  are  370  making  the 
figures  of  the  required  nuinber  3704.  Since  the  characteristic  is  3,  there 
are  four  figures  to  the  left  of  the  decimal  point,  and  the  number  whose 
logarithm  is  3.56867  is  3,704.     Ans. 

6-40.      Example. — Find  the  number  whose  logarithm  is  3.56871.. 

Solution. — The  mantissa  is  not  found  in  the  table.  The  next  less 
mantissa  is  56867;  the  difference  between  this  and  the  next  greater 
mantissa  is  879  —  867  =  12,  and  the  P.  P.  is  56871  -  56867  =  4.  Looking 
in  the  P.  P.  section  for  the  column  headed  12,  we  do  not  find  4,  but 
we  do  find  3.6  and  4.8.  Since  3.6  is  nearer  4  than  4.8,  we  take  the 
number  opposite  3.6  for  the  fifth  figure  of  the  required  number;  this 
is  3.  Hence,  the  fourth  figure  is  4;  the  first  three  figures  370,  and  the 
figures  of  the  number  are  37043.  The  characteristic  being  3,  the 
number  is  3,704.3.     Ans. 

6-41.      Example. — Find  the  number  whose  logarithm  is  5.95424. 

Solution. — The  mantissa  is  found  in  the  column  headed  0  on  page 
18,  opposite  900  in  the  column  headed  N.  Hence,  the  fourth  figure  is  0, 
and  the  number  is  900,000,  the  characteristic  being  5.  Ans.  Had  the 
logarithm  been  5.95424,  the  number  would  have  been  .00009. 

6-12.      Example. — Find  the  number  whose  logarithm  is  .93036. 

Solution. — The  first  three  figures  of  the  mantissa,  930,  are  found  in 
the  0  column  opposite  852  in  the  N  column,  but  since  the  last  two 
figures  of  all  the  mantissas  in  this  row  are  greater  than  36,  we  must  seek 


224  LOGARITHMS. 

the  next  less  mantissa  in  the  preceding  row.  We  find  it  to  be  930B4  (the 
star  directing  us  to  use  9:5  instead  of  92  for  the  first  two  figures)  in 
the  column  headed  8.  The  difference  for  this  case  is  089  —  034  =  5, 
and  the  P.  P.  is  03G  —  034  =  2.  Looking  in  the  P.  P.  section  for  the 
column  headed  5,  we  find  the  P.  P.,  2,  opposite  4.  Hence,  the  fifth  fig- 
ure is  4;  the  fourth  figure  is  8;  the  first  three  figures  851,  and  the 
number  is  8.5184,  the  characteristic  being  0.     Ans. 

64:3.      Example. — Find  the  number  whose  logarithm  is  2.05753. 

Solution. — The  next  less  mantissa  is  found  in  column  headed  1^ 
opposite  114  in  the  N  column,  page  2;  hence,  the  first  four  figures  are 
1141.  The  difference  for  this  case  is  767  —  729  =  38,  and  the  P.  P.  is 
753  —  729  =  24.  Looking  in  the  P.  P.  section  for  the  column  headed  38, 
we  find  that  24  falls  between  22.8  and  26.6.  The  difference  between  24 
and  22.8  is  1.2,  and  between  24  and  26.6  is  2.6;  hence,  24  is  nearer  22.8 
than  it  is  to  26.6,  and  6,  opposite  22.8,  is  the  fifth  figure  of  the  number. 
Hence,  number  whose  logarithm  is  2.05753  =  .011416.     Ans. 


644. 

Find  the  nui 

rithms: 

1. 

.74429. 

2. 

4.38202. 

3. 

1.84510. 

4. 

1.84510. 

5. 

4.96047, 

6. 

3.78943. 

7. 

.50210. 

8. 

3.63491. 

9. 

1.07619. 

10. 

¥.23417. 

EXAMPLES  FOR   PRACTICE. 

Find  the  numbers  corresponding  to   the    following  loga- 

Ans.  5.55. 

Ans.  24,100. 

Ans.  .7. 

Ans.  70. 

Ans.  .000913. 

Ans.  6,157.7. 

Ans.  3.1776. 

Ans.  .0043143. 

Ans.  .11918. 

Ans.  .0017146. 

645.  In  order  to  calculate  by  means  of  logarithms,  a 
table  is  absolutely  necessary.  Hence,  for  this  reason,  we  do 
not  explain  the  method  of  calculating  a  logarithm.  The 
work  involved  in  calculating  even  a  single  logarithm  is  very 
great,  and  no  method  has  yet  been  demonstrated,  of  which 
we  are  aware,  by  which  the  logarithm  of  a  number  like  121 
can  be  calculated  directly.  Moreover,  even  if  the  logarithm 
could  be  readily  obtained,  it  would  be  useless  without  a 
complete  table,  such  as  that  which  forms  a  part  of  this 
Course,  for  the  reason  that  after  having  used  it,  say  to  ex- 
tract a  root,  the  number  corresponding  to  the  logarithm  of 
the  result  could  not  be  found. 
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MULTIPI.ICATI01V    BY    LOGARITHMS. 

646.  The  principle  upon  which  the  process  is  based  may 
be  illustrated  as  follows:  Let  Jf  and  F represent  two  num- 
bers whose  logarithms  are  x  and  y.  To  find  the  logarithm 
of  their  product,  we  have,  from  the  definition  of  a  logarithm, 

10^  =  X,        (1) 
and  10'-'  =  Y.        (2) 
Since  both  members  of  (1)  may  be  multiplied  by  the  same 
quantity  without  destroying  the  equality,  they  evidently  may 
be  multiplied  by  equal  quantities  like  10"  and  Y.      Hence, 
multiplying  (1)  by  (2),  member  by  member, 

10^  X  10'^  =  10^+"  =1  X  Y  (Art.  418) ; 
or,  by  the  definition  of  a  logarithm,  x  -\-  y  =  log  X  Y.  But 
X  Fis  the  product  of  X  and  F,  and  x-\-y  is  the  sum  of 
their  logarithms;  from  which  it  follows  that  the  sum  of  the 
logarithms  of  two  members  is  equal  to  the  logarithm  of  their 
product.      Hence, 

647.  To  multiply  two  or  more  numbers  by  using  log- 
arithms: 

Rule. — Add  tJie  logarithms  of  the  several  numbers,  and 
the  sum  zvill  be  the  logarithm  of  the  product.  Find  the  num- 
ber corresponding  to  this  logarithm,  and  the  result  will  be  the 
number  sought. 

Example.— Multiply  4.38,  5.217,  and  83  together. 

Solution.—  Log  4.38=  .64147 
Log  5.217=  .71742 
Log       83  =  1.91908 

Adding.  3.27797  =  log  (4.38  X  5.217  X  83). 

Number  corresponding  to  3.27797  =  1,896.G.  Hence,  4.38  X  5.217  X 
83  =  1,896.6,  nearly.  Ans.  By  actual  multiplication,  the  product  is 
1,896.58818,  showing  that  the  result  obtained  by  using  logarithms  was 
correct  to  five  figures. 

648.  When  adding  logarithms,  their  algebraic  sum  is 
always  to  be  found.  Hence,  if  some  of  their  numbers  multi- 
plied together  are  wholly  decimal,  the  algebraic  sum  of  the 
characteristics  will  be  the  characteristic  of  the  product.  It 
must  be  remembered  that  the  mantissas  are  always  positive. 
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ExAiMPLE.— Multiply  49.82,  .0024:j,  17,  and  .97  together. 
Solution.— Log    49.82  =  L  69740 

Log  .00243  =  3.38561 

Log         17=  J..  23045 

Log       .97  =1.98677 

Adding,  0.30023  =  log  (49.82  X  .00243  X  17  X  .97). 

Number  corresponding  to  0.30023  =  1.9963.  Hence,  49.82  x  .00243  X 
17  X  .97  =  1.9963.     Ans. 

In  this  case  the  sum  of  the  mantissas  was  2.30023.     The 

integral  2  added  to  the  positive  characteristics  makes  their 

sum  =  2  +  l-|-l=4;  sum  of  negative  characteristics  =  3  -|- 

1  =  4,  whence  4  +  (—  4 )  =  0.     If,  instead  of  17,  the  number 

had  been  .17  in  the  above  example,    the   logarithm  of  .17 

would    have    been    1.23045,  and  the  sum  of  the  logarithms 

would  have  been  2.30023;  the  product  would  then  have  been 

.0199G3. 

649.  It  can  now  be  shown  why,  as  stated  in  Art.  626, 
all  numbers  with  figures  in  the  same  order  have  the  same 
mantissa  without  regard  to  the  decimal  point.  Thus,  sup- 
pose it  were  known  that  log  2.0G  =  .31387.  Then,  log  20.6 
=  log  (2. 06  X  10)  =  log  2. 06  +  log  10  =  .31387  +  1  =  1. 31387. 
And  so  it  might  be  proved  with  the  decimal  point  in  any 
other  position.  

EXAMPLES  FOR   PRACTICE. 

650.  Find  the  products  of  the  following  by  the  use  of  logarithms: 

1.  100,  32,  and  31.64.  Ans.  1,01,250. 

2.  23.1,  59.64,  and  7.863.  Ans.  10,833. 

3.  .00354,  .275,  and  .0198.  Ans.  .000019275. 

4.  2.763,  59.87,  .264,  and  .001702.  Ans.  .074328. 


DIVISION    BY    LOGARITHMS. 
651.     As  before,  let  X  and    Y  represent  two  numbers, 
whose  logarithms  are  x  and  j.     To   find  the  logarithm  of 
their  quotient  we  have,  from  the  definition  of  a  logarithm, 

10"  =  X,  (1) 

and         10"  =  y.  (2) 

Dividing  (1)  by  (2),  10^-"  =  -y  (Art.  438),  or,  by  the  defini- 

X  X 

tion  of  a  logarithm,  x  —  y  ■=  log  -y.     But  -y  is  the  quotient 
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of  X -^  V,  and  x — j  is  the  difference  of  their  logarithms, 
from  which  it  follows  that  ^/w  difference  betiveen  the  log- 
aritluns  of  two  numbers  is  equal  to  the  logarithm  of  their 
qiiotient.     Hence, 

652.  To  divide  one  number  by  another  by  means  of 
logarithms: 

Rule. — Subtraet  the  logarithm  of  the  divisor  from  the 
logaritlun  of  the  dividend^  and  the  result  will  be  the  logarithm 
of  the  quotient. 

Example.— Divide  6,784.3  by  27.42. 

Solution.—  Log  6, 784. 2  =  3. 83150 

Log     27.43  =  1.43807 

difference  =  2. 39343  =  log  (6, 784. 2-^-27. 42). 
Number  corresponding  to  2.39343  =  247.42.      Hence,  6,784.2  -i-  27.42  = 
247.42.     Ans. 

653.  When  subtracting  logarithms,  their  algebraic  dif- 
ference is  to  be  found.  The  operation  may  sometimes  be 
confusing,  because  the  mantissa  is  always  positive,  and  the 
characteristic  may  be  either  positive  or  negative.  When 
the  logarithm  to  be  subtracted  is  greater  than  the  logarithm 
from  which  it  is  to  be  taken,  or  when  negative  characteristics 
appear,  subtract  the  mantissa  first,  and  then  the  characteristic, 
by  changing  its  sign  and  adding.      (Art.  399.) 

Example.— Divide  274.2  by  6,784.2. 

Solution.—  Log     274.2  =  2.43807 

Log  6,784.2  =  3.83150 

"2.60657. 

First  subtracting  the  mantissa  .83150  gives  .60657  for  the  mantissa 
of  the  quotient.  In  subtracting,  1  had  to  be  taken  from  the  char- 
acteristic of  the  minuend  leaving  a  characteristic  of  1.  Subtract  the 
characteristic  3  from  this,  by  changing  its  sign  and  adding  1—3  =  2, 
the  characteristic  of  the  quotient.  Number  corresponding  to  2.60657  = 
.040418.     Hence,  274. 2  h-  6, 784. 3  =  .  040418.     Ans 

Example.— Divide  .067843  by  .002742. 
Solution.—  Log  .067842  ="2.83150 

Log  .002742  =  3:43807 

difference  =  \.Z^%^. 
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Subtracting,  .83150  -  .43807  =  .39343  and  -  2  +  3  =  1.  Number  cor- 
responding  to  1.39343  =  24.742.   Hence,  .067842 -f- .002742  =  34.742.   Ans. 

654.  The  only  case  that  need  cause  trouble  in  subtract- 
ing is  where  the  logarithm  of  the  minuend  has  a  negative 
characteristic,  or  none  at  all,  and  a  mantissa  less  than  the 
mantissa  of  the  subtrahend.  For  example,  let  it  be  required 
to  subtract  the  logarithm  3.74036  from  the  logarithm  3.55145. 
The  logarithm  3.55145  is  equivalent  to  —  3  +  .55145.  Now, 
if  we  add  both  -f  1  and  —  1  to  this  logarithm,  it  will  not 

change  its  value.     Hence,  3.55145  =—3  —  14-1  +  -55145  = 

4+  1.55145.     Therefore,  3.55145  -  3. 74030  = 

4+1.55145 
3+    .74036 


difference  =  7  +    .81109  =  7.81109. 

Had  the  characteristic  of   the  above  logarithm   been  0 

instead  of  3,  the  process  would  have  been  exactly  the  same. 

Thus,  .55145  =1  +  1.55145;  hence, 

T+ 1.55145 
3+    .74036 


difference  =  ^+    .81109  =  4.81109. 

Example.— Divide  .02742  by  67.842. 

Solution.— Log  .02742  =  2^^43807  =  3"  +  1.43807 
Log  67.842  =  1.83150  =  1    4-    .83150 

difference  =1  +    .60657  =  460657. 

Number  corresponding  to  4.60657  =  .00040417.      Hence,    .0274-2  -4- 
67.842  =  .00040417.     Ans. 

Example. — What  is  the  reciprocal  of  3.1416  ? 

Solution.— Reciprocal  of  3.1416  =  .  and  log  q  141  g  =  .^"S  ^  ~ 

log  3. 1416  =  0 -.49715.     SinceO=-l  +  l. 

T+ 1.00000 
.49715 


difference  =\+    .50285  =  1.50285. 
Number  whose  logarithm  is  1.50285  =  .31831.     Ans. 
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EXAMPLES   FOR   PRACTICE. 


655. 

Find  the  quotients  of  the  following  by  the 

rithms: 

1. 

564.35 --34.96. 

Ans.   16.143. 

3. 

9.643 --200.04. 

Ans.  .048204. 

3. 

.16071  -  76.8. 

Ans.   .0020926. 

4. 

.00624-- 3.096. 

Ans.   .0020155. 

5. 

.0001 19 --.0719. 

Ans.  .0016551. 

6. 

1.19 -T- 719. 

Ans.  .0016551. 

7. 

1  -f- 1,728. 

Ans.  .0005787. 

INVOLUTION    BY    LOGARITHMS. 

656.  If  X  represents  a  number  whose  logarithm  is  x, 
we  have,  from  the  definition  of  a  logarithm, 

lO'^  =  X. 
Raising   both  numbers   to  some  power,   as  the  ;/th,  the 
equation  becomes,  by  Art.  511, 

10-^"  =  X". 
But  X"  is  the  required  power  of  X,  and  .r;zis  its  logarithm, 
from  which  it  follows  that  the  logarithm  of  a  number  multi- 
plied by  the  exponent  of  the  pouer  to  which  it  is  raised  is 
equal  to  the  logarithm  of  the  power.      Hence, 

657.  To  raise  a  number  to  any  power  by  the  use  of 
logarithms: 

Rule. — Miiltiply  the  logarithm  of  the  number  by  the  ex- 
p07ient  wJiicJi  denotes  the  power  to  zoJiicJi  the  number  is  to  be 
raised^  and  the  result  zuill  be  the  logarithm  of  the  required 
power. 

Example.  — What  is  the  square  of  {a)  7.92  ?  {b)  the  cube  of  94.7  ?  (r) 
the  1.6  power  of  512,  that  is,  512i-6  ? 

Solution. — (a)  Log  7.92  =  .89873;  the  exponent  of  the  power  is  2. 
Hence,  .89873  X  2  =  1.79746  =  log  7. 92'^  Number  corresponding  to 
1.79746  =  62.727.     Hence,  7.92^  =  62.727,  nearly.     Ans. 

{b)  Log  94.7  =  1.97635 ;  1.97635  X  3  =  5.92905  =  log  94.7-\  Number 
corresponding  to  5.92905  =  849,280.  Hence.  94.73  =  849,280,  nearly. 
Ans. 

(r)  Log  5121  •«  ^  16  y^  log  512  =  1.6  x  2.70927  =  4.334832,  or  4.33483 
(when  using  five-place  logarithms)  =  log  21,619.  Hence,  512^  •*  =  21,619. 
nearly.     Ans. 
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658.  If  the  number  is  wholly  decimal,  so  that  the  char- 
acteristic is  negative,  multiply  t]ie  two  parts  of  tJie  logarithm 
separately  by  the  exponent  of  the  number.  If,  after  multiply- 
ing the  mantissa,  the  product  has  a  characteristic,  add  it, 
algebraically,  to  the  negative  characteristic,  multiplied  by  the 
exponent,  and  the  result  will  be  the  negative  characteristic  of 
the  required  power. 

Example. — Raise  .0751  to  the  fourth  power. 

Solution.— Log  .0751'»  =  4  X  log  .0751  =  4  x  2^.87564.  Multiplying  the 
parts  separately,  4  X  3"=  8" and  4  X  .87564  —  3.50250.  Adding  tiie  :5  and 
8^  3  +  (_8)  =  — 5;  therefore,  log  .0751-*  ="5.50250.  Number  corre- 
sponding to  this  =  .00003181.     Hence,  .0751-*  =  .00003181.     Ans. 

659.  A  decimal  may  be  raised  to  a  power  whose  ex- 
ponent contains  a  decimal  as  follows: 

Example. — Raise  .8  to  the  1.21  power. 

Solution. — Log  .8'-^' =  1.21  xT.  90309.  There  are  several  ways  of 
performing  tlie  multiplication. 

First  Method. — Adding  the  characteristic  and  mantissa  algebraically, 
the  result  is  —.09091.  Multiplying  this  by  1.21  gives  —  .1172611,  or 
—  .11726,  when  using  5-place  logarithms.  To  obtain  a  positive  mantissa, 
add  +  1  and  -  1;  whence,  log  .8'-'^'  =  -  1  +  1  -  .11720  =1.88274. 

Sec07id  Method. — Multiplying  the  characteristic  and  mantissa  sepa- 
rately gives  —  1.21  +  1.09274.  Adding  characteristic  and  mantissa  alge- 
braically gives  -  .11720;  then,  adding  +  1  and  -  1,  log  .8' -2'  =T.88274. 

77//W/ J/t'///£'rt'.— Multiplying  the  characteristic  and  mantissa  sepa- 
rately gives  —  1.21  +  1.09274.  Adding  the  decimal  part  of  the  charac- 
teristic to  the  mantissa  gives  -  1  +(- .21  +  1.09274)  =1.88274  =  log 
.8'  •-'.  The  number  corresponding  to  the  logarithmT.  88274  =  .76338.  Ans. 

Any  one  of  the  above  three  methods  may  be  used,  but  we 
recommend  the  first  or  the  third.  The  third  is  the  most  ele- 
gant, and  saves  figures,  but  requires  the  exercise  of  more 
caution  than  the  first  method  does.  Below  will  be  found 
the  entire  work  of  multiplication  for  both  .S^-^  and  .8*^. 

1.90  309  1.9030  9 

1.21  .21 

90309  90309 

180618  18  0618 

^^^^^  -+- 1.1890489 


1.092  7  389  -1-.21 


2-2  1  _  1.9  7  9  64  8  9,  or  L97965. 

1.88  2  7  38  9,  or  1.88274. 
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In  the  second  case,  the  negative  decimal  obtained  by 
multiplying—  1  and  .21  was  greater  than  the  positive  deci- 
mal obtained  by  multiplying  .90309  and  .21;  hence,  -j-  1  and 
—  1  were  added  as  shown. 


EXAMPLES    FOR    PRACTICE. 

660.      Find  the  values  of  the  following  by  logarithms: 
1.     1,728'2.  Ans.  2,985,900. 


2. 

2.49' -2*. 

Ans.  3.0995. 

3. 

32.16«. 

Ans.  4.2961. 

4. 

.64*. 

Ans.   .16777, 

5. 

.64-'». 

Ans.   .8365. 

6. 

.02415-8. 

Ans.  .000029489. 

EVOLUTION    BY    LOGARITHMS. 

661.  If  X  represents  a  number  whose  logarithm  is  x, 
we  have,  from  the  definition  of  a  logarithm, 

lO'^  =  X. 
Extracting  some  root  of  both   members,  as  the  nth,  the 
equation  becomes,  by  Art.  521, 

10"^=  yx 

But  4/^  is  the  required  root  of  A',  and  -^  is  its  logarithm, 
from  which  it  follows  that  the  logarithm  of  a  number,  di- 
vided by  the  index  of  the  root  to  be  extracted,  is  equal  to 
the  logarithm  of  the  root.      Hence, 

662.  To  extract  any  root  of  a  number  by  means  of 
logarithms: 

Rule. — Divide  the  logaritJun  of  the  number  by  the  index 
of  the  root;  the  result  will  be  the  logarithm  of  the  root. 

Example. — Extract  (a)  the  square  root  of  77,851;  ((J)  the  cube  root 
of  698,970;  {c)  the  2.4  root  of  8,964.300. 

Solution. — {a)  Log  77,851=4.89127;  the  index  of  the  root  is  2; 
hence,  log  |/77,851  =  4.89127  h-  2  =r  2.44564;  number  corresponding  to 
this  =  279.02.     Hence,  4/77,851  =  279.02,  nearly.     Ans. 


{b)  Log  1'/  698,970  =  5.84446  ---  3  =  1.94815  =  log  88.746 ;  or,  f  698,970 
88.747,  nearly.     Ans. 
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(0  Log'|/8;964,'300  =  6.95251   h-  2.4  =  2.89688  =  log    788. M;    or 
•^  8, 964,300  =  788.64,  nearly.     Ans. 

663.  If  it  is  required  to  extract  a  root  of  a  number 
wholly  decimal,  and  the  negative  characteristic  will  not  ex- 
actly contain  the  index  of  the  root,  without  a  remainder, 
proceed  as  follows: 

Separate  the  tzvo  parts  of  the  logaritJun;  add  as  many  units 
{or  parts  of  a  unit)  to  the  negative  characteristic  as  ivill  make 
it  exactly  contain  the  index  of  the  root.  Add  the  same  num- 
bjf  to  the  mantissa.,  and  divide  both  parts  by  the  index.  The 
result  tvill  be  the  characteristic  and  mantissa  of  the  root. 

Example. — Extract  the  cube  root  of  .0003181. 

locr  .0003181        5:50256 


I 


Solution.— Log  ^.0003181  =  -^ — 3 =  3- 

(4  +  2"=  6)  +  (2  +  .  50256  -  2. 50256). 
(6  H-  3  ="2)  +  (2.50256  -i-  3  =  .83419 ;  or, 
log  -^.0003181  ="2.83419  =  log  .068263. 
Hence,  -^.0003181  =  .068263.     Ans. 


Example.— Find  the  value  of  '■V.0003181. 

T      '-^./nnnQioi        log  .0003181       4.50256  I 

Solution.— Log    y. 0003181  =         -.  ^-. —'~Yi\~'  1 

If  —  .23  be  added  to  the  characteristic,  it  will  contain  1.41  exactly  3 
times.     Hence, 

[-  4  +  (-  .23)  =  -  4.23]  +  [.23  +  .50256  =  .73256]. 
(_  4.23  H-  1.41  =  3)  +  (.73256  h-  1.41  =  .51955);  or, 
log  '"j/. 0003181  =3:51955  =  log  .0033079. 
Hence,  '*!/.  0003181  =  .0033079.     Ans. 


EXAMPLES  FOR   PRACTICE. 

664.      Find  the  values  of  the  following  by  logarithms: 

1.  {/906:8.  Ans.  5.4876. 

2.  4/1T.  Ans.  1.6154. 

3.  .0497^.  Ans.  .36766. 

4.  .128*.  Ans.  .7099. 


5.  '^.0227.  Ans.  .21999. 

6.  l/TTSe.  Ans.  .62738. 
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665.      Example. — Solve  this  expression  by  logarithms: 

497  X  -0181  X  762_, 
3, 300  X.  6517      ~  ■ 

Solution.—  Log  497  =  2.69636 

Log  .0181  ="2.25768 
Log  762  =  2.88195 

Log  product  =  3.83599 

Log  3,300  =  3^^51851 
Log  .6517  =  1.81405 
Log  product  =  3. 33256 

8.83599  -  3.33256  =  .50343  =  log  3.1874 

497  X  .0181  X  762 
He'^^^'  3,300  X  .6517      =^-^^'^-     ^''^' 


3/  504,203x507     ,      , 
Example.— Solve,  y  ^  75  ^  71  4  ^  87  ^  logarithms 

Solution.—  Log    504,203  =  5.70260 

Log  507  =  2.70501 

Log  product  =  8.40761 

Log  1.75=  .24304 
Log  71.4  =  1.85370 
Log  87  =  1.93952 

Log  product  =  4.03626 

8.40761-4.03626       ^  .-.^o      1      oo  «r. 
=  1.4o712  =  log  28.65. 


„  »/    504,203x507         „„  ^„       . 

Hence,  i/ ^^ ^  =  28. 60.     Ans. 

r    1.75  X  71.4  X87 


rSX  71.4X87 

666.     Logarithms  can  often  be  applied  to  the  solution 
of  equations. 

Example. — Solve  the  equation  2A3x^  —  |/.0648. 

Solution.—  2.43.^5  =  (/.0648. 

|/.0648 
Dividing  by  2.43,  x^  =     0  4^    ' 

Taking  the  logarithm  of  both  numbers, 

^      ,  log  064S 

5  X  log  X  =  — ^-g log  3.43; 

or,        5  log  X  =     " .38561. 

=  T.  801 93 -.38561. 
=  T 41632. 
Dividing  by  5,  log  x  =  L  88326 ; 

whence,  .ir=.7643.     Ans. 
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EXAMPLKS   FOR   PRACTICE. 
667.      Find  the  values  of  the  following: 
89  X  75:}  X  .0097 
30.709  X  •08497' 


8/7,932  X  .00657  X  .80464 


.03274  X  .6428 


3        y.03271-^  X  53.429  X  .77542« 
f    ~       32.769  X  .000371' 

Find  the  value  of  x  in  the  following; 

^-     S^'= 30 • 

5.    38.r-t^  =  ^~"-^^-'^ 
V30 


Ans.  .20840. 
Ans.  12.583. 
Ans.  33.035. 

Ans.  .r=. 93237. 
Ans.  .r  =  .  063133 
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GEOMETRY    AND    TRIGONOMETRY. 


GEOMETRY. 

1,     Geometry  is  that  branch  of  mathematics  which  treats 
of  the  properties  of  Hues,  angles,  surfaces,  and  volumes. 


LINES  A\D  axgle:s. 

2.  A    point    indicates    position    only.      It    has    neither 
length,  breadth,  nor  thickness. 

3.  A  line  has  only  one  dimension:  length. 

4.  A  straij»-lit  line.  Fig.  1,  is  one  that 

does  not  change  its  direction  throughout   

its  whole  length.      A  straight  line  is  also 

'='  *'  Fig.  1. 

frequently  called  a  riglit  line. 

5.  A   curved    line,   Fig.    2,   changes 

its  direction  at  every  point. 

-'    '  Fig. 

t>.  A  broken  line.  Fig.  3,  is  one  made 
up  wholly  of  straight  lines  lying  in  differ- 
ent directions.  fig.  a. 

7.      Parallel    lines.   Fig.  4,  are  those 

which  are  equally  distant  from  each  other 

throughout  their  whole  length,  both  lines     

being    considered     indefinite    in    extent.  fig.  4. 

When  every  point  of  a  line  is  the  same  dis- 
tance from  another  line  (or  surface),  it  is  said  to  ht  parallel 
to  the  line  (or  surface). 

For  notice  of  copyright,  see  page  immediately  following  the  title  page. 
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8.  A  line  is  perpendicular  to  another  when  it  meets 
that  line  so  as  not  to  incline  towards  it 
on  either  side,  Fig.  5. 


9.  A  liorixontcil  line  is  a  line 
parallel  to  the  horizon,  or  water  level, 
Fig.  0. 


Fig.  5. 


Uvrizontul 

Fig.  0. 


lO.     A  vertical  line,  Fig.  6,  is  a  line 
perpendicular  to  a  horizontal  line;  conse- 
quently, it  has  the  direction  of  a  plurtib 
line. 


11.  When  two  lines  cross  or  cut  each 
other,  as  in  Fig.  7,  they  are  said  to  in- 
tersect, and  the  point  at  which  they 
intersect  is  called  the  point  of  inter- 
section, as  at  y^. 


Fig. 


1  2.  An  angle.  Fig.  8,  is  the  opening 
between  two  lines  that  intersect  or  meet ; 
the  point  of  meeting  is  called  the  vertex 
of  the  antrle. 


Fig.  8. 


B 

Fig.  9. 


-D 


13.  In  order  to  distinguish  one  line  from  another,  two 
of  its  points  are  given  if  it  is  a  straight  line,  and  as  many 

more  as  are  considered  necessary  if  it 
is  a  broken  or  curved  line.  Thus,  in 
Fig.  9,  the  line  A  B  would  mean  the 
straight  line  included  between  the 
points  A  and  B.  Similarly,  the  straight 
line  between  C  and  D  would  be  called  the  line  CD. 

The  broken  line  made  up  of  the  lines  A  B  and  B  D  would 
be  called  the  broken  line  A  B  D  or  DBA,  according  to  the 
point  started  from.  The  line  C  D  may  be  regarded  as  a 
single  line  or  as  made  up  of  two  lines  C  B  and  B  D.  B  D 
may  be  regarded  as  C  B  extended,  in  which  case  it  would  be 
called  C  Ji produced  to  D,  or  simply  C  B  produced.  Simi- 
larly, C  B  IS  D  B  produced.      One  line,  however,  cannot  be 
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said  to  be  another  line  produced,  unless  it  is  an  extension  of 
the  line  in  a  constant  direction;  i.  a.,  A  B  cannot  be  referred 
to  as  C  ^  produced  or  as  D  B  produced. 

14.  To  distinguish  angles,  name  a  point  on  each  line, 
and  the  point  of  their  intersection,  or  vertex  of  the  angle. 
Thus,  in  Fig.  9,  the  angle  formed  by  the  lines  A  B  and  C  J> 
is  called  the  angle  A  B  C  or  the  angle  C  B  A,  the  letter  at 
the  vertex  being  placed  between  the  other  two.  The  angle 
formed  by  the  lines  A  B  and  B  D  \s  called  the  angle  A  B  D 
or  the  angle  DBA. 

When  an  angle  stands  alone  so  that  it  cannot  be  mistaken 
for  any  other  angle,  only  the  vertex  letter  need  be  given  ; 
thus,  the  angle  i5".  Fig.  20,  the  angle  B^  Fig.  21,  etc. 

15.  If  one  straight  line  meets  another  straight  line 
at  a  point  between  its  ends  (see  Figs.  9  and  10),  two 
angles  A  B  C  and  A  B  D  are  formed,  which  are  called 
adjacent   angles. 


lt>.  "When  adjacent  angles  are 
equal,  as  A  B  C  and  A  B  B,  Fig.  10, 
they  are  called  right  angles. 


B 

Fig.  ]0. 


-D 


17.     An   acute   angle  is  less  than 
a  right  angle.     A  B  C,  Fig.    11,   is  an 


acute  angle. 


Fig.  11. 


1  8.  An  obtuse  angle  is  greater 
than  a  right  angle.  A  B  D,  Fig.  12, 
is  an  obtuse  angle. 
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Fig.  Vi. 


1  9.  When  two  straight  lines  intersect  they  form  four 
angles  about  the  point  of  intersection.     Thus,  in  Fig.  13,  tlie 

lines  A  />'  and  C  /),  intersecting  at  the 
point  O,  form  four  angles  /j  O  D,  D  O  A, 
A  O  C,  and  C  O  B  about  the  point  O. 
The  angles  that  lie  on  the  same  side 
of  one  straight  line,  as  J')  O  />  and 
D  O  A,  are  adjacent  anjitlcs.  The 
angles  that  lie  opposite  each  other  are  called  oi>i>c)sitc 
angles.  Thus,  A  O  C  ^nd  D  O  B,  also  D  O  A  and  7;  O  C, 
are  (opposite  angles. 

2<).  When  one  straight  line  intersects  another  straight 
line,  as  in  Fig.  13,  the  opposite  angles  are  equal.  Thus, 
/;  O  B  =  AO  C,  and  DOA  =B  O  C. 


21.     When  one  straight  line  meets     a 
another  straight  line  at  a  point  between 
its  ends,  the  sum  of  the  two  adjacent 
angles  A  B  D  and  A  B  C,  Fig.  ]4,  equals    c 
two  rio-ht  angles. 


22.     If  a   number  of  straight  lines  on  the  same  side  of  a 

given  straight  line  meet  at  the  same 
point,  the  sum  of  all  the  angles  formed 
is  equal  to  two  right  angles.  Thus, 
in  Fig.  15,  C  O  B  +  D  6  C  +  E  O  D 
+  I''  O  E  -\-  A  07'^=  two  right  angles. 


23.     If  a  straight  line  intersects  another  straight  line,  so 
that  the  adjacent  angles  are  equal,  the 
lines  are  said  to  ho,  perpe)idicular  to  eacJi 
other.     In  such  a  case,  four  right  angles 

are  formed  about  the  point  of  intersec-       

tion.  Thus,  in  Fig.  IG,  BO  C^  C O A  ; 
hence,  BO  C,  CO  A,  A  O  D,  and  D  O  B 
are  right  angles.  From  this  it  is  seen 
that  four  rigJit  angles  are  all  that  can  be 
formed  about  a  given  point. 


o 


D 

Fig.  lu. 


B 
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24.  Through  a  given  point  any  numl^er  of  straight 
lines   may  be   drawn;   and   the  sum  of 

all  the  angles  formed  about  the  point 
of  intersection  equals  four  right  an- 
gles. Thus,  in  Fig.  3  7,  H  OF+FOC 
-[-C  O  A  -\-  A  O  G  ^  G  OE  +  EOD 
+  D  O  B  +  B  O  H  =  four  right  angles. 

Example. — In  a  flywheel  with  13  arms,  what 
part  of  a  right  angle  is  included  between  the 
center  lines  of  any  two  adjacent  arms,  the 
arms  being  spaced  equally  ? 

Solution. — Since  there  are  12  arms,  there  are  12  angles.  Tlie  sum 
of  all  the  angles  equals  four  right  angles.  Hence,  one  angle  equals 
jV  of  4  right  angles,  or  ^V  X  4  =  ^  =  i  of  1  right  angle.     Ans. 

25.  A  perpendicular  drawn  from  a  point  over  or  under 

A  a  given  straight  line  is  th'e  shortest  dis- 

tance from  the  point  to  the  line,  or  to 
the  line  produced.  Thus,  if  W,  Fig.  18, 
is  the  given  point  and  C  D  the  given 
—D  line,  then  the  perpendicular  A  B  is  the 
shortest  distance  from  A  to  C  D. 


D 

Fig.  18. 


26.  An  angle  is  said  to  be  the  complement  of  another 
when  the  sum  of  the  two  angles  is  ojic  right  angle.  In  Fig.  17, 
if  F  E  is  perpendicular  to  A  B,  F  O  H  is  the  complement  of 
B  O  //,  and  />  O  His  the  complement  oi  F O  H.  When  refer- 
ring to  both  angles,  they  are  said  to  be  complementary. 
Thus,  B  O  //and  F O  //are  complementary  angles. 

27.  When  the  sura  of  two  angles  is  equal  to  two  right 
angles,  the  angles  are  said  to  be  supplementary,  and  each 
is  the  supplement  of  the  other.  In  Fig.  14,  A  B  C  is  the 
supplement  of  A  B  D,  and  A  B  D  is  the  supplement  of  A  B  C. 
From  this  definition,  it  follows  that  adjacent  angles  are  sup- 
plementary; also,  that  if  one  side  of  an  angle,  as  B  D,  Fig.  14, 
be  produced  through  the  vertex,  the  angle  between  the  side 
produced  and  the  other  side,  i.  e.,  the  angle  C B  A,  is  the 
supplement  of  the  original  angle  DBA. 
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28.  If  two  angles  have  their  sidee  parallel  and  both 
the  corresponding  sides  lie  in  the  same  or  in  opposite 
directions,  they  are  equal.  Thus,  if  the  side  A  B,  Fig.  19, 
is  parallel  to  the  side  D  B,  and  if  the  side  B  C  is  parallel 
to  the  side  E  F,  then  the  angle  j£"  =  the  angle  B.  But  if 
one  of  the  sides  of  one  angle  lies  in  the  same  direction  and 


Fig.  19. 

the  other  in  the  opposite  direction  to  the  corresponding  sides 
of  the  other  angle,  the  angles  are  supplementary.  Thus,  in 
Fig.  20,  G  H  is  parallel  to  and  lies  in  the  same  direction  as 
D  £,  and  //  /  is  parallel  to  but  lies  in  the  opposite  direc- 
tion to  £  F  ;  hence,  angle  6"  // /  is  the  supplement  of  DBF. 

29.  If  two  sides  of  an  angle  are  perpendicular  to  two 
sides  of  another  angle,  the  two  angles  are  equal  or  supple- 
mentary. Thus,  \i  D  E  and  G  H,  Fig.  20,  are  perpendicular 
to  B  A,  and  E F  and  H K  are  perpendicular  to  B  C,  then  will 
angle  E  =  angle  B  =  angle  //;  also  G  H I  is  the  supplement 
oi  A  BC. 


EXAMPLES    FOR    PRACTICE. 

1.  In  a  pulley  with  five  arms,  what  part  of  a  right  angle  is  included 
between  the  center  lines  of  any  two  arms  ?         Ans.   |  of  a  right  angle. 

2.  If  one  straight  line  meets  another  straight  line  so  as  to  form  an 
angle  equal  to  1|  right  angles,  what  part  of  a  right  angle  does  its  adja- 
cent angle  equal  ?  Ans.   §  of  a  right  angle. 
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3.  If  a  nunil)er  of  straii^ht  lines  meet  a  given  straij^lu  line  at  a 
given  point,  all  !)eing  on  the  same  side  of  the  j^iven  line,  so  as  to  form 
six  equal  angles,  what  part  of  a  right  angle  is  contained  in  each  angle  ? 

Ans.  i  of  a  right  angle. 


PLANE   FIGURES. 

30.  A  surface  has  only  two  dimensions:  IcugtJi  and 
breadth.  A  pkine  surface,  usually  called  a  plane,  is  a  flat 
surface.  If  a  straightedge  be  laid  on  a  plane  surface,  every 
point  along  the  edge  of  the  straightedge  will  touch  the  stir- 
face,  no  matter  in  what  direction  it  is  laid. 

31.  A  plane  figure  is  any  part  of  a  plane  surface 
bounded  by  straight  or  curved  lines. 

32.  When  a  plane  figure  is  bounded  by  straight  lines 
only,  it  is  called  a  polygon.  The  bounding  lines  are  called 
the  sides,  and  the  broken  line  that 
bounds  it  (or  the  whole  distance  around 
it)  is  called  the  perimeter  of  the 
polygon. 

The  angles  formed  by  the  sides  are 
called  the  angles  of  the  polygon.     Thus, 
A  B  C  D  E,  Fig.  21,  is  a  polygon.    A  B, 
BC,  etc.    are  the   sides;   E  A  B.ABC,  etc.  are  the  angles; 
and  the  broken  line  A  B  CDEA  is  the  perimeter. 

33.  Polygons  are  classified  according  to  the  number  of 
their  sides:  One  of  three  sides  is  called  a  triangle;  one 
of  four  sides,  a  quadrilateral  ;  one  of  five  sides,  a  penta- 
gon ;  one  of  six  sides,  a  liexagon  ;  one  of  seven  sides,  a 
heptagon;  one  of  eight  sides,  an  octagon;  one  of  ten 
sides,  a  decagon  ;  one  of  twelve  sides,  a  dodecagon  ;  etc. 


Fig.  22. 


34.      Equilateral    polygons    are 

those  in  which  the  sides  are  all  equal. 
Thus,  in  Fig.  2->,  AB  =  BC=  C D 
^=  D  A  ;  hence,  A  B  C  D  is  an  equilat- 
eral polygon. 
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Fig.  23. 


B       »{o.      An  equiaii}rukir  polyjfon  is 

one  in  which  all  the  angles  are  equal. 
Thus,  in  Fig.  23,  angle  /]=  angle  B 
=  angle  J)  =  angle  C;  hence,  A  B  D  C 


D 


is* an  equiangular  polygon. 


3t>.     A    rcjuctilar     polymcon    is    one    in 

which  all  the  sides  and  all  the  angles 
are  equal.  Thus,  in  Fig.  24,  AB^BD 
^  D  C  =^  C  A,  and  angle  .i  =  angle  B 
—  angle  /)  =  angle  C;  hence,  A  B  D  C  is  a 
regular  polygon. 


A 


D 


FIG.  34. 


37.     Some  regular  polygons  are  shoVvn  in  Fig.  25. 


Pentagon        Hexagon  Heptagon         Octagon 

Fig.  25. 


Decagon         Dodecagon 


38.  The  sum  of  all  the  interior  angles  of  any  polygon 
equals  two  right  angles,  multiplied  by 
a  number  which  is  two  less  than  the 
number  of  sides  of  the  polygon.  Thus, 
ABCDEF,  Fig.  2G,  is  a  polygon  of 
six  sides  (hexagon),  and  the  sum  of  all 
the  interior  angles  y^  -|-  B  -f-  C -^  D  -\-Il 
-\-  F=%  right  angles  x  4  (  =  6  —  2), 
or  8  right  angles. 


Fig.  2G. 


Example. — If  the  above  figure  is  a  regular  hexagon  (has  equal  sides 
and  equal  angles),  how  many  right  angles  are  there  in  each  interior 
angle  ? 

Solution. —  6—2  =  4.  Two  right  angles  x  4  =  8  riglil  angles  =  the 
total  number  of  right  angles  in  the  polygon ;  and  as  there  are  6  equal 
angles,  we  have  8  ^6  =  1^  right  angles  =  the  numlier  of  right  angles 
in  each  interior  angle.     Ans. 
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THi:  1  RiA\(ii.i:. 

39.     Triangles    are    named    according  to    their  sides  as 
isosceles,  equilateral,   and  scalene  triangles,  and  according  to 
their   angles    as  right-angled  and  oblique-angled 
triangles. 

4().     An  isosceles  triangle,   Fig.    27,   is   one 
having  two  of  its  sides  equal. 


Fig.  37. 

41.  When  the  three  sides  are  equal,  as 
in  Fig.  28,  it  is  called  an  equilateral  tri- 
angle. An  equilateral  triangle  is  also 
isosceles. 


Fig.  38. 


Fig.  39. 


42.     A  scalene  triangle.  Fig.  29,  is  one 
having  no  two  of  its  sides  equal. 


43.     A  risrlit-aii}>-led  triangle,  Fig.  30,  is  any  triangle 
having  one  right  angle.      The  side  opposite 
the  right  angle  is  called  the  hypotenuse. 
For  brevity,  a  right-angled  triangle  is  now 

termed  a  right  triangle. 

Fig.  30. 

44.     An  oblique  triangle.   Fig.  31,  is 
one  that  has  no  right  angle. 

Flc.  31. 

45.  The  base  of  any  triangle  is  the  side  upon  which  the 
triangle  is  supposed  to  stand;  any  side  may  be  considered 
to  be  the  base.      In  Figs.  32,  33,  and  34,  A  C  is  the  base. 

4H.  The  altitude  of  any  triangle  is  a  line  drawn  from 
the  vertex  of  the  angle 
opposite  the  base  per- 
pendicular to  the  base 
or  to  the  base  produced. 
Thus,  in  Figs.  32and33, 
C  />  D  is  the  altitude  of 
the  triangles  A  B  C. 
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-17.  In  an  isosceles  tiianL;U-,  the  angles  opposite  the 
equal  sides  are  equal.  Thus,  in  I'^ig.  34, 
A  B  =  BC\  hence,  angle  C  —  angle  A. 
Therefore,  if  two  angles  of  any  triangle  are 
equal,  the  triangle  is  isosceles. 

In  any  isosceles  triangle,  if  a  perpendicu- 
lar be  drawn  from  the  vertex  opposite  the 
unequal  side  to  that  side,  it  bisects  (cuts  in 
halves)  the  side.  Thus,  A  C,  Fig.  34,  is  the 
unequal  side  in  the  isosceles  triangle  ABC;  hence,  the  per- 
pendicular B  D  from  the  vertex  opposite  A  C  bisects  A  C, 
or  AD  =  DC. 

4S.  In  any  triangle,  the  sum  of  the  three  angles  equals 
two  right  angles.  Thus,  in  Fig.  35,  the  sum  of  the  angles 
at  A,  B,  and  (7=  two  right  angles;  that  is,  A -\-  l^ -\- C 
=  two  right  angles.  Hence,  if  any 
two  angles  of  a  triangle  are  given,  the 
third  may  be  found  by  subtracting  the 
sum  of  the  two  from  two  right  angles. 
Suppose  that  A  -\-  B  —  1^\  right 
angles;  then,  C  must  equal  2  —  ly\  =  y^  of  ^  right  angle. 

49.  In  any  rt^/it  triangle  there  can  be  but  one  right 
angle,  and  since  the  sum  of  all  the  angles  equals  two  right 

angles,  it  is  evident  that  the  sum  of  the 
two  acute  angles  must  equal  one  right 
angle.  Therefore,  if  in  any  right  tri- 
angle one  acute  angle  is  known,  the 
other  can  be  found  by  subtracting  the 
C  known  angle  from  a  right  angle.  Thus, 
FIG. 30.  ii^   pio-    3G,   ABC  is  a  right   triangle, 

right-angled  at  C.  Then,  the  angles  A  -\-  B  =  one  right 
angle.  If  /^  =  4  of  a  right  angle,  ^5  =  1— -|  =  4of  a  right 
angle.  The  two  acute  angles  of  a  right  triangle  are  there- 
fore complementary. 

5().  In  any  right  triangle,  the  square  described  upon  the 
hypotenuse  is  equal  to  the  sum  of  the  squares  described 
upon    the    other    two    sides.      If  .IBC,  Fig.  37,   is  a   right 


Fig.  :35. 
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triangle,  right-angled  at  />,  then  the  square  described 
upon  the  hypotenuse  A  C  is  equal  to  the  sum  of  the 
squares    described    upon   the  p 

sides  A  B  and  B  C;  conse- 
quently, if  the  lengths  of  the 
sides  A  B  and  B  C  are  known, 
the  length  of  the  hypotenuse 
can  be  found  by  adding  the 
squares  of  the  lengths  of  the 
sides  A  B  and  B  C  and  then 
extracting  the  square  root  of 
the  sum. 

Example. — If  A  B  =  S  inches 
and  B  C  =  4  inches,  what  is  the 
length  of  the  hypotenuse  A  CI  Fig.  37. 

Solution.—  3-^  =  9;  4'^  =  16. 

Adding,  9  +  16  =  25. 

1/25  =  5. 

Therefore,  A  C  =  5  in.     Ans. 


51.  If  the  hypotenuse  and  one  side  are  given,  the  other 
side  can  be  found  by  subtracting  the  square  of  the  given  side 
from  the  square  of  the  hypotenuse,  and  then  extracting  the 
square  root  of  the  remainder. 

Example  1. — The  side  given  is  3  inches,  the  hypotenuse  is  5  inches; 
what  is  the  length  of  the  other  side  ? 

Solution.—    3-^  =  9;  o'^  =  25.     25  -  9  =  16,  and  |/16  =  4  in.     Ans. 

Example  2.— If,  from  a  church  steeple  which  is  150  feet  high  a 
rope  is  to  be  attached  at  the  top  and  to  a  stake  in 
the  ground  85  feet  from  its  foot  (the  ground  being 
supposed  to  be  level),  what  must  be  the  length  of 
the  rope  ? 

Solution. — In  Fig.  38,  A  i?  represents  the  steeple, 
150  feet  high;  C,  a  stake  85  feet  from  the  foot  of 
the  steeple;  and  A  C,  the  rope.  Here  we  have  a 
right  triangle,  right-angled  at  B,  and  A  C  i?,  the 
hypotenuse. 
The  square  of   y^  C  =  85^  +  150^  =  7,225  -l-  22,500 

=  29,725^ 

AC^  V'297725  =  172.4  ft. ,  nearly.     Ans. 


150 
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52.     Two  triangles  are  equal  when  the  sides  of  one  are 
eqtial  to  the  sides  of  the  other. 

5^5.  Two  triangles  are  similar 
when  the  angles  of  one  are  equal  to 
the  angles  of  the  other.  The  corre- 
sponding sides  of  similar  triangles 
are  proportional. 

For  example,  in  the  triangles 
A  B  C  and  abc^  Fig.  39,  side  ae\'& 
perpendicular  to  A  C,  side  a />  is 
perpendicular  to  A  B,  and  side  be 
is  perpendicular  to  7>  C.  Hence, 
angle  A  =  angle  a,  since  the  sides 
of  one  are  perpendicular  to  the  sides  of  the  other.  In  like 
manner,  angle  B  =  angle  /;,  and  angle  C  =  angle  e.  The  two 
triangles  are  therefore  similar  and  their  corresponding  sides 
are  proportional.  That  is,  any  two  sides  of  one  triangle  are 
to  each  other  as  the  two  corresponding  sides  of  the  other 
triangle ;  or,  one  side  of  one  triangle  is  to  the  corresponding- 
side  of  the  other  as  another  side  of  the  first  triangle  is  to 
the  corresponding  side  of  the  second.  The  following  are 
examples  of  the  many  proportions  that  may  be  written. 
In  this  case,  the  corresponding  sides  of  the  two  triangles  are 
the  ones  that  are  perpendicular  to  each  other: 


Fig.  39. 


AB  : 

nc  =  a  b 

:   b  e, 

AB  : 

AC=a  b 

:   ae, 

B  C  : 

be    =A  B 

:   a  b, 

A  C  : 

ae    =B  C 

:   /^r. 

etc 

Example. — The  sides  of  a  triangle  are  18  inches  and  21  inches  and 
the  base  is  24  inches  long;  what  are  the  lengths  of  the  sides  of  a 
similar  triangle  whose  base  is  8  inches  long  ? 

Solution.— Since  the  sides  are  proportional,  we  have  the  proportions 
24  :  8  =  21  :  .r,  and  24  :  8  =  18  :  .r.  From  the  first,  x  =  7  in.,  and  from 
the  second,  x  =  6  in.     Ans. 


54.     If  a  straight  line  is  drawn   through  two  sides  of  a 
triangle   parallel    to    the   third    side,    it   divides   those   sides 


GEO:\IETRY   AND    TRIGONOMETRY.  247 

proportionally.     Thus,  in  Fig.  40,  let  the  line  D  E  he  drawn 
parallel    to    the    side    B  C   in    the    tri- 
angle ABC.     Then, 

A  D  :  DB  =  AE  :  EC. 

It  is  to  be  noticed,  also,  that  the  tri- 
angles ADE  and  ABC  are  similar 
and  their  sides  are  proportional.  The 
proportion  A  D  \  D  E  =  A  B  :  B  C  \s  a 
useful  one. 

Example  1. — In  the  last  figure,  ii  A  E=  14,  pj^  4^ 

A  D  =  13,  and  £"  C  =  9,  what  does  D  B  equal  ? 

Solution. — From  the  proportion  A  D:  DB^=AE:  EC,  we  have 
13  :  /?  ^  =  14  :  9,  whence  D  H  =  74.     Ans. 

E.XAMPLE  3. — The  base  of  a  right  triangle  is  13  inches  and  its  alti- 
tude 40  inches.      How  wide  is  the  triangle  34  inches  from  the  base  ? 

Solution. — Since  the  triangle  is  right-angled,  the  length  of  the 
perpendicular  side  equals  the  altitude,  or  40  inches.  By  drawing  a  line 
parallel  to  the  base  and  34  inches  above  it,  a  second  and  similar  tri- 
angle will  be  found  whose  corresponding  side  =  -40  —  34,  or  16  inches, 
and  the  length  of  whose  base  is  the  required  width.  Hence,  40  :  13 
=  16  :  .r,  or  .r  =  4.8  in.     Ans. 


exampi.es  for  practice. 

1.  How  many  right  angles  are  there  in  one  of  the  interior  angles 
of  a  regular  heptagon  ?  Ans.    If  right  angles. 

3.  The  angle  at  the  vertex  of  an  isosceles  triangle  equals  4  of  a  right 
angle.     What  do  the  other  angles  equal  ?  Ans.  f  of  a  right  angle. 

o.  One  of  the  acute  angles  of  a  right  triangle  equals  §  of  a  right 
angle.   What  is  the  size  of  the  other  acute  angle  ?   Ans.  |  of  a  right  angle. 

4.  If  the  two  sides  about  the  right  angle  in  a  right  triangle  are  53 
and  39  feet  long,  how  long  is  the  hypotenuse  ?  Ans.   65  ft. 

0.  A  ladder  65  feet  long  reaches  to  the  top  of  a  house  when  its  foot 
is  35  feet  from  the  house.  How  high  is  the  house,  supposing  the 
ground  to  be  level  ?  Ans.   60  ft. 

6.  In  a  triangle  ABC,  side  A  B  =  33  feet,  ^  C  =  34  feet,  and  A  C 
=  48  feet.  If  side  A  B  oi  a.  similar  triangle  is  73  feet  long,  what  are  the 
lengths  of  the  other  two  sides  ?  Ans.   A  C  =  108  ft. ;  B  C  —  76.5  ft. 

7.  The  base  of  a  right  triangle  is  34  inches  and  its  altitude 
73  inches.  At  what  distance  from  the  top  is  the  triangle  16  inches 
wide  ?  Ans.  48  in. 
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THE   CHICLE. 

55.  A  circle.  Fig.  41,  is  a  phiiic  figure 
bounded  by  a  curved  line,  called  the  circum- 
ference, every  point  of  which  is  equally  dis- 
tant from  a  point  within,  called  the  center. 


KIG.    11. 


5t>.  The  diameter  of  a  circle  A  B, 
Fig.  42,  is  a  straight  line  passing  through 
the  center  and  terminated  at  both  ends 
by  the  circumference. 


A\ 


Ali 


Fig.  42. 


.4i- 


''     ^'^^s^  57.     The    radius    of    a    circle,     O  A, 

\     Fig.  43,  is  a  straight   line  drawn  from  the 

— -o  1    center  to  the  circumference.      It  is  equal  in 

/'    length  to  one-half  the  diameter.    The  plural 

of  radius  is  radii.      All  radii  of   any  circle 

FIG.  43.  ^^^  ^^^^^'  "^  length. 


58.     An  arc  of  a  circle,  as  a  e  b,  Fig.  44, 
is  any  part  of  its  circumference. 


Fig.  44. 


Fig.  45. 


59.  A  chord  is  a  straight  line  joining 
/>  any  two  points  in  a  circumference;  or,  it  is 
a  straight  line  joining  the  extremities  of  an 
arc. 

Thus,  in  Fig.  45,  a  b  is  the  chord  of  the 
arc  a  c  b. 


60.      A  sey:ment  of  a  circle  is  the  space  included  between 

an  arc  and  its  ciiord. 
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Thus,  in  Fig.  45,  the  portion  of  the  circle  included  between 
the  chord  a  b  and  arc  a  c  b  is  a  segment. 

t>l.  A  sector  of  a  circle  is  the  space 
included  between  an  arc  and  two  radii 
drawn  to  the  extremities  of  the  arc. 

Thus,  in  Fig.  40,  the  space  included 
between  the  arc  A  B  and  the  radii  O  A  and 
(7  i9  is  a  sector  of  the  circle. 

t>2.  Two  circles  are  equal  when  the  radius  or  diameter 
of  one  equals  the  radius  or  diameter  of  the  other. 

Two  arcs  are  equal  when  the  radius  and  chord  of  one 
equal  the  radius  and  chord  of  the  other. 

63.  If  A  D  B  C\  Fig.  47,  is  a  circle 
in  which  two  diameters  A  B  and  CD 
are  drawn  at  right  angles  to  each  other, 
then,  A  O  D,  D  O B,  B  O  C,  and  CO  A 
are  right  angles.  The  circumference 
is  thus  divided  into  four  equal  parts; 
each  of  these  parts  is  called  a  quad- 
rant. 

64.  In  geometry,  angles  are  measured  by  the  number 
of  right  angles,  or  parts  of  a  right  angle,  which  they  contain  ; 
since  in  the  circle,  a  right  angle  intercepts  a  quadrant,  an 
angle  is  also  measured  by  the  number  of  quadrants,  or  parts 
of  a  quadrant,  that  it  intercepts.  The  word  "  intercept"  as 
here  used  means  the  arc  cut  off  by  the  sides  of  the  angle. 

65.  An  angle  at  the  center  is  measured  by  its  inter- 
cepted arc. 

Example. — If  a  circle  is  divided  into  six 
equal  sectors,  how  many  quadrants,  or  parts 
of  a  quadrant,  are  contained  in  the  angle  of 
each  sector  ? 

Solution.— In    Fig.    48,    ACFBDE   is 

a  circle  divided  into  six  equal  sectors.      The 

sum  of   all  the  quadrants  in  the   circle   is   4. 

Hence,    4  h-  6  =  |    of    a    quadrant    in     each 

Fig.  48.  sector.     Ans. 
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<">(■>.  All  inscribed  angle  is  one  whose  vertex  lies  on 
the  circumference  of  a  circle  and  whose 
sides  are  chords.  It  is  measured  by 
oiic-half  the  intercepted  arc.  Thus,  in 
Fig.  49,  A  B  C  \s  an  inscribed  angle 
and  it  is  measured  by  one-half  the 
arc  A  D  C. 

Example. — If  in  the  figure  the  arc  .-/  D  C 
=  f  of  the  circumference,  what  is  the  measure 
of  the  inscribed  angle  A  B  C? 

Solution. — Since  the  angle  is  an  inscribed  angle,  it  is  measured  by 
one-half  the  intercepted  arc,  or  |  x  i  =  i  "f  the  circumference.  The 
whole  circumference  contains  four  quadrants;  hence,  4  X  i  =  |  of  a 
quadrant,  or  f  of  a  right  angle.  Therefore,  the  measure  of  the 
angle  A  B  C  is  4  of  a  quadrant.     Ans. 

B7.  If  a  circle  is  divided  into  halves,  each  half  is  called 
a  semicircle,  and  each  half  circumference  is  called  a 
senii-ci  re  u  inference. 

68.  Any  angle  that  is  inscribed  in  a  semicircle  and 
intercepts  a  setni-circumference,  as  ABC,  or  A  D  C, 
Fig.  50,  is  a  right  angle,  since  it  is  measured  by  one-half  a 
semi-circumference,  that  is,  by  a  quadrant. 


Fig.  .50.  Fig.  51.  Fig.  53.- 

6J-).  An  inscrii>e(I  polygon  is  one  whose  vertexes  lie 
on  the  circumference  of  a  circle,  and  whose  sides  are  chords, 
as  v^  BCDE,  Fig.  51. 

7<).  If,  in  any  circle,  a  radius  be  drawn  perpendicular 
to  any  chord,  it  bisects  (cuts  in  halves)  the  chord.  Thus, 
if  the  radius  O  C,  Fig.  o2,  is  perpendicular  to  the  chord  .1  B, 

A  D  =  /;  B. 
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Example. — If  a  regular  pentagon  is  inscribed  in  a  circle  and  a 
radius  is  drawn  perpendicular  to  one  of  the  sides,  what  are  the  lengths 
of  the  two  parts  of  the  side,  the  perimeter  of  the  pentagon  being 
27  inches  ? 

Solution. — A  pentagon  has  five  sides,  and  since  it  is  a  regular 
pentagon,  all  the  sides  are  of  equal  length;  the  perimeter  of  the  pen- 
tagon, which  is  the  distance  around  it,  equals  the  sum  of  all  the  sides, 
t)r  27  inches.  Therefc>re,  the  length  of  one  side  =  27  h-  5  =  5|  inches. 
Since  the  pentagon  is  an  inscribed  pentagon,  its  sides  are  chords,  and 
as  a  radius  perpendicular  to  a  chord  bisects  it,  we  have  5|  -r-  2 
=  2y"o  inches  for  the  length  of  each  of  the  parts  of  the  side,  cut  by  a 
radius  perpendicular  to  it.     Ans. 

71.  If  a  Straight  line  be  drawn  perpendicular  to  any 
chord  at  its  middle  point,  it  must  pass  through  the  center  of 
the  circle. 

Through  any  three  points  not  in  the  same  straight  line,  a 
circumference  can  be  drawn.  Let  A,  B,  and  C,  Fig.  53,  be 
any  three  points.  Join  A  and  B,  and 
B  and  C,  by  straight  lines.  At  the  middle 
point  of  A  B  draw  //  K  perpendicular 
to  A  B ;  at  the  middle  point  of  B  C 
draw  EF  perpendicular  to  B  C.  These 
two  perpendiculars  intersect  at  O.  All 
points  on  H  K  are  equally  distant  from 
A  and  />,  and  all  points  on  E F  ^.re  eqtially 
distant  from  B  and  C  ;  their  intersection  O  is  equally  dis- 
tant from  A,  B,  and  C.  Then,  with  O  as  a  center  and  O  B 
as  a  radius,  describe  a  circle ;  it  will  pass  through  A,  B,  and  C. 

72.  A  tanjrent  to  a  circle  is  a  straight  line  that 
touches  the  circle  at  one  point  only;  it  is  always  perpen- 
dicular to  a  radius  drawn  to  that  point. 
Thus,  in  Fig.  54,  A  B  drawn  perpendic- 
ular to  the  radius  O  E  a.t  its  extremity  E 
is  a  tangent  to  the  circle. 

If  a  straight  line  is  perpendictilar  to  a 
raditis  at  its  extremity,  it  is  tangent  to 
the  circle.  Thus,  in  Fig.  54,  if  A  B  is 
perpendicular  to  the  radius  O  E  dX  E, 
A  B  is  tangent  to  the  circle. 
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If  two  circles  intersect  each  other,  the  line  joining 
their  centers  bisects  at  right  angles 
the  line  joining  the  two  points  of 
intersection.  If  the  two  circles, 
whose  centers  are  O  and  /-*,  Fig.  55, 
intersect  at  A  and  />,  the  line  O  P 
bisects  at  right  angles  the  line  A  /> ; 
or  A  C  =  B  C.  A  B  is  thus  per- 
pendicular to  O  P. 


Fig.  55. 


74.  One  circle  is  said  to  be 
tan|reiit  to  another  circle  when 
they  touch  each  other  at  one  point 
only,  as  in  Fig.  56.  This  point  is 
called  the  point  of  tangency, 
or  the  point  of  contact. 


Fig.  5G. 


75.  When  two  or  more  circles  are 
described  from  the  same  center,  as  in 
Fig.  57,  they  are  called  concentric 
circles. 


Fig.  57. 


76.  If,  from  any  point  on  the  circumference  of  a  circle, 
a  perpendicular  be  let  fall  upon  a  given  diameter,  this 
perpendicular  will  be  a  mean  proportional  between  the 
two  parts  into  which  it  divides  the  diameter. 

If  A  B,  Fig.  58,  is  the  given  diameter 
and  C  any  point  on  the  circumference, 
then  is  the  perpendicular  C D  'd  mean 
proportional  between  A  D  and  D  B,  or  ^j 

AD:  CD=CD  \  DB. 


Therefore, 


and 


CD   =  A  Dx  D  B, 
CD  =\/ADxDB. 


Fig.  58. 
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ExAMi'LE  1. — If  //  K  =  ;}()  feet  and  I  /)'  —  H  feet,  what  is  the  diame<ter 
of  the  circle,  //A' being  perpendicular  to  A  Bl 
Solution. —  30  feet  -f-  2  =  15  feet  =  I H. 

B  I  :   IH=  IH  :   /A,ovS   :  .  15  =  15   :   /A. 
Therefore,  /A  =  -^  =  ~  =  28^  feet, 

o  o 

and  /A  +  / B  —  28^  +  8  =  36i  ft.  =  A  B,  diameter  of  circle.     Ans. 

Example  2. — The  diameter  of  the  circle  A  B  is  3(3|  feet  and  the  dis- 
tance /}'  /is  8  feet;  what  is  the  length  of  the  line  //A'? 

Solution. — As  the  diameter  of  the  circle  is  36^  feet  and  as  />'  /is 
8  feet,  /  A  is  equal  to  36i  -  8  =  28i  feet.  Hence,  B  I :  I H  =  I H  :  /  A , 
or  8  :  /H=  I H :  28^.  Therefore,  IH=  |/8  X  28^  =  15  feet,  and  as 
HK=  IH+  IK,  or  2  ///,  HK=  15  X  2  =  30  ft.     Ans. 


EXAMPLES   FOR    PRACTICE, 

1.  If  a  circle  is  divided  into  ten  equal  sectors,  what-part  of  a  quad- 
rant is  contained  in  the  angle  of  each  sector  ?        Ans.  f  of  a  quadrant. 

2.  An  angle  inscribed  in  a  circle  intercepts  one-fourth  of  the  cir- 
cumference.    What  is  the  size  of  the  angle  ?      Ans.  +  of  a  right  angle. 

3.  The  perimeter  of  a  regular  inscribed  octagon  is  100  inches  long. 
If  a  radius  is  drawn  perpendicular  to  one  of  the  sides,  what  are  the 
lengths  of  the  two  parts  of  the  side  ?  Ans.  6^  in. 

4.     If,  in    Fig.  58,   the   diameter   A  B  =  32i  feet  and   the  distance 
IB  =  8  feet,  what  is  the  length  of  the  chord  H Kl  Ans.   28  ft. 

5.  In  Fig.  58,  if  the  distance  B  /  is  Q  inches  and  //A'  18  inches, 
what  is  the  diameter  of  the  circle  ?  Ans.  19.5  in. 


TRIGONOMETRY. 

77.  Trigonometry  is  that  branch  of  mathematics  which 
treats  of  the  soltition  of  triangles. 

Every  triangle  has  six  parts  —  three  sides  and  three 
angles.  If  any  three  of  the  parts  are  given,  one  of  them 
being  a  side,  the  other  three  can  be  found.  The  process  of 
finding  the  unknown  parts  from  the  given  parts  is  called  the 
solution  of  the  triangle. 


'&^ 


78.     In  tritgonometry,  the  circumference  of  every  circle  is 
supposed  to  be  divided  into  360  equal  parts,  called  degrees  ; 
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every  decree  is  subdivided  iiiLu  (J(J  equal  parls,  called  min- 
utes ;  and  every  minute  is  again  divided  into  00  equal  parts, 
called  seconds.     Degrees,  minutes,  and  seconds  are  denoted 

by  the  symbols  °,  ',  ".  Thus,  the  expres- 
sion :37°  U'  U",  is  read  37  degrees  14 
minutes  44  seconds. 

Since    one  degree    is   ^^  of    any  cir- 
cumference, it  follows  that  the  length  of 
an  arc  of  one  degree  will  be  different  in 
circles    of    different    diameters,   but  the 
Fic  59.  proportion  of  the  length  of  an  arc  of  one 

degree  to  the  whole  circumference  will  always  be  the  same. 


VIZ. 


gl^jj  of  the  circumference. 


Hence,  in  two  given  circles  the  length  of  an  arc  of  1°  will 
be  proportional  to  the  two  radii.  Thus,  if  A  O  B,  Fig.  59, 
is  an  angle  of  1°  on  the  larger  circle,  it  is  also  1°  on  the 
smaller  concentric  circle,  and  the  length  of  the  arc  A  B  is  to 
the  length  of  the  arc  C  D  iis  the  radius  O  B  is  to  the  radius 
O  D;  or,  ?irc  A  B  :  2ivc  C  D  =  O  B  \  O  D. 

Example. — If  the  arc  C  D  =  2  inches,  radius  O  D  =  5  inches,  and 
radius  O  B  =  d  inches,  what  is  the  length  of  the  arc  A  Bl 


Solution.—    A  B  ■.2 


Q  V  2 

9  :  5,  or  A  B  =  ^~  =  3-3  in. 
5 


Ans. 


79.  In  trigonometry,  the  arcs  of 
circles  are  used  to  measure  angles.  All 
angles  are  supposed  to  have  their  ver- 
texes  at  the  center  O  of  the  circle  (see 
Fig.  00),  one  side  of  the  angle  lying  to 
the  right  of  O,  and  coinciding  with  the 
horizontal  diameter,  as  O  B. 

The  point  B  on  the  arc  is  the  starting 
point  in  measuring  an  angle;  the  angle 
is  supposed  to  increase  by  moving  around  the  circ-umference 
in  the  direction  indicated  by  the  arrow  until  the  number  of 
degrees,  minutes,  and  seconds  in  the  angle  have  been  meas- 
ured off  on  the  arc.  Suppose  that  it  stops  at  the  point  //; 
draw  O  H,  and  //  O  />  will  be  the  angle.  If  A'  had  been  the 
stopping  point.  K  O  />  would  have  been  the  angle. 
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In  practice,  angles  are  most  conveniently  laid  off  by  using 
a  protractor  (see  Geometrical  Draiviiig),  which  is  usually 
graduated  to  degrees  and  half  degrees,  minutes  being 
estimated  by  the  eye. 

80.  Since  a  quadrant  is  a  fourth  part  of  a  circle,  the 
number  of  degrees  in  a  quadrant  is  one-fourth  of  300°,  or 
90°.      Hence,  a  right  angle  always  contains  90°. 

Example. — The  earth  turns  complete!}'  around  on  its  axis  once  every 
day;  through  how  many  degrees  does  it  turn  in  1  hour  ? 

Solution. — In  1  day  tliere  are  2-1  hours,  and  since  the  earth  turns 
through  360~  in  24  hours,  in  1  hour  it  will  turn  through  360  h-  24 
=  15\     Ans. 

81.  In  adding  two  angles  together,  seconds  are  added 
to  seconds,  minutes  to  minutes,  and  degrees  to  degrees;  so, 
also,  in  subtracting  two  angles,  seconds  are  stibtracted  from 
seconds,  minutes  from  minutes,  and  degrees  from  degrees. 

Example  1.— Add  75    40  IT    and  14    27'  34'  . 
Solution. —  75'  46  17" 

14°  27'  34" 


89°  73'  51" 


Since  73'  =  1'  13',  the  V   is  added  to  the  89',  and  the  sum  is  then 
written  90"  13'  51'.     Ans. 

Example    2.  —  What    is    the    difference    between    126' 14' 20"  and 
45'  28'  13'  ? 

Solution.—  126°  14'  20" 

45°  28-  13" 


Since  2i-!'  cannot  be  taken  from  14',  1    (=  60')  is  taken  from  126    and 
added  to  the  14  ,  and  the  above  is  written: 

125°  74'  20" 
45°  28' 13" 


80°  46'    7".     Ans. 

Example  3.— Subtract  49°  36'  14"  from  90  . 

Solution.— Since  1'  =  60' and  1'  =  60  ",  we  can  write  90°  =  89°  59' 60", 

^"^  89°  59'  60" 

49°  36'  14" 

40°  23  46  '.     Ans. 
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Example  4.— Add  s:r  15  ;59  '  and  00   44  21'. 

Solution.—  83'  15'  ;30" 

96° 44' 21" 


179' 59'  60  " 


Since  60  "  =  1',  add  1'  to  59',  making  it  60' ;  since  60'  =  V,  add  1  to  179°, 
making  it  180'. 

Therefore,        83~  15'  39  "  +  96^  44'  21  "  =  180'.     Ans. 


EXAMPI.KS    FOU    I>W.\CTICE. 

1.  Add  43"  0'  59'  and  10'  59'  40  ".  Ans.  54'  0'  39". 

2.  From  180°  12' 20  "  subtract  3°  12'  56".  Ans.  176'  59  24". 

3.  From  84°  take  83'  14'  10  ",  and  to  the  result  add  14'  10  ".    Ans.  1°. 


THE    TRIGONOMETRIC    FUNCTIOXS. 

82.  A  function  of  a  quantity  is  another  quantity 
depending  on  the  first  one  for  its  value.  The  circumference 
of  a  circle,  for  example,  is  a  function  of  the  diameter, 
because  the  length  of  the  circumference  depends  on  the 
length  of  the  diameter. 

83.  In  the  right  triangle  A  C B, 
Fig.  (U,  right-angled  at  C\  the  size  of 
the  angle  A  (and  consequently,  also, 
of  angle  B)  depends  on  the  relative 
lengths  of  the  sides  A  C,  A  B,  and 
^'°-  ^^-  B  C.      No    one    of    the    sides  can  be 

changed  without  altering  the  length  of  at  least  one  other 

si^le,  and  conseqtiently  changing  the  angles  A  and  />,  the 

angle  C  remaining  a  right  angle. 

are  functions  of  the  angles. 


For  this  reason  the  sides 


84.  In  Fig.  G2,  A  C  B  is  a  right 
triangle,  right-angled  at  C.  The 
sides  A  B  and  .  /  C  have  been  pro- 
duced to  B'  and  C\  respectively, 
B'  C  being  perpendicular  to  A  C 
and  therefore  parallel  to  B  C.  The 
two  triangles  A  6V)and  A  C  B'  are 


Fig.  c2. 
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similar,  since  their  corresponding  angles  are  equal;  hence, 
their  corresponding  sides  are  proportional,  and  we  have  the 
proportions 

BC       B'C  EC      B'C 


AB~  A  B" 


A  C~  A  C'- 


It  is  evident  that,  no  matter  what  the  lengths  of  the  sides 

.        ,  ,        ,  .      B  C  B'  C   B  C 

of  these  similar  triangles  may  be,  the  ratios  -^-n,    a  pn  ~aY"> 


B'  C 


7  will  always  have  the  same  value  so  long  as  the  angles 
Therefore,  if  we  knew  what   the  values 


A  C 

remain  the  same. 

were  for  all   angles,  we  could   lay  off  any  angle   whatever. 

For,  suppose  that  the  ratio  -^,  was  known  to  be  - ;  then, 

^  ^\ox  BC=\AB.     If  we  call  A  B,  1,  then  BC=\ 

and  the  angle  can  be  constructed  as  shown  in  Fig.  03.  Take 
A  B  as  a  radius  and  describe  a  circle; 
draw  the  two  diameters  i? // and  EF 
at  right,  angles  to  each  other.  Lay  off 
AG^\{AB  being  1),  and  draw  GB 
parallel  to  D  C,  intersecting  the  circle  in 
B.  Then  draw  A  B,  and  B  A  C  is  the  re- 
quired angle,  since  B  C  =  A  G  =  ^  A  B. 
In  a  similar  manner  we  can  construct 


.     B  C       B'  C 
an   auQ-le  when  the  ratio  —7-—,  or 


is  known.      Suppose 


AC        A  C' 

this  ratio  is  f  and  that  A  C  h&  taken  equal  to  1.  With  A  C, 
Fig.  64-,  as  a  radius  describe  a  circle  and  erect 
a  perpendicular  at  C.  Make  CB  —  f  {A  C 
being  1)  and  draw  A  B.  Then,  B  A  C  \s  the 
required  angle. 

85.     Suppose,   in  Fig.  02,  the   distances 

FIG.  04.  ji  C'  and  B'  C'  were  known,  but  that   they 

were  so  great  that   it  was  impossible  to  lay  them  off   on  a 

drawing  so  that  A  B'  could  be  drawn  and  measured ;  also, 

that  it  was  necessary  to  know  the  direction  of  the  line  A  B\ 
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i.  e.,  the  angle  yl.  Of  course,  a  drawing  could  be  made  to  a 
reduced  scale;  the  angle  //  could  be  measured  with  a  pro- 
tractor; and  the  length  of  A  B'  could  be  measured  with  a 
scale.  The  results  obtained  in  this  manner  would  not,  in 
general,  be  accurate;  the  method  would  be  long  and  very 
inconvenient,  and   facilities  for  doing  this  might  not  be  at 

hand.      If,  however,  we  had  a  table  givnng  the  values  of  the 

/>  c^ 
ratio  ^-T--  for  all    angles,  we  could    find    the    value  of    the 

ratio  ,,  (which  equals   the  value  of  the  ratio  ^rjA,  'ind 

then  by  looking  in  the  table,  find  what  angle  had  this  value; 
this  angle  would  be  the  angle  A.  The  length  of  A  B'  could 
be  found  by  adding  the  squares  of  A  C  and  B'  C  and 
extracting  the  square  root  (see  Art.  50) ;  an  easier  way 
would    be    to    look    in   a    table    giving    the    values    of    the 

p  r^ 

ratios  -j— 7-,  and   divide  B'  C   bv  the  ratio  correspondiuQ-   to 
Ah 

11  /^ 

angle  A.      For  representing  the  value  of  the  ratio  ~j— 7,  bv  /v, 

A  I) 

we  have 

B  C       B'  C       „  ,  „,      B'  C 

-AJ^^-AW^^^'"''^^'  ^-TT- 

From  the  foregoing,  it  will  be  perceived  that  the  ratios 
mentioned  are  extremely  important — they  constitute,  in  fact, 
tlie  foundations  of  trigonometry.  These  ratios,  together 
with  several  others  not  yet  described,  are'called  the  trigo- 
iionictric  functions. 

8f>.  There  are  eight  trigonometric  functions,  the  four 
principal  ones  being  the  sim\  cosine,  tangent,  and  cotangent. 
The  remaining  four  are  the  secant,  cosecant,  'i'ersedsi>ie,  and 
co-i'crsedsine. 

In  some  works  on  trigonometry  and  engineering,  the  trig- 
onometric functions  are  treated  as  lines,  while  in  others  they 
are  treated  as  ratios.  We  shall  therefore  define  them  both 
w^ays,  so  the  student  will  liavc  no  difficulty  in  understanding 
either  method.      These  func-tions  will  now  be  defined. 
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87.     In  any  right   triangle,    as   (^   C  A,   Fig.  Go,   right- 
angled  at  C,  considering  the  angle  O,  the 
side  A  C  is  called  the  side  opposite  and 
the  side  O  C  the  side   adj^icent ;   O  A 

is,  of  course,  the  hypotenuse.  Similarly, 
O  C  is  the  side  opposite  and  A  C  the 
side  adjacent  for  the  angle  A.  The 
ratio  of  the  side  opposite  to  the  hypote- 
nuse is  called  the  sine  ;    that  is,  for  the 


Fig.  G5. 


angle  A  O  C, 


Sine  = 


_  side  opposite  _  A  C 


hypotenuse         O  A^ 

which  is  equal  to  A  C,  when  O  A  is  taken  as  equal  to  1.  In 
other  words,  if  a  circle  whose  center  is  O  is  described  with 
a  radiiis  of  unit  length,  the  perpendicular  dropped  from  the 
point  where  one  side  of  the  angle  (whose  vertex  is  at  the  cen- 
ter of  the  circle)  cuts  the  circle  to  the  other  side  is  the  sine. 

88.     The  cosine  of  an  angle,  as  O,  Fig.  Go,  is  the  ratio 
of  the  side  adjacent  to  the  hypotenuse;  therefore, 

side  adjacent       O  C 


Cosine  = 


OA' 


hypotenuse 

which  is  equal  to  O  C,  when  the  radius  O  A  =  1.  In  other 
words,  the  cosine  is  the  distance  from  the  foot  of  the  sine  to 
the  center  of  the  circle,  when  the  radius  is  unity. 

89.     The  tangent  of  an  angle,  as  y^  OB,  Fig.  GG,  is  the 
ratio  of  the  side  opposite  to  the  side  adjacent;    therefore, 

side  opposite  _  D  B 


Tangent  =    .  , 

side  adjacent 


O  i>" 


which  is  equal  to  D  />,  when  the  radius 
O  B  =1  \.  In  other  words,  if  a  tangent  is 
drawn  at  the  right  extremity  of  the  hori- 
zontal diameter  of  a  circle  (described  with 
a  unit  radius),  which  forms  one  side  of  an 
angle,  and  the  other  side  of  the  angle  is 
prolonged  to  meet  it,  the  distance  intercepted  by  the  two 
sides  of  the  angle  is  called  the  tangent  of  that  angle. 


Fig.  CG. 
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9().  'Flu-  cotcinju:ent  of  an  angle,  as  A  O  />',  Fig.  00, 
is  ihe  ratio  of  the  side  adjacent  to  the  side  opposite;  there- 

'  ^  side  adjacent       O  B 

Cotangent  =  ~r^ r—  =  7^-7-,. 

side  opposite       I)  h 

The  cotangent  is  represented  by  the  Hne  E  F,  which  is 
tangent  to  the  circle  at  B,  for  the  triangles  F£  O  and  Z^/>  O 
are  similar,  since  they  both  have  a  right  angle;  the  angles 
EFO  and  D  O  I>  are  equal  (see  Art.  28),  and  the  angles 
FOE  and  O  D  />  are  also  equal,  being  complements  of  the 
same  angle    J)  O  B    (see   Arts.    26    and   49).      Therefore, 

-7^—7-.  =  4^-T\-  But  £  (9  is  the  radius,  which  we  assumed  to 
D  B      E  O 

be  1,  and  „  .,  is  the  cotangent  oi  D  O B\  hence, 

OB      EF       ^^ 
Cotangent  =  -jy-^  =  -j^  =  EF, 

Avhen  the  radius  O  E  ^^  I.  In  other  words,  if  a  tangent  is 
drawn  from  the  upper  extremity  of  a  vertical  diameter  of  a 
circle,  whose  horizontal  diameter  forms  one  side  of  an  angle, 
and  the  other  side  of  the  angle  is  produced  until  it  meets 
this  tangent,  the  distance  intercepted  on  this  tangent 
between  the  extremity  of  the  vertical  diameter  and  the  pro- 
duced line  is  called  the  cotangent  of  that  angle;  when  the 
radius  3=  1. 

i-)J.  The  secant  of  an  angle  is  the  ratio  of  the  hypote- 
nuse to  the  side  adjacent;  therefore,  referring  to  Fig.  67, 

Secant  -    hypotenuse   _  O^  -  ^^  ^  -  n  D        ' 
Side  adjacent       O  C         OB 

when  the  radius  O  B  r^\.  In  other  words,  the  secant  is  the 
line  included  between  the  point  of  intersection  of  the  tangent 
with  the  inclined  side  of  the  angle  and  the  center  of  a  circle, 
when  the  radius  =1.      O  D  \s  also  the  secant  in  Pig.  6(3. 

92.  The  cosecant  is  the  ratio  of  the  hypotenuse  to  the 
side  opposite.      Therefore,  referring  to  Fig.  67, 
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Cosecant 


hypotenuse    _  OA 


side  opposite       A  C 

But,  since  O  R  N  and  OCA  are  similar  right  triangles, 
the  side  O  R  corresponding  to  side  A  C, 


Cosecant  = 


OA       ON 


O  C      O  R 


=  ON, 


when  the  radius  O  B  =  1.  In  other  words,  the  cosecant  is  the 
line  included  between  the  point  of  intersection  of  the  cotan- 
gent with  the  inclined  side  of  the  angle 
and  the  center  of  a  circle,  when  the 
radius  =  1.  In  Fig.  m,  O  F  is  the 
cosecant. 

93.  The  versedsine  and  coversed- 
sine  are  not  generally  treated  as  ratios. 
The  versedsine  is  defined  as  1  minus 
the  cosine.      In  Fig.  67, 


Fig.  67. 


Versedsine  =  1  —  cosine  =  1  — 


OC 
OA 


=  1 


OC=:CB, 


when  radius  O  A  =  1. 

The  versedsine  might  be  defined  as  the  ratio  of  C  B  to 
O  A  (Fig.  67),  C  B  being  in  all  cases  the  distance  from  the 
foot  C  of  the  sine  to  the  right  extremity  B  of  the  horizontal 
diameter. 

The  coversedsine  is  equal  to  1  minus  the  sine.  In 
Fig.  67,  A  E  is  parallel  to  OB;  hence,  £  O  =  A  C  =  sine  of 
angle  A  O  C,  when  radius  0  A  =  1.     Therefore, 

AC 


Coversedsine  =  1  —  sine  =  1  — 


OA 


=  l-AC=l-EO=^£R, 

when  radius  O  A  ■=  \. 

94.  The  four  functions  last  defined  are  but  little  used 
except  for  special  purposes;  if  required,  they  can  be  readily 
found  from  a  table  giving  the  values  of  sines,  cosines, 
tangents,  and  cotangents ;  hence,  we  shall  here  treat  only  of 
the  four  functions  first  named. 
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^,^      .        •  1   c       1         side  opposite 

In  Art.  87,  the  sine  was  denned  as  -j — ,   or  as 

hypotenuse 

A  C 
eqiial    to  7^—?;    in    Art.    92,  the    cosecant  was   defined   as 

hypotenuse  ,       O  A      .       ...  .  •      ,    ,         , 

-r4^ : — ,  or  as  equal  to    ,  ,,.     It  will  be  noticed  that  these 

side  opposite  A  L 

two  ratios  are  reciprocals*  of  each  other,  -7^-^  =  -7— r  =  ^   .. 

U  A.        U  /{        U  A 

AC 

In  other  words,  the  cosecant  =  ^ — ,  and,  hence,  to  find  the 

sine 

cosecant  of  an  angle,  all  that  is  necessary  is  to  divide 
1  by  the  sine  of  the  angle.  From  this  it  follows  that 
dividing  by  the  sine  is  the  same  as  multiplying  by  the 
cosecant. 

Similarly,  the  secant  is  the  reciprocal  of  the  cosine ;  that  is, 

secant  =  -. — .      Hence,  if  it  is  required  to  find  the  secant 

cosine 

of  some  angle,  the  secant  may  be  found  by  dividing  1   by 

the  cosine  of  the  angle.      Therefore,  dividing  by  the  cosine 

is  equivalent  to  multiplying  by  the  secant. 

To  find  the  versedsine  of  angle,  find  its  cosine  and  sub- 
tract it  from  1 ;  to  find  the  coversedsine,  find  the  sine  of  the 
angle  and  subtract  it  from  1. 

By  comparing  the  ratios  of  the  tangent  and  cotangent,  it 
will  be  noticed  that  the  cotangent  is  the  reciprocal  of  the  tar,- 
gent ;  likewise,  the  tangent  is  the  reciprocal  of  the  cotangent. 

It  may  be  readily  shown  that,  by  dividing  the  ratio  for  the 

sine 
sine  by  that  for  the  cosine,  the  tangent  is  equal   to  ^ — -. — . 

7  o  J  cosine 

„..,,,  .  ,        cosine       ._  , 

Simdarlv,  the  cotangent  is  equal  to  — .      Hence,  liaving 

"^  ^  sine  "^ 

given    the   sine  and    cosine  of    any  angle,   its    tangent    and 

cotangent  are  easily  found. 


*  The  rrcip7-ocal  of  a  number  is  1  divided  by  the  number.  The 
reci]M-()cal  of  4  is  {,  and  4  and  \  are  said  to  lie  reciprocals  of  each  other. 
The  reciprocal  of  a  fraction  is  tiie  fraction  inverted;  lluis,  the  reiipro- 
cal  of  I  is  -2. 
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i-)r>.  'Vhc  words  cosine,  colangcnt,  cosecant,  and  coversed- 
sine  are  abbreviations  for  complement  sine,  com[)lemcnt 
tangent,  etc.,  which  in  tnrn  are  abbreviations  for  tlie 
expressions  "sine  of  complement,"  "tangent  of  comple- 
ment, "etc.  In  other  words,  the  cosine  of  an  angle  is  equal 
to  the  sine  of  the  complement  of  that  angle;  the  cotangent 
of  an  angle  is  equal  to  the  tangent  of  its  complement,  etc. 

That  the  cosine  is  equal  to  the  sine  of  the  complement  is 
readily  seen  by  referring  to  Fig.  07.  Here,  AOB  is  the 
givcQ  angle  and  .i  O R  is  its  complement  (see  Art.  26); 
A  C  IS  its  sine  and  O  C  is  its  cosine.  It  is  evident,  from  the 
definition  of  the  sine,  that  E  A  is  the  sine  of  the  angle  A  O  R. 
But  EA  is  equal  to  O  C,  since  EA  CO  is  a  rectangle; 
therefore,  the  cosine  of  A  O  B  is  equal  to  the  sine  of  its 
complement  A  O  R. 

Similarly.  A^A'is  the  tangent  of  A  OR  and  the  cotangent 
of  A  OB,  and  C^A'is  the  secant  oi  A  OR  and  the  cosecant 
of  ^  OB.  The  cosine  of  A  O  R  is  O  E,  which  is  equal  to  A  C, 
the  sine  of  A  OB.  Therefore,  the  versedsine  of  A  OR  is 
E  R,  the  coversedsine  of  A  O  B.  In  other  words,  the 
coversedsine  of  A  OB  is  ecjual  to  the  versedsine  of  A  OR, 
the  complement  of  A  OB. 

96.  In  order  to  save  time  and  space  in  writing,  the  names 
of  the  functions  are  abbreviated  as  folknvs:  Sin  for  sine; 
cos  for  cosine;  tan  for  tangent ;  cot  for  cotangent ;  sec  for 
secant ;  esc  or  cosec  for  cosecant ;  vers  for  versedsine  ;  and 
CVS  or  covers  for  coversedsine.  These  abbreviations  are 
used  only  when  referring  directly  to  angles;  when  the  names 
are  used  in  a  general  sense,  they  are  written  out  in  full. 
Let  A  represent  some  angle ;  then,  if  it  were  desired  to 
refer  to  the  sine,  tangent,  etc.  of  this  angle,  it  would  be 
written  sin  yl,  tan  A,  etc.,  and  these  expressions  would  be 
read  "  sine  A,"  "tangent  A,"  etc. 

These  abbreviations  must  always  be  pronounced  in  full. 
Thus.,  cos  li''  2'i'  40"  is  pronounced  cosine  fourteen  degrees 
tivoity-tii'o  minutes  forty-six  seconds;  tan  45^  is  pronounced 
tangent  forty-Jive  degrees. 
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97.  To  facilitate  calculations,  tables  of  the  trigonometric 
functions  are  employed.  These  tables  give  the  sine,  cosine, 
tangent,  and  cotangent  of  the  degrees  and  minutes  in  a 
circle  whose  radius  is  1.  There  are  two  kinds  of  tables 
giving  the  trigonometric  functions;  viz.,  the  table  of  natural 
functions  and  the  table  of  logarithtiiic  functions.  The  table 
of  niiti'r.ii  frinctions  gives  the  actuid  values  of  the  ratios, 
while  the  table  of  lojraritiiinic  tunctioiis  gives  the 
logarithms  of  the  natural  functions.  Only  the  table  of 
natural  functions  is  described  in  the  present  text. 

Jr)8.  From  the  definitions  of  the  various  trigonometric 
functions  we  derive  the  following  very  useful  rules  for  right 
triangles: 

,, .  side  opposite 

Sine  =  —. ^^ ;  therefore, 

hypotenuse 

Kule  1. — Side  opposite  =  hypotenuse  x  sine.* 

side  opposite 


Kule  2. — Hypotenuse  ^ 


sine 


^     .  side  adjacent 

Cosine  —  ~~, f ;  therefore, 

hypotenuse 

I^ule  3. — Side  adjacent  —  hypotenuse  X  cosine. 

,-    ,      .        rr  ^  s  -^^^^  adjacent 

Rule  4. — Hypotenuse— . . 

cosine 

™  ^       side  opposite 

langent  =  —^, — ^-. •  therefore, 

side  adjacent 

Rule  5. — Side  opposite  ■=  side  adjacent  X  tangent. 

^  _,  ^      side  adjacent 

Cotangent  =  - .  , — -f—    .-  ;  therefore, 
side  opposite  ' 

Rule  6. — Side  adjacent  —  side  opposite  X  cotangent. 


*  Since  the  tiuotient  equals  the  dividend  divided   in-  the  divisor,  the 
dividend  equals  the  product  of  tiie  divisor  and  c|uotient, 
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99.  We  shall  now  explain  how  to  find  the  sine,  cosine, 
tangent,  and  cotangent  of  an  angle  by  means  of  the  table 
of  natural  trigonometric  functions  that  accompanies  this  text. 
It  may  here  be  remarked  that  the  values  of  the  functions  are 
never  calculated  directly  (except  in  making  a  table),  because 
the  process  is  so  long  and  laborious  that  it  would  require 
considerable  time  to  calculate  even  the  value  of  one  function 
of  a  single  angle,  and  there  is  no  simple  method  of  determi- 
ning the  angle  corresponding  to  a  given  function,  except  by 
aid  of  a  table.  As  they  are  not  necessary,  the  secants,  cose- 
cants, versedsines,  and   coversedsines  are  omitted  entirely. 

100.  Given  an  anjrle,  to  find  its  sine,  cosine, 
tangent,   and   cotiingent  : 

Example  1. — Let  it  be  required  to  find  the  sine,  cosine,  tangent,  and 
cotangent  of  an  angle  of  37  '  24'. 

Solution. — Look  in  the  table  of  natural  sines  along  the  tops  of  the 
pages  and  find  37'.  The  left-hand  column  is  marked  ('),  meaning  that 
the  minutes  are  to  be  sought  in  that  column,  and  begin  with  0,  1,  2,  3, 
etc.,  to  60.  Glancing  down  this  column  until  24'  is  found,  find  opposite 
this  24'  in  the  column  marked  sine,  and  headed  37",  the  number  .60788; 
then,  .60738  =  sin  37'  24'.  In  exactly  the  same  manner,  find  opposite 
24'  in  the  column  marked  cosine,  and  headed  37',  the  number  .79441, 
which  corresponds  to  cos  37°  24' ;  or  cos  37°  24'  =  .7944L  So,  also,  find 
in  the  column  marked  tangent,  and  headed  37°,  and  opposite  24',  the 
number  .76456;  whence,  tan  37°  24' =.76456.  Finally,  find  in  the 
column  marked  cotangent,  and  headed  37°,  and  opposite  24',  the  num- 
ber 1.30795;  whence,  cot  37°  24'  =  1.30795. 

In  most  of  the  tables  published,  the  angles  run  only  from 
0°  to  45°,  at  the  heads  of  the  columns ;  to  find  an  angle  greater 
than  45°,  look  at  the  bottom  of  the  page  and  glance  upivards,, 
using  the  extreme  right-hand  column  to  find 
minutes,  which  begin  with  0  at  the  bottom  and  run  upwards, 
1,  2,  3,  etc.,  to  60. 

Example  2.  —  Find  the  sine,  cosine,  tangent,  and  cotangent  of 
77°  43'. 

Solution. — Since  this  angle  is  greater  than  45  ,  look  along  the 
bottom  of  the  tables,  until  the   column   marked  sine  at  the  bottom, 
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and  having  77'  unck-r  il,  is  fuuncl.  (Hancing  ///-  Uic  roluiiin  <>(  minutes 
on  the  right,  until  4o'  is  found,  find  opp.jsite  48'  in  tiieeulunm  marked 
sitw  at  the  bottom,  and  having  77'  under  it,  the  number  .97711 ;  this  is 
the  sine  of  77"  43',  or  sin  77"^  43'  =  .97711.  Simihirly,  in  the  column 
marl<ed  cosine,  and  having  77^  under  it,  find  opposite  43  ,  in  the  right- 
hand  column,  the  number  .31275;  this  is  tlie  cosine  of  77"  43',  or 
cos  77'  43'  =  .21275.  So,  also,  find  thai  4.59283  is  the  tangent  of 
77°  43',  or  tan  77°  43' =  4.59283.  Finally,  in  the  same  manner,  find 
that  the  cotangent  of  77°  43'  or  cot  77°  43'  =  .21773. 

lOl.      Let  it  be  required  to  find  the  sine  of  14°  22'  ^(J". 

ICxpLANATioN. — The  siiic  of   14°  22'  20"  lies  between  the 

sine  of   14°  22'  and  the  sine  of  14°  23'.      For  a  difiference  of 

1  minute  or  less  between  two  or  more  angles,  it  is  correct  to 

assume  that  the  differences  in  the  valttes  of  the  sine,  cosine, 

etc.  of  the  angles  are  proportional  to  the  differences  in  the 

number  of  seconds  in   these  angles.     The  difference  in  the 

number  of  seconds  between  14°  22'   and   14°   22' 20"  is  26", 

and  between  14°  22'  and  14°  23'  is  00".      The  sine  of  14°  22' 

is  .24813  ;  sine  of  14°  23'  is  .24841.      The  difference  between 

the  value  of  the  sine  of   14°  22'  and  the  sine  of  14°  22'  20"  is 

not    known;     hence,    represent    it    by    x.        The    difference 

between    the    value   of  the  sine  of  14"'  22'  and   the  sine   of 

14°  23'  is  .24841  -  .24813  =  .00028,  or  28  parts.     Therefore, 

we  have  the  proportion 

20"        .r  parts 

20     :  (iO    =  X  parts  :  28  parts,  or  ^,  -r.  =  —r^ , 

^  ^         '       00         28' parts' 

from  which         x  parts  =  —  x  28  =  12. 1  parts. 

'  00  ^ 

Neglecting  the  .1,  since  .1    is  less  than   .5,   Ave  must  add 

12  parts,  or  .00012,  to  .24813  to  obtain  the  sine  of  14°  22'  2(i". 

Hence,  sin  14°  22'  20"  =  -.24813  -f  .00012  =  .24825. 

I  ()2.  By  referring  to  the  table  of  sines,  cosines,  tangents, 
and  cotangents,  it  will  be  observed  that,  as  the  angles 
increase  in  size,  the  sines  and  tangents  increase,  while  the 
cosines  and  cotangents  dLxrcasc.  In  the  above  example,  there- 
fore, had  it  been  required  to  find  the  cosine  or  the  cotangent 
of  14°  22'  20",  the  correction  for  the  2()"  would  have  been 
subtracted  from  the  cosine  or  the  cotangent  of  14°  22'  instead 
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of  added  to  it.  The  reason  for  this  will  be  made  apparent 
on  referring  to  Fig.  07.  Here  it  will  be  seen  that  as  the 
sine  and  tangent  increase,  the  cosine  and  cotangent  decrease, 
and  vice  versa.  From  the  foregoing  we  have,  to  find  the 
sine,  cosine,  tangent,  or  cotangent  of  an  angle  containing 
seconds,  the  following  rule  : 

Rule  7. — Find  ill  the  tabic  the  sine,  cosine,  tangent,  or 
cotangent  corresponding  to  the  degrees  and  minutes  of  the 
angle. 

For  the  seconds,  find  the  difference  betzveen  this  value  and 
the  value  of  the  sine,  cosine,  tangent,  or  cotangent  of  an  angle 
1  minute  greater;  multiply  this  difference  by  a  fraction  whose 
numerator  is  the  number  of  seconds  in  the  given  angle  and 
zvhose  denominator  is  GO. 

If  the  sine  or  tangent  is  sought,  add  this  cor,rection  to  the 
value  first  found ;  if  the  cosine  or  cotangent  is  sought,  subtract 
the  correction. 

Example. — Find  the  sine,  cosine,  tangent,  and  cotangent  of  56'43' 17". 

Solution.— Sin  56  43  =  .83597.  Sin  56'  44'  =  .83613.  Since  56  '  43'  17" 
is  greater  than  56  43'  and  less  tlian  56'  44',  the  value  of  the  sine  of  the 
angle  lies  between  .83597  and  .83613;  the  difference  =  .83613  —  .83597- 
=  .00016.  Multiplying  this  by  the  fraction  \l,  .00016  X  H  =  .00005, 
nearly,  which  is  to  be  added  to  .83597,  the  value  first  found,  or  .83597 
+  .00005  =  .83602.     Hence,  sin  56"  43'  17"  =  .83602.     Ans. 

Cos  56°  43'  =  .54878;    cos  56    44'  =  .54854  ;    the  difference  =  .54878 

-  .54854  =  .00024,  and  .00024  X  U  =  -00007,  nearly.  Now,  since  the 
cosine  is  sought,  we  must  subtract  this  correction  from  cos  56°  43'  or 
.54878;  subtracting,  .54878  -  .00007  =  .54871.  Hence,  cos  56°  43' 17" 
=  .54871.     Ans. 

Tan  56'  43'  =  1.52332;  tan  56°  44'  =  1.52429;  the  difference  =  .00097, 
and  .00097  X  H  =  .00027,  nearly.  Since  tlie  tangent  is  souglit,  we 
must  add,  giving  1.52332  +  .00027  =  1.52359.  Hence,  tan  56°  43'  17" 
=  1.52359.     Ans. 

Cot  56°  43'  =  .65646;  cot  56°  44'  =  .65604;  the  difference  =  .00042,  and 
.00042  X  iJ  = -00012,  nearly.  Since  the  cotangent  is  sought,  we  must 
subtract,    giving    .65646  -  .00013  =  .65634.       Hence,    cot   56°   43'    17" 

-  .65634.     Ans. 

103.  Given  the  sine,  cosine,  tangent,  or  cotan- 
gent, to  find  the  angle  corresponding  : 

M.  E.     I.—iS 
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Example  1. — The  sine  of  an  angle  is  .474S(5;  what  is  the  angle  ? 

Solution. — Consulting  the  table  of  natural  sines,  glance  down  the 
columns  marked  sine  until  .4748(J  is  found  opposite  21',  in  the  left-hand 
column,  and  under  the  column  headed  28'.  Therefore,  the  angle 
whose  sine  =  .47486  is  28"  21',  or  sin  28"  21'  =  .47486.     Ans. 

Example  2. — Find  the  angle  whose  cosine  is  .27032. 

Solution. — Looking  in  the  columns  marked  cosine,  at  the  top  of  the 
page,  it  is  not  found;  hence,  the  angle  is  greater  than  4.')°.  Conse- 
quently, looking  in  the  columns  marked  cosine  at  the  bottom  of  the 
page,  it  is  found  opposite  19',  in  the  right-hand  column  of  minutes, 
and  in  the  column  having  74"  at  the. bottom.  Therefore,  the  angle 
whose  cosine  is  .27082  is  74"  19',  or  cos  74"  19'  =  .27032.     Ans. 

Example  3. — Find  the  angle  whose  tangent  is  2.15925. 

Solution. — On  searching  the  table  of  natural  tangents,  the  given 
tangent  is  found  to  belong  to  an  angle  greater  than  45",  so  it  must  be 
looked  for  in  the  column  marked  tangent  at  the  bottom.  It  is  found 
opposite  9',  in  the  right-hand  coluinn  of  minutes  and  in  the  column 
having  65'^  at  the  bottom.     Therefore,  tan  65°  9'  =  2.15925.     Ans. 

Example  4. — Find  the  angle  whose  cotangent  is  .43412. 

Solution. — From  the  table  of  natural  cotangents,  it  is  found  that 
this  value  is  less  than  the  cotangent  of  45\  so  it  must  be  found  in  the 
column  marked  cotangent  at  the  bottom.  Looking  there,  it  is  found 
in  the  column  having  66'  at  the  bottom,  and  opposite  32',  in  th-e  right- 
hand  column  of  minutes.  Therefore,  the  angle  whose  cotangent  is 
.43412  is  66    32',  or  cot  66    32'  =  .43412.     Ans. 

104.  Let  it  be  required  to  find  the  angle- whose  sine  is 
.42531. 

Explanation. — Referring  to  the  table  of  sines,  this  num- 
ber is  found  to  lie  between  .42525,  the  sine  of  25°  10',  and 
.42552,  the  sine  of  25°  11'.  The  difference  between  these 
two  numbers  is  .42552  —  .42525  =  .00027,  or  27  parts;  the 
difference  between  .42525,  the  sine  of  25°  10',  and  .42531, 
the  sine  of  the  given  angle,  is  .42531  —  .42525  =  .0000(3,  or 
6  parts.  Representing  by  x  the  number  of  seconds  that  the 
angle  whose  sine  is  .42531  exceeds  25°  10',  we  have  the 
proportion  x"  :  GO"  =  G  parts  :  27  parts, 

x"  _  G  parts 
"^^  •  60^' ""  27~pafts ' 
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n 

from  whicli  .i' =  HO  X    -^  =  13.3".      Hence,  the  angle  whose 

'I  i 

sine. is  .43531  is  25°  10'  13.3". 

The  angle  is  found  from  the  cosine,  tangent,  and  cotan- 
gent in  exactly  the  same  manner. 

1()5.  To  find  the  angle  corresponding  to  a  given  sine, 
cosine,  tangent,  or  cotangent,  whose  exact  value  is  not 
contained  in  the  table: 

Rule  8. — Find  the  difference  of  the  tzvo  luii/ihers  in  the 
table  between  ivJtich  the  given  sine,  cosine,  tangent,  or  cotan- 
gent falls,  and  nse  the  number  of  parts  in  this  difference  as 
the  denominator  of  a  fraction. 

Find  the  difference  betivcen  the  number  belonging  to  the 
smaller  angle  and  the  given  sine,  cosine,  tangent,  or 
cotangent,  and  use  the  number  of  parts  iii  tJie  difference  just 
found  as  the  numerator  of  the  fraction  mentioned  above. 
Multiply  this  fraction  by  60,  and  the  result  ivill  be  the  num- 
ber of  seconds  to  be  added  to  the  smaller  angle. 

Example  1. — Find  the  angle  whose  sine  is  .57698. 

Solution. — Looking  in  the  table  of  natural  sines,  in  the  columns 
marked  sate,  it  is  found  between  .oTfiOl  =  sin  35°  14'  and  .57715  =  sin 
85'  15'.  The  difference  between  them  is  .57715  —  .57691  =  .00024,  or 
24  parts.  The  difference  between  the  sine  of  the  smaller  angle,  or  sin 
35°  14'  =  .57691,  and  the  given  sine,  or  .57698,  is  .57698  -  .57691  =  .00007, 
or  7  parts.  Then,  ^  X  60  =  17.5",  and  the  required  angle  is  35°  14'  17.5", 
or  sin  35°  14'  17.5"  =  .57698.     Ans. 

Example  2. — Find  the  angle  whose  cosine  is  .27052. 

Solution. — Looking  in  the  table  of  cosines,  it  is  found  to  belong  to 
a  greater  angle  than  45  and,  hence,  must  be  sought  for  in  the  columns 
marked  cosine,  at  the  bottom  of  the  page.  It  is  found  between  the 
numbers  .27060  =  cos  74°  18'  and  .27032  =  cos  74°  19'.  The  difference 
between  the  two  numbers  is  .27060  -  .27032  =  .00028,  or  28  parts.  The 
cosine  of  the  SDiallcr  angle,  or  74°  IS',  is  .27060,  and  the  difference 
between  this  and  the  given  cosine  is  .27060  —  .27052  =  .00008,  or  8  parts. 
Hence,  /^  X  60  =  17.1'  ,  nearly,  and  the  angle  whose  cosine  is  .27052 
^  74°  is"  17.1",  or  cos  74°  18'  17.1"  =  .27052.     Ans. 

Example  3. — Find  the  angle  whose  tangent  is  2.15841. 
Solution.—     2.15841  falls  between  2.15760=  tan  65    8'  and  2.15925 
=  tan  65°  9'.    The  difference  between  these  numbers  is  2.15925  —  2. 15760 
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=  .00165,  or  10")  parts.  2. 15841  -  2.15760  =  .00081,  or  81  parts.  Hence, 
tVs  X  60  =  20.5",  nearly,  and  the  angle  whose  tangent  is  2.15841 
=  65'  8'  29.5",  or  tan  65^  8'  29.5"  =  2.15841.     Ans. 

Example  4. — Find  the  angle  whose  cotangent  is  1.26842. 

Solution.—  1.26342  falls  between  1.26:395  =  cot  38°  21'  and  1.26319 
=  cot  38°  22'.  The  difference  between  these  numbers  is  1.26395 
-  1.26319  =  .00076.  1.26395  -  1.26342  =  .00053.  fg  X  60  =  41.9,  nearly, 
and  the  angle  whose  cotangent  is  1.26342  =  38°  21'  41.9",  or  cot 
38°  21   41.9'  =1.26342.     Ans. 


KXAMPLKS    FOW    I»RACTICE. 

1.  Find  the  {a)  sine,  (i)  cosine,  and  (r)  tangent  of  48°  17'. 

I  (a)     .74644. 
Ans. -(<^;     .66545. 
(  {c)     1.12172. 

2.  Find  the  (a)  sine,  {d)  cosine,  and  (c)  tangent  of  13"  11'  6". 

r  (a)     .22S10. 

Ans.  ](/;)     .97364. 

(  (c-)     .23427. 

3.  Find  the  (a)  sine,  (d)  cosine,  and  (r)  tangent  of  72    0'  1.8  ". 

,(rt)     .95106. 
Ans.  -  {/})     .30901. 
i{c)     3.07777. 

4.  (a)  Of    what  angle  is  .26489  the  sine  ?      (/;)  Of  what   is  it   the 

cosine  ?  A       i  ^^^^     ^^°  ^^'  ^'^•^"• 

■  I  (b)     74°  38'  22.8". 

5.  {a)  Of  what  angle  is  .68800  the  sine?     {i>)  Of  'what  the  cosine  ? 
{c)  Of  what  the  tangent  ?  i  {a)    43°  28'  20". 

Ans.  ]  {b)     46°  31'  40". 
(  {c)     34^  31'  40.5". 


THE     SOLUTION    OF     TRIANGLES.  . 


RIGHT     TRIAX<JI.ES. 

1  ()(->.  As  previotisly  stated,  every  triangle  has  six  parts, 
three  sides  and  three  angles,  and  if  any  three  parts  are  given, 
one  of  them  being  a  side,  the  other  three  may  be  fotmd. 

In  right  triangles,  it  is  only  necessary  to  know  tzvo  parts 
in  addition  to  the  right  angle,  one  of  which  mtist  be  a  side. 
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Fio,  C8. 


Rules  1  to  N  and  the  detiuiLions  of  sine,  cosine,  tang'ent, 
and  cotangent  are  sufficient  for  solving  all  cases  of  right 
triangles.  The  method  is  best  illustrated  l)y  examples. 
There  are  two  cases. 

107.  Case  I. —  When  the  tivo  given  parts  are  a  side  and 
an  angle: 

Example  1. — In  Fig.  68,  the  length  of  the  hypotenuse  A  B  oi  the 
right    triangle    A  C  B,  right-angled   at    C,    is  ^ 

24  feet,  and   the  angle  A    is  29    31';    find  the 
sides  A  C  and  /?  C  and  the  angle  B. 

Note. — Wli^-n  working  examples  of  this 
kind,  construct  the  figure  and  mark  the  known  . 
parts.  This  is  a  great  help  in  solving  the  ex- 
ample. Hence,  in  the  figure,  draw  the  angle  A 
to  represent  an  angle  of  29'  31'  and  complete  the  right  triangle  A  C  B, 
right-angled  at  C,  as  shown.  Mark  the  angle  A  and  the  hypotenuse, 
as  is  done  in  the  figure. 

Solution.— Referring  to  Art.  49,  angle  B  =  90'  -29"  31'  =  60'  29'. 
To  find  A  C,  use  rule  3;  viz.,  A  C,  or  side  adjacent  =  hypotenuse 
X  cosine  =  24  X  cos  29'  31'  =  24  X  .87021  =  20.89  feet,  nearly. 

To  find  B  C,  use  the  same  rule ;  thus,  y?  C  =  24  X  cos  60°  29'  =  24' 
X  .49268  =  11.82  feet,  nearly.  To  find  B  C,  rule  1  could  also  have  been 
u.sed,  viz.,  side  opposite  =  hypotenuse  X  sine,  or  B  C  =  24  X  sin  29'  31' 
=  24  X  .49268  =  11.82  feet,  nearly.  ,  Angle  B  =  60'  29'. 

Ans.  -  Sidey^  C  =  20.89  ft. 
(Side  BC=n.82  ft. 

Example  2. — One  side  of  a  right  triangle  A  C  B,  right-angled  at  C, 
jf      Fig.  69,   is  37  feet  7  inches  long;    the  angle 
opposite  is  25'  33'  7".     What  are  the  lengths 
of  the  hypotenuse  and  the  side  adjacent,  and 


what  is  the  other  angle  ? 

Solution.  —  Angle    B 
Fig.  69.  =  64'  26'  53". 

To  find  the  hypotenuse,  use  rule  2, 

side  opposite 


90' 


33' 


Hypotenuse 


sine 


Since  the  side  opposite  is  given  in  feet  and  inches,  both  must  be 
reduced  to  feet  or  both  to  inches. 

7  inches  =  ^'.j  foot  =  .583+  foot;  hence,  B  C  —  37.583  feet. 

Therefore,  the  hypotenuse  is  equal  to 


37.583 


sin  25   33  7 


37.583 
.43133 


7  =  87.133  feet  =  87  feet  2  inches,  nearly. 
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To  find  the  side  A  C,  use  rule  3  ;  side  adjacent  =  hypotenuse 
X  cosine  =  87.133  X  cos  25°  33'  7"  =  87.133  X  .90219  =  78.01  feet  =  78  feet 
7i  inches,  nearly.  (  Angle  />'  =  U^  26'  53". 

Ans.  -]  y^  C  =  78  ft.  7i  in. 
iAB=Sl  ft.  2  in. 

The  work  involved  in  finding  the  sine  and  cosine  of  25°  33'  7  ",  in  the 
above  example,  is  as  follows:  Sin  25'  33'  =  .43130;  sin  25°  34'  =  .4315(5; 
difference  =  .00026;  .00026  X  i/o  =  .00003.  Hence,  sin  25°  33'  7"  =  .431:50 
+  .00003  =  .43133. 

Cos  25°  33'  =  .90221;  cos  25"  34'  =  90208;  difference  =  .00013; 
.00013  X  ^%  =  .00002,  nearly.  Hence,  cos  25°  33'  7"  =  .90221  -  .00002 
=  .90219. 

1()8.     Case  II. —  ]Vhcn  two  suics  are  given: 

Example  1. — In  the  right  triangle  y4  C  B, 
Fig.  70,  right-angled  at  C,  A  C  =  18  and 
y>'C=15;  find  AB  and  the  angles  A 
and  B. 

Solution. — As  neither  of  the  two  acute 
angles  is  given,  one  of  the  angles  must  be 
found  by  making  use  of   the  definition  of 
IS  ^     one  of   the  functions  of  the   angle.     Con- 

FiG.  70.  sidering  the  angle  A,  we  have  :    side  oppo- 

site equals  15  and  the  side  adjacent  equals  18;  hence,  we  may  use  the 
definition  of  either  the  tangent  or  cotangent.  Using  the  definition 
of  the  tangent, 

.       side  opposite       15        oo.ior, 
tan  A  =  ^^ — ^r  =  T5  —  .83333. 

side  adjacent       18 

To  find  the  angle  whose  tangent  is  .83333,  we  have:  Tangent  of  next 
less  angle  is  .83317  =  tan  39'  48';  tangent  of  the  next  greater  angle  is 
.83366;  difference  is  .00049.  The  difference  between  .83317,  the  .tan- 
gent of  the  smaller  angle,  and  .83333,  the  given  tangent,  is  .83333 
—  .83317  r=  .00016.  Hence,  |f  X  60  -  19.6  ",  and  the  angle  whose  tan- 
gent is  .83333  --=  39°  48'  19.6"  =  angle  A. 

Angle  n  =  90°  -  39°  48'  19.6"  =  50°  11'  40.4  ". 

To  find  the  hypotenuse  A  B,  use  rule  2  or  4  ;  using  rule  2, 

side  opposite  15  15 

Hypotenuse  = f-^- =    •    on°  ^q.  m  «■>  =    p.aiq  =  23.48. 

^  sine  sin  39  48  19.6         .64018 

r  Angled  =  39°  48'  19.6'. 
Ans.    -  Angle  B  =  50°  11'  40.4  ". 
{aB  =  23.43. 

Example  2. — In  the  right  triangle  A  C  B,  Fig.  71  right-angled 
at  C  A  C=  .024967  mile  and  A  B  —  .04792  mile;  find  the  other  parts. 
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SoLUTiox. — Here  the  hypotenuse  and  the 
side  adjacent  are  given  ;  hence,  using  the  defi- 
nition of  the  cosine, 


cos  A  = 


side  adjacent  _  .024967 
hypotenuse   ^    .04792 


=  .52101. 


The   angle   whose  cosine  is  .52101  =  58"  36' 
=  angle  A.    Angle  B  =  90    -  58   36'  ==  3r  24'. 
To  find  side  B  C,  use  rule  5. 
Side  opposite  A  =  side  adjacent  X  tan  A,  or 
BC=  .024967  X  1.63826  =  .0409  mile. 

t  Angle  A  =  58°  36'- 
Ans.  ]  Angle  B  =  dV  24  . 
i  B  C=  .0409  mi. 

Example  3. — In  the  right  triangle  A  C  B, 
Fig.  72,  right-angled  at  C,  A  B  =  308  feet 
and  B  C  =  234  feet ;  find  the  other  parts. 

Solution. — Here  the  hypotenuse   and   the 
side  opposite  are  given ;  hence',  using  the  defi- 
es   nition  of  sine, 

side  opposite       234        .... 

sin  A  =   r -^ =  — -  =  .  <o9<4. 

hypotenuse        308 

The  angle  whose  sine  is  .75974  =  49°  26'  28", 
nearly,  =  angle  A.    Angle  B  =  90°-  49^  26'  28" 
^'''-  ''•  =  40^  33'  32  ". 

To  find  A  C  rule  1,  3,  5,  or  6  may  be  used.     Using  rule  6, 

side  adjacent  angle  A  =  side  opposite  X  cot  ^,  or  A  C  =  234  X  .85586 

=  200.27  feet. 

Angle  A  =  49'  26'  28". 


Ans.  -  Angle  B  =  40=  33'  32". 
(  A  C=  200.27  ft. 


EXAMPLES    FOR    PRACTICE. 

1.  In  the  right  triangle  A  C  B,  right-angled  at  C,  the  hypotenuse 
A  B  =  AO  inches  and  angle  A  =  28°  14'  14'.     Solve  the  triangle. 

I  Angle  B  =  61°  45'  46". 
Ans.-  A  C=  35.24  in. 
(  B  C=  18.92  in. 

2.  In  a  right  triangle  A  C  B,  right-angled  at  C,  the  side  B  C 
—  10  feet  4  inches.  If  angle  A  =  26'  59'  6",  what  do  the  other  parts 
equal  ?  (  Angle  ^  =  63°  0'  54". 

Ans.  <AB  =  22it.  9^  in.,  nearly. 
(a  C  =  20it.  3A  in.,  nearly. 
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;?.     In  a  rijrht  triangle  A  C />',  the  h\poteniise  A  />' r=  60  feet  and 
the  side  A  C  —'%'i  feet.     Solve  the  triangle. 

/  Angle  A  =  68"  29'  22.2". 
Ans.  -  Angle  B  =  21^  30'  ^7.8". 
(  /,'C=  55.82  ft. 

4.     In  a  right   triangle  A  C  />,  right-angled   at    C,  side  A  C=.364 
foot  and  side  B  C  =  .216  foot.     Solve  the  triangle. 

I  Angle  A  =  30"  41'  7.5". 
Ans.  •]  Angle  B  -  59"  18'  52.5". 
(  A  B  =  .423  ft. 


OBLIQUE  TRIAIVGLES. 

109.  When  three  parts  of  a7ij'  triangle  are  given,  one 
being  a  side,  the  remaining  parts  can  be  found  by  drawing  a 
perpendicular  from  one  angle  to  the  opposite  side,  thus 
forming  two  right  triangles.  The  parts  of  these  right  tri- 
angles can  then  be  computed,  and  from  them  the  parts  of 
the  required  triangle  can  be  found. 

110.  Caution.  —  M'licii  dividing  tlic  triangle  into  two 
right  triangles,  care  must  be  taken  that  the  perpendicular  be 
so  drazvn  that  one  of  the  right  triangles  zvill  Jiave  tzvo  known 
parts  besides  the  right  angle;  otherzuise  the  triangle  cannot 
be  solved. 

111.  Case  I. —  ]]'hen  the  three  knoz^ni  parts  arc  a  side 
and  tzvo  angles,  or  tzvo  sides  and  the  included  angle: 

Example    1.— In    Fig.    73,    the    angle    A  =  46"  14',  the    angle    B 

=  88"  24'  11",    and   the   side  A  B=  21 
■?  inches;  find  A  C,  B  C,  and  the  angle  C. 

Solution. — Since  the  sum  of  all  the 
angles  of  any  triangle  is  2  right  angles, 
or  180"  (Art.  48),  we  can  find  the  angle  C 
by  adding  the   two    known  angles  and 
C   subtracting  their  sum  frt)m  180 '. 

88"  24'  11"  +40"  14'  =  134"  38'  11". 

180°  -  134°  38'  11"  =  45"  21'  49"  =  angle  C. 

From  the  vertex  />.  draw  />'  D  perpendicular  to  A  C.  The  tri- 
angle A  B  C  is  now  divided  into  two  right  triangles  A  D  B  and  B  D  C. 
both  right-angled  at  D. 
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In  the  right  triangle  .  /  D  />',  the  angle  .  /,  the  right  angle  I),  and  liie 
hypotenuse  A  B  are  known ;  find  />'  D  and  A  D.  Using  rule  1 ,  side 
opposite,  or  H  D,  =  21  X  sin  46"  14'  =  21  X  .72216  =  15.17  inches,  nearly. 

Using  rule  ,'5,  side  adjacent,  orAD,=2lx  cos  46'  14'  =  21  X  .69172, 
or  A  I)  =  14.;");$  inches,  nearly. 

In  the  right  triangle  B  D  C,  the  angle  C  and  the  side  opposite, 
or  /)'  D,  are  known ;  find  B  C  and  D  C. 

Using  rule  2,  hypotenuse,  or 

^(^=    ■     <^cf,,Q„  =  ii^,  =  21.32  inches,  nearly. 
sin4o  21  49         .711oS 

Using  rule  3,  side  adjacent,  or  C  £>,  =  21.32  X  cos  45°  21'  49"  =  21.32 
X  .70261  =  14.98  inches. 

Since  A  D  +  nC  =  A  C,we  have  14.53  -t  14.98  =  29.51  inches  =  A  C. 

rA  C=  29.51  in. 
Ans.  -  75'C=21.32  in. 

(  Angle  C=  45' 21' 49". 

If,  in  the  above  example,  the  angle  C  had  been  given 
instead  of  the  angle  A,  the  dividing  line  sh'ould  have  been 
drawn  from  the  angle  A  to  the  side  B  C,  as  in  the  following 
example : 

Example  2. — In  the  triangle  A  D  C,  Fig.  74,  given  A  B  =  \S  inches, 
angle  B  =  60%  and  angle  C  =  38°  42' ;  find  the 
other  three  parts. 

Solution. — In  the  triangle  ABC,  we  have 
angle  A  =  180°  -  (60'  +  38° 42)  =  81°  18'. 

From  the  vertex  A,  draw  the  line  A  D  per- 
pendicular to  B  C,  thus  forming  the  right  tri- 
angles A  D  n  and  A  D  C. 

In    the    triangle    A  D  B,    two    parts    (the  ^'°-  '^^• 

side  A  /?and  angle  />')are  known  besides  the  right  angle.  To  find  B  D, 
use  rule  3.  B  /;  =  18  X  cos  60°  =  18  X  -5  =  9  inches.  To  find  A  D, 
use  rule  1.     A  /)  =  18  X  sin  60°  =  18  X  .86603  =  15.59  inches. 

In  the  right  triangle  A  D  C,  A  D  and  the  angle  C  are  known. 

To  find  A  L\  use  rule  2. 

AC=  4-^  =  4?^^^  =  24.93  inches, 
sm  C      .62o24 

To  obtain  D  C,  use  rule  3. 

BC^  A  Cxcos  C  =  24.93  x  .78043  =  19.46  inches. 

Since  B  C  =  B  D  +  £>  C,  BC=9  +  19.46  =  28.46  inches. 

I  A  C=  24.93  in. 
Ans.  ■!  5  C=  28.46  in. 


(  Angle  A  =  81°  18'. 
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ExAMPLK  3. — In  Fig.  75,  A  B  =  1!)  inclics,  A  C  =  23  inches,  and  the 
S  included  angle  A  -  36"  3'  29";  find  tne 

other  two  angles  and  the  side  />  C 

Solution. — From  the  vertex  />',  draw 
/)'  JJ  perpendicular  to  yi  C,  forming  the 
two  right  triangles  A  D  B  and  B  D  C 
^Q  In  the  right  triangle  A  D  />',  A  B  is 
known  and  also  the  angle  A.  Hence, 
b}-  rule  1 , 

/.'  /;  =  19  X  sin  36°  3'  29"  =  19  X  .58861  =  11. IS  inches,  nearly. 
By  rule  3,  A  /)  =  19  X  cos  36°  3'  29"  =  19  X  .80842  =  15.36  inches. 
.-/  C  -  ,-/  /;  =  23  -  15.36  =  7.64  inches  =  /;  C. 

In  the  right  triangle  B  D  C\  the  two  sides  B  J)  and  D  C,  about  the 
right  angle,  are  known ;  hence,  from  the  definition  of  tangent, 


tan  C  = 


BD      11.18 


D  C" 
Ai)plying  rule  2, 
BC  = 


7.64 


=  1.46335,  and  angle  C  =  55°  39'  10". 


BD 


11.18 


13.54  inches. 


sin  55°  39' 10"       .82564 

Angle  B  =  180-  (36°3'  29"  +  55°39'10")  =  180°  -  91°42'39"=  88°  17'  21". 

i  Angle  C  =  55°39'  10". 
Ans.    -  Angle  B  =  88°  17'  21". 
(  Side  .5"  <r=  13.54  in. 

112.     Case   II. —  W/icn  the  three  knoivn  parts  are  tzvo 

sides  and  an  auii^le  opposite  one  of  them  : 

For  this  case  there  are,  in  general,  two  solutions.  This 
is  readily  seen  by  referring  to  Fig.  70.  Stippose  the  given 
parts   are    the  sides  A  B  and 

/)  C  and  the  angle  A  opposite  By 

the  side  B  C.  We  construct 
the  triangle  by  first  draw- 
ing the  lines  A  E  and  A  F  in 
such  a  manner  that  the  angle 
A  shall  be  of  the  required  ^. 
size,  and  then  lay  off  the  dis- 
tance A  B  along  A  li  to  rep- 
resent the  length  of  the  side  A  B.  To  draw  the  side  B  C, 
we  take  the  point  /)  as  a  center,  and  with  a  radius  equal  to 
the  length  of  BC,  we  describe  the  arc  CC  and  draw  BC 
and    I^C.     The   required  triangle  may  be  either  A  B  C  or 


•  6/ 

^1 

v^ 

5^  Is 

A 

V^ 

y^              V-o 

A 

\  - 

X             w 

\ 

/                           06- 

1 

\ 

X             i  -• 

1 

D        \ 

Fig.  70. 
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A  B  C .  In  practice,  the  conditions  will  indicate  to  us  which 
triangle  to  select;  but  when  the  two  sides  and  the  angle 
opposite  one  of  them  only  are  given  and  no  other  condition 
is  stated,  it  is  necessary  to  solve  both  triangles,  which  is 
readily  done  as  follows : 

First  solve  the  triangle  ABC.  To  do  this,  find  the  length 
of  the  perpendicular  BD  by  applying  rule  1  to  angle  A 
{B  D  =  A  B  X  ^in  A);  find  angle  i5  CZ>  by  applying  defini- 
tion of  sine  to  angle  BCD  [sin  B  C D  ==  y^-jj  J ;  find  CD  by 

applying  rule  3  {C D  =  C B  x  cosB  CD) ;  hndA  D  by  apply- 
ing rule  3  {A  D  =  A  B  X  cos  A).  We  now  know  all  that  is 
necessary  to  determine  the  unknown  parts  of  both  triangles. 
For,  the  angle  A  CB  is  the  supplement  (see  Art.  27)  of  the 
angle  B  CD,  and  is  therefore  equal  to  180°  —  angle  BCD; 
the  angle  A  BC=  180"  -  (angle  BAC+  angle  A  C B) ;  the 
side  A  C  —  A  D  —  C D;  since  C B  C  is  an  isosceles  triangle, 
angle  B  C  D  =  B  C  D  and  C  D  =  CD;  AC  =  AD+C'  D; 
and,  finally,  angle  A  B  C  =  180°  -  (angle  A  +  angle  C). 

113.  While,  in  general,  there  are  two  solutions  to 
examples  falling  under  Case  II,  there  may  be  no  solution  or 
only  one  solution,  depending  on  the  length  of  the  side  B  C. 

a.  If  B  C  is  less  than  the  perpendicular  B  D,  the  arc  C  C 
will  not  touch  the  side  A  F  oi  the  angle,  and  no  triangle  can 
be  formed ;  hence,  in  this  instance  there  is  no  solution. 

b.  If  B  C  is  just  equal  to  B  D,  the  arc  C  C  will  touch 
A  F  at  only  one  point ;  only  one  triangle  can  be  formed — a 
rioht  triangle — and  there  is  one  solution. 

c.  If  B  C  is  greater  than  B  D  and  less  than  A  B,  the  arc 
C C  will  cut  A  /^between  A  and  D,  and  also  to  the  right  of 
D;  this  gives  two  triangles  and  two  solutions. 

d.  li  B  C  is.  just  equal  to  A  B,  the  arc  C C  will  cut  A  F 
at  A  and  at  a  point  at  a  distance  A  Dto  the  right  of  D;  this 
gives  one  triangle  and  one  solution. 

e.  If  B  C  is  greater  than  A  B,  the  arc  C  C  will  not  cut 
A  /^between  A   and  D,  but  wall  cut  A  F at  a  point  to  the 
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right  of  n\  Iicncc,  l)Ut  one  triangle  can  be  fc^'mcdand  there 
is  but  one  solution. 

Example. — In  Fig.  76,  y/  />  =  88  feet  6  inches,  B  C —Vu  feet,  and 
angle  A  =  35°  0'  38" ;  find  the  other  parts. 

Solution. — Applying  the  various  steps  in  the  order  given  in 
Art.  112,  we  have  by  rule  2,  B  D  =  SS  feet  0  inches  X  sin  :«  0'  38" 
=  88..-)  X  .57373  =  50.78  feet. 

Sin  BCD  =  45  =  ^^  =  -89088 ;  whence,  angle  />'  €'£>  =  G2  59'  4.3". 
/)'  c  57 

By  rule  3,  CZ)  =  57  X  cos  62°  59'  4.3"  =  57  x  .45423  =  25.89  feet. 

By  rule  3,  A  D  =  88.5  X  cos  35'^  0'  38"  =  88.5  X  .H1905  =  72.49  feet. 

We  now  have  the  data  necessary  for  obtaining  the  required  parts  of 

the  triangle  A  B  C.     Since  the  angle  fi  C  D  =  62"  59'  4.3",  the  adjacent 

angle  A  C  B  =  180'  -  62'  59'  4.3"  =  117°  0'  55.7".      Also,  angle   A  B  C 

=  180"  -  (35°  0'  38"  +  117°  0'  55.7")  =:  180°  -  152°  1'  33.7"  =  27   58'  26.3". 

Since   .4  Z>  =  72.49   feet   and    C  D  =  25.89   feet,    A  C  =  72.49  -  25.89 

=  46.6  feet. 

For  the  triangle  A  B  C",  angle  C  =  62    59'  4.3"  and  angle  A  B  C 

.^  180°  -  (35°  0'  38"  +  02°  59'  4.3")  =  82°  0'  17.7".     A  C  =  72.49  4-  25.89 

=  98.38  feet.  f  Angle  C  =  117°  0'  55.7". 

I  Angle  ^  =  27'  58'  26.3". 

Side  ^  C'  =  46.6  ft. 

^  Angle  A  BC  =  82°  0'  17.7  ". 

Angle  C  =  62°  59'  4.3". 

.Side^  C  =  98.38  ft. 


114.     Case  III. —  Wlioi  the  tlucc  sides  arc  given,  to  find 


the  angles: 


Fig. 


This  case  is  solved  by  drawing  a  line 
from  the  vertex  of  the  angle  opposite 
the  longest  side,  perpendicular  to  that 
side,  as  B  D  in  Fig.  77.  The  parts  /// 
and  //  of  the  side  A  C  are  then  deter- 
mined from  the  following  proportion  : 


;//  -f-  ;/  (or  A  C)  :  a  -{-  b  =  a  —  b  :  in  —  n. 

This  gives  the  value  of  in  —  n.     The  value  of  /;/  -\-  n  =^  A  C 
is  already  known,  and  from  the  two,  ;//  and  ;/  may  be  deter- 
mined by  the  principles  of  arithmetic,  as  explained  below. 
Having  ;//  and  ;/,  therefore,  the  right  triangles  yi  B  D  and 
C  B  D  may  be  solved. 
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Having  found  the  valvie  of  ;//  —  //  and  knowing  the  value 
of  ///  +  ;/,  the  values  of  vi  and  ii  may  be  determined  as  fol- 
lows: It  is  a  principle  of  arithmetic  that  if  the  sum  of  two 
numbers  and  their  difference  be  given,  the  grcatci'  of  the 
two  )uinihcrs  is  equal  to  onc-lialf  the  sum  of  their  sum  and 
their  dijfercncc,  and  the  less  of  tit'o  iiunibers  is  equal  to  o)ie-half 
the  difference  between  their  sum  and  their  differeiiee.  For 
example,  suppose  that  the  sum  of  two  numbers  is  'I'l  and 
their  difference  is  8.  Then,  the  greater  number  is  (22  +  8) 
-f-  2  =15,  and  the  less  number  is  (22  —  8)  ^  2  =  7.  There- 
fore, letting  ;//  be  the  greater  number  and  //  the  less 
number,  m  -)-  n  represents  their  sum  and  vi  —  n  their  dif- 
ference; whence, 

{m  +  n)  +  (;//  -  ;/) 


in 


n  = 


2 

(///  -|-  ;/)  —  (///  —  //) 

2  ■ 


Example. — Given,  a  triangle  whose  sides  are  17  feet  o  inches,  21  feet, 
and  32  feet  long.     Find  the  angles. 

Solution. —     j)i  +  n,  the  longest  side,  =  32  feet. 
a  +  l>.  the  sum  of  the  two  shorter  sides,  =  21  +  17.25  =  38.25  feet. 
a  —  d,  the  difference  of  the  two  shorter  sides,  —  3.75  feet.     Hence, 

32  :  38.25  =  3.75  :  ///  +  ;/,  or  ;;/  -n  =  ^'^'~'\,'^  ^' "^  =  4.48  feet. 

^,,                      {"I  +  n)  +  {in  -  ii) 
1  hen,      in  = 


and  ?i  — 


2 

(w  +  ;/)  —  (ill—  n) 


Now,   referring  to  the  last  figure,  we  have,  in  the  triangle  A  D  B, 
side  a  =21  feet  and  ///  =  18.24  feet;  whence,  by  definition  of  cosine, 

18  24 
cos  A  =  -~-  =  .8G857,  or  A  =  29   42'  25.7". 

In  triangle  C  B  D,  side  /;  =  17.25  feet  and  ;/  =  13. 7(j  feet;  whence, 

cos  C=  T^  =  .79768,  or  C'=  37°  5'  20.7". 
1  ( .  2.) 

Angle  A  B  C  =  180°  -  (29°  42'  25.7"  +  37"  5'  26.7' )  =  113°  12'  7.6". 

i  Angle  A  =29°  42' 25.7". 
Ans.  -  Angle  /?  =  118°  12'  7.6". 
(Angle   C=37°  5'  26.7". 
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EXAMI»l.i;S    l(H<    I'KAC'I'ICIi. 

1.  Given,  an  obliciiie  Irianjrlc  ,/  />' C',  in  which  side  A  /?  =  21  feet, 
angle  A  -  23°  10   16",  and  angle  B  =  78°  24'  24".     Find  the  other  parts. 

/Angle  C=79"  25' 20". 
Ans.  ■IaC  =  20.98  ft. 
(  B  C=8.06  ft. 

2.  Given,  a  triangle  ABC,   in   which  A  B  =  ^2  inches,  angle    B 
=  54°  16',  and  angle  C  =  58"  18'  9  ".     Find  the  other  parts. 

f  Angle  A  =  67°  25'  51". 
Ans.  ]  A  6'=  30.53  in. 
i  /?  C=z  34.73  in. 

3.  In  a  triangle  ,-/  /.'  C,  A  B  =  20  feet  6  inclies,  B  C  =  16  feet,  and 
angle  B  =  46°  40'  42".     Find  the  values  of  the  other  parts. 

t  Angle  .4  =  50   42' 51". 
Ans.  -]  Angle   C  =  82°  36-  27". 
(aC=  15.04  ft. 

4.  In  a  triangle  yl  B  C,  AC^  100  feet,  B  C  =  60  feet,  and  angle  A 
=  20°.     Solve  the  triangle.  [  Angle  ^9  =  34°  45'  7.5",  or 

angle  i5  =  145°  14' 52.5". 
Ans.  -I  Angle  C  =  125 '  14'  52.5 '. 
A  B  =  143.268  ft.,or^^ 
=-44.67  ft. 

5.  In  a  triangle  A  B  C,  A  B  =  dS  inches,  B  C  —  140  inches,  and  A  C 

=  210  inches.     Compute  the  angles  A,  B,  and  C. 

(A  =34°  2' 52  5". 

Ans.-  B  =  122°  52' 40.2". 


(  C  =23°  4' 27.3". 


MENSLRATIOX. 

115.     Meiisuriition   is    that  part   of    geometry    which 
treats  of  the  measurement  of  lines,  surfaces,  and  solids. 


MENSURATION    OF    PLAMC    SURFACES.' 

1  16.  The  area  of  a  surface  is  expressed  by  the  number 
of  unit  squares  it  will  contain. 

117.  A  unit  square  is  the  square  whose  side  is  equal 
in  length  to  the  unit.  For  example,  if  the  unit  is  1  inch,  the 
unit  square  is  tlic  S(|uarc  whose  sides  measure  1  inch  in 
length,  and  the  area  would  be  expressed  by  the  number  of 
square  inches  that  the  surface   contains.      If  the  unit  were 
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1  foot,  the  unit  square  would  measure  1  foot  on  each  side,  and 
the  area  would  be  the  number  of  square  feet  that  the  surface 
contains,  etc.  The  square  that  measures  1  inch  on  a  side  is 
called  a  square  incli,  and  the  one  that  measures  1  foot  on  a 
side  is  called  a  square  foot.  Square  inch  and  square  foot 
are  abbreviated  to  sq.  in.  and  sq.  ft.,  or  are  indicated 
by  D  "  and  a  ': 

THE    TRIANGLE. 

118.  Rule. —  TJic  area  of  any  triangle  equals  one-half  the 
product  of  the  base  and  the  altitude. 

Letting  b  be  the  base,  h  the   altitude,  and  A   the   area, 

,       bh 

If  the  triangle  is  a  right  triangle,  one  of. the  short  sides 
may  be  taken  as  the  base,  and  the  other  short  side  as  the 
altitude ;  hence,  the  area  of  a  right  triangle  is  equal  to  one-half 
the  product  of  the  ti^'o  short  sides. 

ExAAiPLE. — What  is  the  area  of  a  triangle  whose  base  is  18  feet  and 
altitude  7  feet  9  inches  ? 

Solution. —    9  inches  =  -^^  foot  =  f  foot;  hence, 

^=^'=  11X^1  =  691  sq.ft.     Ans. 

119.  The  area  of  any  triangle  may  be  found,  when  the 
length  of  each  side  is  known,  by  means  of  the  following  for- 
mula, in  which  a,  b,  and  c  represent  the  lengths  of  the  sides, 
s  half  the  sum  of  the  lengths,  and  A  the  area  of  the  triangle: 

a  -{-  b  -\-  c 


A  =  ys  {s  —  a)  {s  —  b)  {s  —  c),  where  jt 

Example. — What  is  the  area  of  a  triangle  having  two  sides  19.8  feet 

long  and  one  side  38  feet  long  ? 

Solution. — It  is  immaterial  which  side  is  called  a,  l>,  or  c.     Apply- 

•       .u    ^  ,  a  +  b  +  c-      28  +  19.8+19.8       „^  ^  ,,     ... 

ing  the  formula,  s  = ^ = ^ =  33.8,  the  half  sum ; 

taking  b   and  c  as  the  short   sides,  s  —  a  =  33.8  —  28  =  5.8  and  s  —  b 
and  5-  -  <r  are  each  33.8  -  19.8  =  14.     Then. 


A  —\/s{s  —  a){s  -  b)  {s  -  t)  =  |/33.8  X  5.8  X  14  X  14 
—  196+  sq.  ft.     Ans. 


GEOMETRY    AND    TRIGONOMETRY 


THI-:   yi'ADI^II.  A'lICW  Al.. 

I  'ZO.  A  pcircillcl(>u:r<iin  is  a  quadrilateral  whose  op])o- 
sile  sides  are  parallel.  There  are  four  kinds  of  parallelo- 
grams: the  s<jiia?'i\  the  rectangle^  the  rliojiibus^  and  the 
rhomboid. 


121.      A   rcctcin^lc,    Vvji,.  IS,  is  a   [)aral- 
lelograni  whose    angles  are  all   right  angles. 


Fig.  78. 


122.     A    square.   Fig.    71),    is  a    rectangle, 
all  of  whose  sides  are  equal. 


Fig.  79. 


Fig.  80. 


1  23.  A  rhoniboid.  Fig.  80,  is 
a  parallelogram  whose  opposite 
sides  only  are  equal  and  whose 
angles  are  not  right  angles. 


1  24.  A  rli<>nil>us,  l^^ig.  SI,  is 
a  })arallel()grani  having  ecpuU 
sides  and  whose  angles  are  not 
right  angles. 


Fig.  81. 


Fig.  82. 


1  25.  A  trapcx.oid.  Fig.  82, 
is  a  quadrilateral  which  has  only 
two  of  its  sides  parallel. 


1  2H.     A  trapezium.  Fig.  83,  / 
is  a  quadrilateral  having  no  two 
sides  parallel. 


Fig.  83. 
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127.  The  altitude  of  a  parallelogram,  or  of  a  trape- 
zoid, is  the  perpendicular  distance  between  the  parallel  sides. 
See  dotted  line  in  Figs.  80,  81,  and  82. 

1  28.  A  diagonal  is  a  straight  line  drawn  from  the  ver- 
tex of  any  angle  of  a  quadrilateral  to  the  vertex  of  the  angle 
opposite ;  a  diagonal  divides  a  quadrilateral  into  two  tri- 
angles.     See  Figs.  78  and  83. 

A  diagonal  divides  a  parallelogram  into  two  equal  and 
similar  triangles. 

129.  To  find  the  area  of  a  parallelogram  : 

Rule. —  The  area  of  any  parallelogram  equals  the  product 
of  the  base  and  the  altitude. 

Let  b  be  the  base,  h  the  altitude,  and  A  the  area ;  then, 

A  =  b  h. 

Example. — What  is  the  area  of  a  parallelogram  whose  base  is  12  feet 
and  altitude  T+  feet  ? 

Solution. — Applying  the  formula,.-^  =  bk  =  12  x  '<'i  =  90  sq.  ft.  Ans. 

If  the  area  and  one  dimension  are  given,  the  other  may  be 
found  by  dividing  the  area  by  the  known  dimension.  If  the 
parallelogram  is  a  square,  and  its  area  is  given,  the  length 
of  a  side  is  found  by  extracting  the  square  root  of  the  area  ; 
that  is,  b  =  \/A. 

130.  To  find  the  area  of  a  trapezoid  : 

Rule. —  The  area  of  a  trapezoid  equals  one-half  t lie  sum  of 
the  parallel  sides  multiplied  by  the  altitude. 

Let  a  and  b  represent  the  lengths  of  the  parallel  sides  and 
h  the  altitude;  then, 

Example. — What  is  the  area  of  a  trapezoid  whose  parallel  sides  are 
9  feet  and  15  feet  and  whose  altitude  is  6  feet  7  inches  ? 

Solution. —    6  feet  7  inches  =  6^  feet.     Using  the  formula, 

A  =  (  — ^ — j  h  =  — ^ —  X  6^  =  79  sq.  ft.     Ans. 


M.  E.    1.-19 
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THE   CIRCLE. 

131.  To  find  the  circumference^  diameter,  or  radius  of 
a  circle: 

Rule. —  TJie  circumference  of  a  circle  equals  the  diameter 
multiplied  by  3.  H16. 

Rule. —  The  diameter  of  a  circle  equals  the  circumference 
divided  by  3.1^16;  the  radius  equals  the  circumference  divided 
by  2x3.  U16. 

Let  d  be  the  diameter,  r  the  radius,  and  c  the  circum- 
ference, c  =  -  d  =%-  r\ 

and  d=-\  ov  r  =  -— -. 

t:  2  tt 

Example  1. — What  is  the  circumference  of  a  circle  whose  diameter 
is  15  inches  ? 

Solution. — Using  the  formuhi,  c  =  tt  d  —  3.1416  x  15  =  47.12  in. 

Ans. 

Example  2. — What  is  the  diameter  of  a  circle  whose  circumference 
is  65.973  inches  ? 

Solution. — Using  the  formula,  d  =  ~  —    '  '  ..„  =  21  in.     Ans. 

7T  0.141D 

The  number  3.1416  is  the  ratio  of  the  circumference  of  a 
circle  to  its  diameter;  it  is  represented  very  frequently  by 
the  Greek  letter  r,  pronounced  "pi."  Its  value  has  been 
calculated  to  over  700  decimal  places,  but  the  value  here 
given  is  the  one  most  generally  used,  four  decimal  places 
being  sufficient  for  all  practical  purposes.  The  values  ^  r, 
or  .7854,  and  ^ -,  or  .5236,  are  frequently  used  farther  on. 

132.  To  find  the  length  of  an  arc  of  a  circle: 

Rule. —  The  IcngtJi  of  an  arc  of  a  circle  equals  the  circum- 
ference of  the  circle  ofzvJiiclL  the  arc  is  a  part  multiplied  by  the 
number  of  degrees  in  the  arc  and  the  product  divided  by  360. 

Let  /  be  the  length  of  arc,  c  the  circumference,  d  the 
diameter  of  the  circle,  and  n  the  number  of  degrees  in  the 
arc  ;  then, 

.  _  TZ  dfi 

"360"- 
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Example. — What  is  the  length  of  an  arc  of  24",  the  radius  of  the 
circle  being  18  inches  ? 

Solution. —    18  X  2  =  36  inches,  the  diameter  of  the  circle.     Using 

^,     r  .      ,      'Kdn       3.1416x36x24      ^_,.       ,  ,      , 

the  formula,  /  =  = ^^^^ —  =  7.o4  m.,  length  of  arc.    Ans. 

1 33.  When  only  the  chord  of  the  arc  and  the  height  of 
segment  (that  is,  A  B  and  C  D^  Fig.  84)  are  given,  the  fol- 
lowing closely  approximate  formula  may  be  used  : 

Let  c  be  the  length  of  chord,  h  the  height  of  segment, 
and  /  the  length  of  arc  ;  then, 


J  _  4  \/c-'  4-  4  /r  -  g 
3  • 

Example. — If  A  B,  Fig.  84,  is  5  feet  and  C"Z>  is  1  foot,  what  is  the 
length  of  arc  ^  Z?  i9  ? 

Solution. — Applying  the  formula. 


o  o 

When  the  quotient  obtained  by  dividing  the  chord  by  the 

height   is  less  than  4.8,  that  is,  when  j  is  less  than  4.8,  the 

formula  does  not  work  well,  the  results  not  being  sufficiently 
exact.  In  such  a  case,  bisect  the  arc  and  then  apply  the 
formula. 

134.  To  find  the  area  of  a  circle  : 

Rule. — Square  the  diameter  and  imiltiply  by  .785Jf;  or, 
square  the  radius  and  multiply  by  3.  lJfl6. 

Let  A  be  the  area  ;  then, 

A:=l-d'  =  .7854^^  or,  ^  =-r^  =  3.1416  r^ 

Example. — What  is  the  area  of  a  circle  whose  diameter  is  15  inches  ? 
Solution.—    IS-*  =  225.     Using  the  formula,  A  —  .7854  rt^^  _  ,7854 
X  235  =  176.73  sq.  in.     Ans. 

135.  Given  the  area  of  a  circle,  to  find  its  diameter: 

Rule. — Divide  the  area  by  .785Jf  and  extract  the  square 

root  of  the  quotient. 
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Expressed  as  a  formula,  the  rule  is 

Example. — The  area  of  a  circle  =  17,671.5  square  inches.     What  is 
its  diameter  in  feet  ? 

Solution. — Using  the  formula, 


"^^V^mU  =  V^Sr  =  1-1284  1/17,671.5  =  150  inches. 

150 

——  =  12|  ft.  diameter.     Ans. 
1^ 

136.  To  find  the  area  of  a  flat  circular  ring: 

Rule. — Subtract  the  area  of  the  smaller  circle  from  that 
of  the  larger;  the  difference  is  the  area  of  the  ring. 

Let  d  equal  the  longer  diameter,  d^  the  shorter  diameter, 
and  A  the  area  of  ring;  then, 

A  =  .7854  d-"  -  .7854^/.=  =  .7854  {d'-d^). 

Example. — What  is  the  area  of  a  ring  whose  longer  and  shorter 
diameters  are  6.5  feet  and  4  feet,  respectively  ? 
Solution. — Applying  the  formula, 

A  =  .7854  (6.52  -  42)  =  .7854  X  26.25  =  20.62  sq.  ft.     Ans. 

If  one  diameter  and  the  area  of  the  ring  are  known,  the 
other  diameter  may  be  found  by  adding  to  or  subtracting 
from  the  area  of  the  given  circle  that  of  the  ring,  and  finding 
the  diameter  corresponding  to  the  resulting  area. 

137.  To  find  the  area  of  a  sector: 

Rule. — Divide  the  number  of  degrees  in  the  arc  of  the 
sector  by  360.  Multiply  the  result  by  the  area  of  the  circle  of 
which  the  sector  is  a  part. 

Let  ;/  be  the  number  of  degrees  in  the  arc,  A  the  area  of 
circle,  d  the  diameter  of  circle,  and  A'  the  area  of  sector; 
then, 

A'  ^'^  =  Mni^l'^d'n. 
obO 
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Example. — The  number  of  degrees  in  the  angle  formed  by  drawing 
radii  from  the  center  of  a  circle  to  the  extremities  of  the  arc  of  the 
circle  is  75.  The  diameter  of  the  circle  is  12  inches;  what  is  the  area 
of  the  sector  ? 

Solution. —  12-  X  .7854  =  113.1  square  inches,  nearly,  area  of  circle. 
Applying  the  formula. 


A' 


71  A 
860 


75  X  113.1       _  ..         .  . 
ntTrx =  3d. Ob  sq.  in.     Ans. 


138.     If    the  length  of  arc   and  radius  of  a  sector  are 
given,  the  following  rule  may  be  used: 

Rule. —  The  a7-ca  of  a  sector  is  equal  to  onc-Jialf  the  product 
of  the  radius  and  Icugtli  of  arc. 

Let  /be  the  length  of  arc,  r  the  radius,  and  A'  the  area; 
then, 


A 


Ijr 
2' 


Example. — If  the  radius  of  an  arc  is  5  feet  and  the  length  of  arc  is 
4  feet,  what  is  the  area  of  the  sector  ? 


Solution. — Applying  the  formula, 

/  r      4x5 


A' 


2 


2 


10  sq.  ft.     Ans. 


139.     To  find  the  area  of  a  segment  of  a  circle: 

Rule. — Draiv  radii  from  the  center  of  the  circle  to  the 
extremities  of  the  arc  of  the  segment ;  find  the  area  of  the 
sector  thus  formed,  subtract  from  t /lis  the  area  of  the  triangle 
formed  by  the  radii  and  the  chord  of  the 
arc  of  the  segment;  the  result  is  the  area 
of  the  segment. 

In  problems  requiring  the  area  of  the 
segment,  the  chord  A  B,  Fig.  84,  may  be 
given,  or  the  height  of  the  segment  C  D, 
or  the  angle  V\  if  any  one  of  these  three 
is  given  and  the  radius  of  the  circle  is 
known,  the  area  can  be  found. 


Fig.  84. 


Also,  if  any  two  are  given,  the  raditts  can  be  found. 
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ExAMi'LK  1. — It  Uiu  dianielcr  of  the  circle  is  10  inches  and  the  chord 
of  the  segment  is  7  inches,  what  is  the  area  of  the  segment  ? 

Solution. — In  the  above  figure,  suppose  that  the  chord  A  B 
=  7  inches  and  the  diameter  =  10  inches;  draw  O  A,  O  B,  and 
a  radius  perpendicular  to  the  chord,  thus  dividing  A  B  into  two 
equal  parts  (see  Art.  70).  The  triangle  A  O  B  is  now  divided 
into  two  equal  right  triangles  A  CO  and  B  CO,  in  which  the  hypot- 
enuse =  radius  =  ^  =  5  inches,  and  one  side  A  C  =  B  C  =  I,  or 
3i  inches. 

Sin  COB  =  ~  =  ^  =  .70000,  and  angle  C0B  =  4r  26',  nearly. 

Angle  AOB  =  U°  26'  X  2  =  88°  52'.  C0  =  0Bxcos  CO  B  =  5 
X  .71407  =  3.57  inches. 

Area  of  sector  =  10-  X  .7854  X  -k^  =  19.39  sq.  in.,  nearly. 

7  X  3  57 
Area  of  triangle  = ^  "'     =  12.5  sq.  in.,  nearly. 

19.39  —  12.5  =  6.89  sq.  in.,  the  area  of  segment.     Ans. 

Example  2. — Given  the  chord  of  the  arc  of  a  segment  =  7  inches 
and  the  height  of  the  segment  =  1.43  inches,  to  find  the  radius. 

Solution. — Suppose  that  in  Fig.  85,  A  C  B  E 
is  a  circle  struck  with  the  required  radius,  that 
the  chord  A  B  =  7  inches,  and  that  the 
height  CD  of  the  segment  =  1.43  inches. 
Join  C  with  A  and  B,  and  the  right  tri- 
angle A  DC=  B DC. 

Tan  CBD  =  -^  =  w  =  -40857. 
B  D        0.5 

Angle  C  B  D  =  22°  \U' ,  nearly. 

Since  C B  D  or  its  equal  Ci?  ^  is  an  inscribed  angle  (see  Art.  66), 
it  is  measured  by  one-half  the  intercepted  arc  A  C;  hence,  the  number 
of  degrees  in  arc  A  C  =  22°  13^'  X  2  =  44°  27',  or  the  number  oT  degrees 
in  the  angle  A  O  C. 

In  the  right  triangle  ADO, 

.^      side  opposite  AD  3.5         ,.  .  ,         , 

■^O  =  — ^ y,^  ^    =  -. — .  ^-,  ^  =    r.anc,n  =  5  1^-'  nearly.     Ans. 

sm  A  O  D         sm  A  O  C      .  70029  -^ 

Note. — The  jirinciples  explained  in  the  two  preceding  examples 
may  be  used  in  solving  problems  relating  to  length  of  radius,  chord, 
sub-chord  (chord,  as  A  C,  of  half  the  arc  A  B),  height  of  segment,  etc. 
These  all  involve  the  principle  of  the  right  triangle. 
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REGULAR    POLYGOXS. 

140.  A  regular  polygon  may  be  divided  into  as 
many  equal  isosceles  triangles  as  there  are  sides,  by  drawing 
lines  from  the  center  to  the  angles.  Each  of  the  angles 
formed  at  the  center  is  equal  to  360°  divided  by  the  number 
of  sides. 

To  find  the  area  of  a  regular  polygon : 

Rule. — Multiply  together  the  nuinber  of  sides,  the  square 
of  the  length  of  a  side,  and  the  cotangent  of  one-lialf  the 
central  angle,  and  divide  the  product  by  Jf..  The  result  will 
be  the  area  of  the  regular  polygon. 

Let  A  be  the  area,  ;/  the  number  of  sides,  /  the  length  of 

a  side,  and  x  one-half  th.&  central  angle  included  between  two 

lines  drawn  from  the  center  to  the  extremities  of  a  side; 

then, 

.       n  /*  cot  X 

■A  —  : • 


Example. — What  is  the  area  of  a  regular   decagon  having  sides 
5  feet  long  ? 

Solution.— Here  n  is  10;  /  is  5  feet;  ;ir  is  ^  -f-  2  =  18" ;   cot  18° 
=  3.07768;  whence, 

nl'^cotx      10X5X5X3.07768 


A  = 


192.35  sq.  ft.     Ans. 


141.     The  area  of  a  regular  polygon  whose  sides  are 
known  may  also  be  found  in  the  following  manner : 

Rule. — Square  the  length  of  a  side  and  multiply  by  the 
proper  multiplier  in  the  subjoined  table. 


Name. 

No. 
Sides. 

Multiplier. 

Name. 

No. 
Sides. 

Multiplier. 

Equilateral 

Triangle 

Square    

3 

4 
5 
6 

7 

0.4330 
1.0000 
1.7205 
2.5981 
3.6389 

Octagon 

Nonagon 

Decagon 

Undecagon. . . . 
Dodecagon .... 

8 

9 

10 

11 

12 

4.8284 
6.1818 

Pentagon  

Hexagon 

Heptagon 

7.6942 
9.3656 

11.1960 
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Example. — What  is  the  area  of  a  rt-gular  octagon  having  sides 
8  feet  long  ? 

Solution. —  8'-  =  04;  miilliplj'ing  fi4  by  the  corresponding  tabular 
number,  4.8284,  the  area  is  found  to  be  04  X  4.8284  =  309.02  sq.  ft.  Ans. 


THK     KLLIPSB. 

142.  An  ellipse  is  a  plane  figure  bounded  by  a  curved 
line,  to  any  pt)int  of  which  the  sum  of  the  distances  from  two 
fixed  points  within,  called  the  foci,  is  equal  to  the  sum  of 
the  distances  from  the  foci  to  any  other  point  on  the  curve. 

In   Fig.   80,  let  yl   and  Jy  be   the  foci  and    let    C  and    7) 

be  any  two  points  on  the 
perimeter.  Then,  according 
to  the  above  definition,  .1  C 
-\-CB  =  AD+  DB,  and  both 
these  sums  are  also  equal  to 
the  long  diameter  F E. 

The  foci  may  be  located 
from  G  or  j9  as  a  center  by 
striking  arcs  cutting  F  £  at  A  and  B,  using  a  radius  equal 
to  one-half  of  F  E. 

The  long  diameter  of  an  ellipse,  as  F  E^  Fig.  86,  is  called 
the  major  axis  ;  the  short  diameter,  as  G  D^  is  called  the 
minor  axis. 

143.  To  find  the  periphery  (perimeter)  of  an  ellipse: 
There  is  no  exact  method,  but  the  following  formula  gives 
values  very  nearly  exact.      In  the  formula, 

-^  3.1410; 

C  =  periphery ; 

a  =  half  the  major  axis; 

b  =  half  the  minor  axis; 

b 


D  = 


a 


a  +  // 


C=.{a  +  b) 

Example. — What    is   the   periphery 
10  inches  and  4  inches  ? 


04  -'d  D' 
64  -  10  Z>'-' 

(jf  an  ellipse  whose  axes  are 
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5-2      3 

Solution. — Avplvintj  the  formula,  a  =  o,  ^  =  2,  I)  =  ^ ^  =  ^. 

'  '    -      '^  0  +  z        i 

Then.         C  =  3.1416  (5  +  2)  /'f  ~  fjy,  =  23.014  in.     Ans. 

04  —  10(^)" 

144.     To  find  the  area  of  an  ellipse: 

Rule. — TJie  area  of  an  ellipse  is  equal  to  the  product  of  its 
two  diameters  multiplied  by  . 7S'jJf.. 

Let  A  be  the  longer  diameter,  or  major  axis;  7?  the  shorter 
diameter,  or  minor  axis ;  and  5  the  area ;  then, 

Example. — What  is  the  area  of  an  ellipse  whose  diameters  are 
10  inches  and  6  inches  ? 

SonTTioN.— Applying  the  formula,  S=  .7854  A  B  -  .7854  X  10  X  6 
=  47,12  sq.  in.  area.     Ans. 


EXAMPLES    FOR    PRACTICE. 

1.  What  is  the  area  in  square  feet  of  a  rhombus  whose  base  is 
84  inches  and  whose  altitude  is  3  feet  ?  Ans.   21  sq.  ft. 

2.  One  side  of  a  room  is  16  feet  long.  If  the  floor  contains  240  square 
feet,  what  is  the  length  of  the  other  side  ?  Ans.   15  ft. 

3.  How  many  square  feet  in  a  board  12  feet  long,  18  inches  wide  at 
one  end  and  12  inches  wide  at  the  other  end  ?  Ans.  15  sq.  ft. 

4.  How  many  square  yards  of  plastering  will  be  required  for  the 
ceiling  and  walls  of  a  room  10  ft.  X  15  ft.  and  9  feet  high  ?  The  room 
contains  one  door  3i  ft.  X  7  ft.,  three  windows  3+  X  6  ft.,  and  a  base- 
board 8  inches  high.  .  Ans.  53.5  sq.  yd. 

5.  What  is  the  area  of  a  triangle  whose  base  is  10  feet  6  inches  long 
and  whose  altitude  is  18  feet  ?  Ans.  94.5  sq.  ft. 

6.  The  area  of  a  triangle  is  16  square  inches.  If  the  altitude  is 
4  inches,  what  does  the  base  measure  ?  Ans.  8  in. 

7.  The  upper  side  of  a  trapezium  is  16  inches  long  and  the  lower 
side  14  inches.  If  the  figure  be  divided  into  two  triangles  by  a  diag- 
onal whose  altitudes,  drawn  from  their  vertexes  to  the  two  given  sides 
as  bases,  are  17  inches  and  3  inches,  respectively,  what  is  the  area  of 
the  trapezium  ?  Ans.   157  sq.  in. 

8.  Find  the  area  of  a  circle  2  feet  3  inches  in  diameter. 

Ans.  3.976  sq.  ft. 

9.  A  carriage  Avheel  was  observed  to  make  71^^  turns  while  going 
300  yards.     What  was  its  diameter  ?  Ans.  4  ft.,  nearly. 
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10.  Required,  the  diameter  of  a  circle  whose  area  is  2,004  square 
inches.  Ans.  50. .11  in. 

11.  Required,  the  area  of  a  regular  pentagon  inscribed  in  a  circle 
whose  diameter  is  20  inches.  Ans.  237.77  sq.  in. 

12.  The  number  of  degrees  in  the  angle  formed  by  drawing  radii 
from  the  center  of  a  circle  to  the  extremities  of  the  arc  of  the  circle  is 
84.  The  diameter  of  the  circle  is  17  inches;  what  is  the  area  of  the 
sector?  Ans.  52.96  sq.  in. 

13.  Given,  the  chord  of  the  arc  of  a  segment  =  24  inches  and  the 
height  of  the  segment  =  6.5  inches,  to  find  (a)  the  diameter  of  the 
circle,  and  {/?)  the  area  of  the  segment.  j  {a)     28.654  in. 

•  I  {b)     109.87  sq.  in. 

14.  {a)  What  is  the  perimeter  of  an  ellipse  whose  axes  are  15  inches 
and  9  inches,  and  (b)  what  is  the  area  ?  \{a)    38.29  in. 

'  'I  (i>)     100.03  sq.  in. 

145.  To  find  the  area  of  any  plane  figure  bounded  by 
straight  or  curved  lines : 

Kule. —  The  area  of  any  plane  figure  may  be  found  by  divi- 
ding it  into  triangles,  quadrilaterals,  circles  or  parts  of  cir- 
cles, and  ellipses,  finding  tlie  area  of  ecCcJi  part  separately  and 
adding  them  together. 

Example  1. — The  diagonal  of  a  trapezium  is  15  feet.     The  altitudes 

drawn  from  the  v'ertexes  of  the  two  triangles  to  this  diagonal  as  a  base 

are  6  feet  8  inches  and  4  feet  9  inches,  respectively.     What  is  the  area 

of  the  trapezium  ? 

15  X  6|' 
Solution. —    8  inches  =  -^  foot  =  f  foot.     • — ^ —   =  50  square  feet 

=  the  area  of  one  triangle. 

9  inches  =  -f^  foot  =  f  foot.      ^ — *  =  35.63  square  feet  =  the  area 

of  the  other  triangle. 

The  area  of  the  trapezium  equals  50  +  35.63  =  85.63  sq.  ft.  -  Ans. 

Example  2. — What  is  the  area  of  a  flat  circular 
ring.  Fig.  87,  whose  outside  diameter  equals 
10  inches  and  whose  inside  diameter  equals 
4  inches  ? 

Solution. — The  area  of  the  large  circle  =  10' 
X  .7854  =  78.54  square  inches;  the  area  of  the 
small  circle  =  4-  X  .7854  =  12.57  square  inches. 

Fig.  87.  78.54  —  12.57  =  65.97  sq.  in.,  or  the  area.     Ans. 
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Example  3. — What  is  the  exact  area  in  square  inches  of  Fig.  8.s  ? 

Solution.  —  Divide  the 
figure  into  rectangles,  tri- 
angles, and  parts  of  a  circle, 
as  shown  by  the  dotted  lines, 
then  the  total  area  equals 
8-inch  circle  —  4-inch  cir- 
cle —  segment  A  B  +  rect- 
angle A  B  G  F-\-  2  times  the 
triangle  C  D  E  +  2  times  the 
triangle  B  S  T  +  2  times 
the  rectangle  D  E  S  B 
+  the  rectangle  H I K  L 
-f  2  times  the  rectangle 
L  M  N  B  +  2  times  the 
triangle  M  O  N. 

8-^  X  .7854  =  50.27 d"- 
A'  X  .7854  =  12.57  d". 

The  chord  ^5"  =  3  inches 
and  the  radius  of  the  circle 
=  4  inches ;  hence,  the  sine 
of    one-half    the    angle     at 

1  5 
center  =  -jr-  =  .375,  and  one- 
half     the    angle    at    center 
=  22"    r   27",    or    angle    at 

center  =  44°  2'  54"  =-  44.05" 


^-^H 


44  05 
Area  of  sector  =  50.27  X  -tttttt  =  6.15  a  ". 

obO 


The  altitude  of  the  triangle  =  4  X  cos  22=  1'  27"  =  3.71  inches. 

3  71  X  3 

The  area  of  the  triangle  =  — — ^ =  5.56  n  ". 

The  area  of  the  segment  =  6.15  —  5.56  =  0.59  n  ". 

The  area  of  the  rectangle  A  BG  F=  (15  -  3.71)  X  3  =  33.87  n  ". 

In  the  triangle  C  D  E, 

tanC  =  ^  =  .57143  =  -^  =  ^. 


Hence, 


CD 


.57143 


.875  inch. 


The  area  of  the  triangle  C  D  E  = 


!7o  X  -o 
2 


.22  D  ",  nearly. 


00 


X  2  =  .44d"  =  twice  the   area   of  the   triangle   C D E.     Since, 
in    the    triangle   B  S  T,    B  S  is    perpendicular    to    C  B    and   7" .?  is 
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perpendicular   lo   C /',  the  angle  .V  =  angle  C";    hence,  Ian  S  =  .'u\A'ii 

=  -7^-—-  =  — ^r-  :  therefore,  A'  T  —  .57143  X  .5  =  .29  inch,  nearly. 
S  R         .0 

Area  R  S  T-.z        ^f      =  .07 a  ",  nearly. 

Twice  the  area  of  the  triangle  ^  .S'  r=  .07  X  2  =  .14n  ". 

Since  tan  C=  .57143,  C  =  29°  44'  42". 

In   the  rectangle   DESR,   D  R  =  C  T -  (C D  +  R  T).      But    CT 

5  5 

=  -; — ^r^o  ..,  .^,,  —  -TKTZT-.  ~  10. OH  inches, 
sin  29°  44  42"       .49614 

CZ>  + V?  r=  .875  +  .29  =  1.16.      /; /e  =  10.08  -  1.16  =  8.92.      8.92 

-T-  2  =  4.46  n  "  =  the  area  of  D  E  S  R. 

Twice  the  area  of  the  rectangle  /-»  /•;  ^'  A'  =  4.46  X  2  =  8.92  a  ". 

The  area  of  the  rectangle  /// A' A  =  14,  X  U  =  21  a". 

The  area  of  the  rectangle  L  MNP  =  i — '^ —  j  x3  =  Ux3  =  4iD"; 

and  4i  x  2  =  9  n  ". 

The  area  of  the  triangle  MO  N=  ( — ^  x  sW  2  =  1.5d". 

Twice  the  area  of  the  triangle  MO  iV=  1.5  inches  X  2  =  3  □  ". 
Then,  50.27  +  33.87  +  0.44  +  0.14  +  8.92  +  21  +  9  +  3  =  126. 64 d". 
12.57 +  0.59  =  13. 16  n".     126.64-  13.16  =  113.48  n". 
Therefore,  the  area  of  the  figure  =  113.48  □  ".     Ans. 


THE    MENSURATION    OF    SOLIDS. 

146.  A  solid,  or  body,  has  three  dimensions:  length, 
breadth,  and  thickness.  The  sides  which  enclose  it  are 
called  the  faces  and  their  intersections  are  called  edges. 

147.  The  entire  surface  of  a  solid  is  the  area  of  the 
whole  outside  of  the  solid,  including  the  ends. 

148.  The  convex  surface  of  a  solid  is  the  same  as  the 
entire  surface,  except  that  the  areas  of  the  ends  are  not 
included. 

149.  The  volume  of  a  solid  is  expressed  by  the  num- 
ber of  times  it  will  contain  another  volume,  called  the  unit 
of  volume.  Instead  of  the  word  volume^  the  expression 
cubical  contents  is  frequently  used. 
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THE   PKISM     AXI>   CYLIXnKU. 

150.  A  prism  is  a  solid  whose  ends  are  equal  polygons 
and  parallel  to  each  other  and  whose  sides  are  parallelo- 
grams. 


151.     A   parallelopipedon,    Fig.    89,    is   a 

prism  whose  bases  (ends)  are  parallelograms. 


Fig.  89. 


152.     A  cube.  Fig.  90,  is  a  parallelopipedon 
whose  faces  and  ends  are  squares. 


Fig.  90. 


153.  The  cube,  whose  edges  are  equal  to  the  unit  of 
length,  is  taken  as  the  unit  of  volume  when  finding  the 
volume  of  a  solid. 

Thus,  if  the  unit  of  length  is  1  inch,  the  unit  of  volume 
will  be  the  cube  each  of  whose  edges  measures  1  inch,  or 
1  cubic  inch;  and  the  number  of  cubic  inches  the  solid  con- 
tains will  be  its  volume.  If  the  unit  of  length  is  1  foot,  the 
unit  of  volume  will  be  1  cubic  foot,  etc.  Cubic  inch,  cubic 
foot,  and  cubic  yard  are  abbreviated  to  cu.  in.,  cu.  ft.,  and 
cu.  yd.,  respectively. 

154.  Prisms  take  their  names  from  their  bases.  Thus, 
a  triangular  prism  is  one  whose  bases  are  triangles;  a  pen- 
tagonal prism  is  one  whose  bases  are  pentagons,  etc. 


155.     A  cylinder.  Fig.  91,  is  a  round  body  of 
uniform  diameter  with  circles  for  its  ends. 


Fig.  91. 
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1  56.  A  rijLjht  prism,  or  rijilit  cylinder,  is  one  whose 
center  line  (axis)  is  perpendicular  to  its  base.  In  this  section 
all  of  the  solids  will  be  considered  as  having  their  center 
lines  perpendicular  to  their  bases. 

157.  The  altitude  of  a  prism  or  cylinder  is  the  per- 
pendicular distance  between  its  two  ends. 

158.  To  find  the  area  of  the  convex  surface  of  any  right 
prism,  or  right  cylinder: 

Rule. — Multiply  the  perimeter  of  the  base  by  the  altitude. 

Let  /  be  the  perimeter  of  the  base,  h  the  altitude,  and 
S  the  convex  surface ;  then, 

S  =  ph. 

Example  1. — In  a  right  prism  whose  base  is  a  square,  one  side  of 
which  is  9  inches  and  whose  altitude  is  16  inches,  what  is  its  convex 
area  ? 

Solution. —  9  X  4  =  36  =  the  perimeter  of  the  base.  Applying 
the  formula, 

5  =/  /^  =  36  X  16  =  576  □  ",  the  convex  area.     Ans. 

To  find  the  entire  area,  add  the  areas  of  the  two  ends  to 
the  convex  area: 

E.x AMPLE  2. — What  is  the  entire  area  of  the  parallelopipedon  men- 
tioned in  the  last  question  ? 

Solution.— The  area  of  one  end  =  9^  =  81  d  ".  81  X  2  =  162  d  ",  or 
the  area  of  both  6nds.  576  -I-  162  =  738  n  ",  the  entire  area  of  the  par- 
allelopipedon.    Ans. 

Example  3. — What  is  the  entire  area  of  a  right  cylinder  whose  base 
is  16  inches  in  diameter  and  whose  altitude  is  24  inches  ? 

Solution. —  16  X  3.1416  =  50.27  inches,  or  the  perimeter  (circum- 
ference) of  the  base.     50.27  X  24  =  1,206.48  d  ",  the  convex  area. 

16'^  X  .7854  X  2  =  402.12  d  ",  the  area  of  the  ends. 

1,206.48  -f-  402.12  =  1,608.6  □  ",  the  entire  area.     Ans. 

159.  To  find  the  volume  of  a  right  prism,  or  cylinder: 

Rule. —  The  volume  of  any  right  prism  or  cylinder  equals 
the  area  of  the  base  multiplied  by  the  altitude. 
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Let  A  be  the  area  of  the  base,  k  the  altitude,  and  V  the 

volume;  then, 

V=A/l 

If  the  given  prism  is  a  cube,  the  three  dimensions  are  all 
equal  and  the  volume  equals  the  cube  of  one  of  the  edges. 
Hence,  if  the  volume  is  given,  the  length  of  an  edge  is  found 

by  extracting  the  cube  root. 

V 
If  the  volume  and  area  are  given,  the  altitude  =  -r.      If 

A 

the  cylinder  or  prism  is  hollow,  the  volume  is  equal  to  the 

area  of  the  ring  or  base  multiplied  by  the  altitude. 

Example  1. — What  is  the  volume  of  a  rectangular  prism  whose  base 
is  6  in.  X  4  in.  and  whose  altitude  is  12  inches  ? 

Solution. — The  base  of  a  rectangular  prism  is  a  rectangle.  Hence, 
6x4=  24 a",  the  area  of  the  base.  Applying  the  formula  V—Ah 
=  24  X  12  =  288  cu.  in.,  or  the  volume.     Ans. 

Example  2.— What  is  the  volume  of  a  cube  whose  edge  is  9  inches  ? 
Solution. —    9-'  =  9  x  9  x  9  =  729  cu.  in.,  the  volume.     Ans. 

Example  3. — What  is  the  volume  of  a  cylinder  whose  base  is 
7  inches  in  diameter  and  whose  altitude  is  11  inches  ? 

Solution.—  7-  x  .7854  =  88.48  d  ",  the  area  of  the  base.  Applying 
the  formula,   V=  Ak  =  38.48  X  H  =  423.28  cu.  in.,  the  volume.     Ans. 


THE   PYRAMID  AND   CONE. 

160.  A  pyramid,  Fig.  92,  is  a  solid 
whose  base  is  a  polygon  and  whose  sides 
are  triangles  uniting  at  a  common  point 
called  the  vertex. 


Fig.  92. 


161.  A  cone.  Fig.  93,  is  a  solid  whose 
base  is  a  circle  and  whose  convex  surface 
tapers  uniformly  to  a  point  called  the  vertex. 


Fig.  93. 
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lt>2.  The  altitude  of  a  pyramid  or  cone  is  the  perpen- 
dicular distance  from  the  vertex  to  the  base. 

1  B3.  The  slant  liei}j:lit  of  7i pyramid  is  a  line  drawn 
from  the  vertex  perpendicular  to  one  of  the  sides  of  the 
base.  The  slant  height  of  21.  cone  is  any  straight  line  drawn 
from  the  vertex  to  the  circumference  of  the  base. 

164.  To  find  the  area  of  a  right  pyramid  or  right. 
cone : 

Rule. —  Tlie  convex  area  of  a  right  pyramid  or  cone  equals 
the  perimeter  of  the  base  multiplied  by  one-half  the  slant 
height. 

'Let  p  be  the  perimeter,  s  the  slant  height,  and  C  the  con- 
vex area;  then, 

2' 

Example  1. — What  is  the  convex  area  of  a  pentagonal  pyramid,  if 
each  side  of  the  base  measures  6  inches  and  the  slant  height  equals 
14  inches  ? 

Solution. — The  base  of  the  pentagonal  pyramid  is  a  pentagon,  and, 
consequently,  it  has  five  sides. 

6  X  5  =  ^0  inches,  or  the  perimeter  of  the  base. 

Applying  the  formula, 

^      /J      30  X  14       „^^    „    ,,  .      . 

C  —  ^-^  =  — 3 —  =  210  D    ,  the  convex  area.     Ans. 

Example  2. — What  is  the  entire  area  of  a  right  cone  whose  slant 
height  is  17  inches  and  whose  base  is  8  inches  in  diameter  ? 
Solution. —    8  x  3.1416  =  25.1328  inches,  the  perimeter. 

25.1328  X  ¥  =  213.63  n  ",  the  convex  area. 
8^  X  .7854  =    50.27  d  ",  the  area  of  base. 


Smn  =  263.90  d  ",  the  entire  area.     Ans. 

165.     To  find  the  volume  of  a  right  pyramid  or  cone: 

Rule. —  The  volume  of  a  right  pyramid  or  cone  equals  the 
area  of  the  base  multiplied  by  one-third  of  the  altitude. 
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Let  .i   be  the  area  of  the  base,  /i  the  altitude,  and   V  the 
volume;  then. 


V  = 


Ah 
3  ■ 


If  the  base  of   the   pyramid  is  a  regular  polygon,  its  area 
may  be  found  by  the  rules  in  Arts.  140  and  141  = 

Example,!. — What  is  the  v(jlume  of  a  triangular  pyramid,  the  edges 
of  whose  base  each  measure  6  inches  and  whose  altitude  is  8  inches  ? 

SoLUTiox. — The  base  is  an  equilateral  triang'e,  hence,  applying  the 
rule   in   Art.    1-1:1,    the  area   is   6- X -433 -- 15.59  □  ".      Applying  the 

formula, 

,^      A  k       15.59  X  8        .^  .^         .  . 

K=  —zr—  =  :^ •  =  41.0  (  cu.  in.     Ans. 


Ex.\MPLE  2. — What  is  the  volume  of  a  cone  whose  altitude  is 
18  inches  and  whose  base  is  14  inches  in  diameter  ? 

SoLUTiox. —  14-  X  .'('854  =  153.94  u  ",  the  area  of  the  base.  Apply- 
ing the  formula. 

Ah      153.94x18 


V-- 


3 


=  933.64  cu.  in.,  the  volume.     Ans. 


THE  FRUSTUM  OF  A  PYRAMID  OR  CONE. 


166.  If  a  pyramid  be  cut  by  a  plane  paral- 
lel to  the  base,  as  in  Fig.  94,  so  as  to  form  two 
parts,  the  lower  part  is  called  the  frustum  of 
the  pyramid. 


/\ 

/\ 

T        \    \ 

1 

11           \     \ 

\ 

'             ^    \ 

\    , 

i             '  \ 

V 

Fig.  94. 


167.  If  a  cone  be  cut  in  a  similar  manner, 
as  in  Fig.  95,  the  lower  part  is  called  the  frus- 
tum of  the  cone. 


Fig.  95. 


.1/.  E.      J.— 20 
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168.  The  upper  end  of  the  frustum  of  a  pyramid  or 
cone  is  called  the  upper  base,  and  the  lower  end  the 
l<>>ver  base.  The  altitude  of  a  frustum  is  the  perpen- 
dicular distance  between  the  bases. 

169.  To  find  the  convex  area  of  a  frustum  of  a  right 
pyramid  or  right  cone: 

Rule. —  TJie  convex  area  of  a  friistujii  of  a  right  pyramid 
or  right  cone  equals  one-half  the  sum  of  the  perimeters  of  its 
bases  multiplied  by  the  slant  height  of  the  frustum. 

Let  p  be  the  perimeter  of  the  lower  base,  /'  that  of  the 
upper  base,  s  the  slant  height,  and  C  the  convex  area;  then, 


C 


=  {"¥-) 


Example  1. — Given,  the  frustum  of  a  triangular  pyramid,  in  which 
each  side  of  the  lower  base  measures  10  inches,  each  side  of  the  upper 
base  measures  6  inches,  and  whose  slant  height  is  9  inches ;  find  the 
convex  area. 

Solution. —  10  inches  X  3  =  30  inches,  the  perimeter  of  the  lower 
base. 

6  inches  X  3  —  18  inches,  the  perimeter  of  the  upper  base. 
Applying  the  formula, 

C=  I  )  ^—  — o X  9  =  216  a  " ,  the  convex  area.     Ans. 

Example  2. — If  the  diameters  of  the  two  bases  o^  a  frustum  of  a 
cone  are  12  inches  and  8  inches,  respectively,  and  the  slant  height  is 
12  inches,  what  is  the  entire  area  of  the  frustum  ? 

(12X3.1416) +  (8x3.1416)      ,„      „r,«  ^«     „     , 
Solution.—     ^ — '7^^      -'  x  13  =  376.99  d  ",  the  area 

of  the  convex  surface. 

82X  .7854  =  50.27  0". 
122  X. 7854  =  113.1  d". 
113.1  4-  50.27  =  163.37  a  ",  the  area  of  the  two  ends. 
376.99  +  163.37  =  540.36  c  ",  the  entire  area  of  the  frustum.     Ans. 

170.  To  find  the  volume  of  the  frustum  of  a  pyramid  or 
cone: 

Rule. — Add  the  areas  of  the  upper  base,  the  lower  base, 
and  the  square  root  of  the  produet  of  the  areas  of  the  two 
bases;    multiply  this  sum  by  one-third  of  the  altitude. 


GEOMETRY   AND    TRIGONOMETRY. 


296^ 


Let  A    be  the   area  of    lower   base,  a  the  area  of    upper 
base,  /i  the  altitude,  and  T' the  volume;  then, 

V  ={A+a+  i/Aa)  | 

If  the  base  is  a  regular  polygon,  the  area  maj^  be  found  by 
the  rules  in  Arts.  1 40  and  141. 

Example  1. — Given,  a  frustum  of  a  hexagonal  pyramid,  each  edge 
of   the  lower  base  measuring  8  inches  and  each 
edge  of  the  upper  base  o  inches,  and  whose  alti- 
tude is  14  inches,  what  is  its  volume  ? 

Solution. — A  hexagonal  pyramid  is  one  whose 
base  is  a  regular  hexagon,  as  shown  in  Fig.  96. 
Hence,  using  the  formula  in  Art.  140, 

7/  /-^  cot  -r      6  X  8  X  8  X  1. 73205 


A 


=  166.28  a". 


In  a   similar  way,   find  the  area  of  the  upper 
base  to  be  64.95  n  ".     Then,  applying  the  formula. 


Fig.  90. 


166.28  +  64.95  +  4/I66.28  X  64.95  =  166.28  +  64.95  +  103.92  =  335.15. 
335.15  X  -^^  =  1,564.03  cu.  in.  =  the  volume.     Ans. 

Example  2. — What  is  the  volume  of  a  frustum  of  a  cone  whose 
upper  base  is  8  inches,  the  lower  base  is  12  inches  in  diameter,  and 
whose  altitude  is  15  inches  ? 

Solution. — The  area  of   the    upper  base  is  8-  X  .7854  =  50.27  n". 
The  area  of  the  lower  base  is  12-  X  .7854  =  113.1  □  ",  nearly. 
The  square  root  of  their  product  is  4/50.27  X  113.1  =  75.4. 

50.27  +  113.1  +  75.4  =  238.77. 


338.7 


7XV 


1,193.85  cu.  in.,  the  volume.     Ans. 


Fig.  97. 


THE     SPHERE. 

171.  A  sphere.  Fig.  97,  is  a  solid 
bounded  by  a  uniformly  curved  surface, 
every  point  of  which  is  equally  distant  from 
a  point  within,  called  the  center. 

The  word  ball  is  commonly  used  instead 
of  sphere. 
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17  2.     T"  find  the  area  of  the  stirfare  of  a  sphere: 

Wule. —  TJic  area  of  the  sui-facc  of  a  sphere  equals  the 
square  of  the  diameter  multiplied  by  'i.  UfH'). 

Let  5  be  the  surface  and  d  the  diameter;  then, 

S^-  d\ 

Example. — What  is  the  area  of  the  surface  of  a  sphere  whose  diam- 
eter is  14  inches? 

Solution. — Applying  the  formula,  5  =  7r^-=  3.1416  X  14-  =  3.141(i 
X  14  X  14  =  615.75  n  ",  the  area.     Ans. 

1  73.     To  find  the  volume  of  a  sphere: 

Kule. — TJie  volume  of  a  sphere  equals  the  cube  of  the 
diameter  multiplied  by  .5236. 

Let  F  be  the  volume  and  d  the  diameter;  then, 

V=\-d'  =  .52:30  d\ 

Example. — What  is  the  weight  of  a  lead  cannon  ball  12  inches  in 
diameter,  a  cubic  inch  of  lead  weighing  .41  pound  ? 

Solution.— Applying  the  formula,  /'  =  .~)2md^  =  .5236  X  12  X  12 
X  13  =  904.78  cubic  inches,  the  volume  of  the  ball.  904.78  X  .41 
.-  870.90  lb.     Ans. 

The  volume  of  a  spherical  shell  or  hollow  sphere  is  equal 
to  the  difference  in  volume  between  two  spheres  having  the 
outer  and  inner  diameters  of  the  shell. 

1  74.     To  find  the  diameter  of  a  sphere  of  known  volume: 

Rule. — Divide  the  volume  by  .5236  and  extract  the  cube 
root  of  the  quotient.      The  result  is  the  diameter. 


Example. — The  volume  of  a  sphere  is  96.1   cubic  inches.     What  is 
its  diameter  ? 

Solution. — Applying  the  formula. 


d  =  i/ TW.  =■  1/ -S4.  =  1-2407  ^^96.1  =  5.68  I-  in.     Ans. 
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THE   CYLINDKICAL   KING. 

1  75.  If  any  solid  be  sliced  in  pieces  whose  adjacent  sur- 
faces are  flat,  any  piece  is  called  a  plane  ^>ection  of  the  solid. 

Plane  sections  are  divided  into  three  classes  :  Longitu- 
dinal sections,  cross-sections,  and  right  sections.  A  lonjj:i- 
tudinal  section  is  any  plane  section  taken  lengthwise 
through  the  solid.  Any  other  plane  section  is  called  a 
cross-section.  If  the  surface  exposed  by  taking  a  plane 
section  of  a  solid  is  perpendicular  to  the  center  line  of  the 
solid,  the  section  is  called  a  right  section.  The  surface 
exposed  by  any  longitudinal  section  of  a  cylinder  is  a  rect- 
angle. The  surface  exposed  by  a  right  section  of  a  cube  is 
a  square ;  of  a  cylinder  or  cone,  a  circle ;  an  oblique  cross- 
section  of  a  cylinder  is  an  ellipse.  The  lower  half  of  a  right 
section  of  a  cone  or  pyramid  is  called  a  frustum  of  the  cone 
or  pyramid. 

176.  To  find  the  convex  area  of  a 
cylindrical  ring: 

A  cylindrical  ring  is  a  cylinder 
bent  to  a  circle.  The  altitude  of  the 
cylinder  before  bending  is  the  same  as 
the  length  of   the   dotted  center  line  D, 

Fig-  98. 

177.  The  base  will  correspond  to  a  cross-section  on 
the  line  A  B  drawn  from  the  center  O.  Hence,  to  find 
the  convex  area,  multiply  the  circumference  of  an  imagi- 
nary cross-section  on  the  line  A  B  by  the  length  of  the 
center  line  D. 

Example. — A  piece  of  round-iron  rod  is  bent  into  circular  form  to 
make  a  ring  for  a  chain  ;  if  the  outside  diameter  of  the  ring  is  12  inches 
and  the  inside  diameter  is  8  inches,  what  is  its  convex  area  ? 

Solution. — The  diameter  of  the  center  circle  equals  one-half  the 

sum  of  the  inside  and  outside  diameters  =  -^^ —  =  10,  and  10  X  3.1416 

=  31.416  inches,  the  length  of  the  center  line.  The  radius  of  the  inside 
circle  is  4  inches,  of  the  outside  circle  6  inches;  therefore,  the  diameter 
of  the  cross-section  on  the  line  AB  is  2  inches.  Then,  2x3.1416 
=  6.2832  inches,  and  6.2832x31.416  =  197.4  d    ,or  the  convex  area.    Ans. 
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178.     To  find  the  volume  of  a  cylindrical  ring:    . 

The  volume  %vill  be  the  same  as  that  of 
a  ey Under  zvhose  altitude  equals  the  length 
of  the  dotted  eenter  line  D,  Fig.  99.  and 
ivliose  base  is  the  same  as  a  cross-section  of 
the  ring  on  the  line  A  B,  drawn  from  the 
colter  O.  Iloiee,  to  find  the  volume  of  a 
cylindrical  ring,  multiply  the  area  of  an 
'°'  '"^  ■  imaginary  cross-section  on  a  line  A  B  by 

the  length  of  the  center  line  D. 

Example. — What  is  the  volume  of  a  cylindrical  ring  whose  outside 
diameter  is  12  inches  and  whose  inside  diameter  is  8  inches  ? 

Solution. — The  diameter  of  the  center  circle  equals  one-half  the 

12  +  8 
sum  of  the  inside  and  outside  diameters  =  — ^^-^ — —  10. 

10  X  3.1416  =  31.416  inches,  the  length  of  the  center  line. 

The  radius  of  the  outside  circle  =  6  inches,  of  the  inside  circle 
=  4  inches ;  therefore,  the  diameter  of  the  cross-section  on  the  line  A  B 
=  2  inches. 

Then,  2-  X  .7854  =  3.1416  a  ",  the  area  of  the  imaginary  cross-section. 

And  3.1416  X  31.416  =  98.7  cu.  in.,  the  volume.     Ans. 


EXAMPLES    FOR    PRACTICE. 

1.  Find  the  weight  of  an  iron  bar  16  feet  long  and  2  inches  in  diam- 
eter, the  weight  of  iron  being  taken  at  .28  pound  per  cubic  inch. 

Ans.   168.89  1b. 

2.  AVhat  is  the  area  of  the  entire  surface  of  a  hexagonal  prism 
12  inches  long,  each  edge  of  the  base  being  1  inch  long  ? 

Ans.  77.196  sq.  in. 

3.  What  is  the  volume  of  a  triangular  pyramid,  one  edge  of  whose 
base  measures  3  inches  and  whose  altitude  is  4  inches  ?    Ans.  5.2  cu.  in. 

4.  Find  the  volume  of  a  cone  whose  altitude  is  12  inches  jand  the 
circumference  of  whose  base  is  31.416  inches.  Ans.  314.16  cu.  in. 

5.  A  round  tank  is  8  feet  in  diameter  at  the  top  (inside)  and  10  feet 
at  the  bottom.  If  the  tank  is  12  feet  deep,  how  many  gallons  will  it 
hold,  there  being  231  cubic  inches  in  a  gallon  t  Ans.  5,734.2  gal. 

6.  Required,  the  area  of  the  convex  surface  of  the  frustum  of  a 
square  pyramid  whose  altitude  is  16  inches,  one  side  of  the  lower  base 
being  28  inches  long  and  of  the  upper  base  10  inches.  Ans.  1,395.18  sq.  in. 

7.  What  is  the  volume  of  a  sphere  30  inches  in  diameter  ? 

•  Ans.  14.137.2  cu.  in. 
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8.  How  many  square"  inches  in  the  surface  of  the  sphere  of 
example  7  ?  Ans.  2,827.44  sq.  in. 

9.  Required,  the  area  of  the  convex  surface  of  a  circular  ring,  the 
outside  diameter  of  the  ring  being  10  inches  and  the  inside  diameter 
7^  inches.  Ans.  107.95  sq.  in. 

10.  Find  the  cubical  contents  of  the  ring  in  the  last  example. 

Ans.  33.734  cu.  in. 

11.  The  volume  of  a  sphere  is  606.132  cubic  inches;  required,  the 
area  of  the  convex  surface  of  a  cone  whose  slant  height  is  10  inches  and 
the  diameter  of  whose  base  is  the  same  as  the  diameter  of  the  sphere. 

A.ns.   164.934  sq.  in. 

12.  What  is  the  volume  of  the  frustum  of  example  6  ? 

Ans.  6,208  cu.  in. 


B^ 


C 


Fig.  100. 


PROJECTIONS. 

1  79.  If  perpendiculars  be  drawn  from  the  extremities 
of  a  line,  as  A  B,  Fig.  100,  or 
Fig.  102,  to  another  line,  as  UK, 
as  shown  in  the  figures,  that 
portion  of  //  K  included  be- 
tween the  foot  of  each  perpen- 
dicular is  called  the  projection 
of  ^  ^  upon  HK.  Thus,  CD 
is  the  projection  oi  A  B  upon 
H K,  the  point  C  is  the  projec- 
tion of  the  point  A  upon  H K,  and  the  point  D  is  the  projec- 
tion of  the  point  B  upon  H  K. 

The  projection  of  any  point  of  A  B,  as  E,  can  be  found  by- 
drawing  a  perpendicular  from  E  to  H K,  and  the  point  where 
this  perpendicular  intersects //A' is  its  projection;  in  this 
case  the  point  E  is  the  projection  of  the  point  E  upon  H  K. 

From  the  foregoing  it  is  evident  that 
the  projection  of  any  straight  line  upon 
another  line  is  found  by  considering  the 
inclined  line  as  the  hypotenuse  of  a 
right  triangle,  as  A  B,  Fig.  101,  so  that 
the  projected  length  may  be  found  by 
multiplying  the  hypotenuse  by  the 
Fig.  101.  cosine  of  the  angle  that  it  makes  with 
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the  other  line;  thus,  A  J)  is  the  projection  of  A  B  upon 
the  horizontal  line  A  C  and  />  D  is  its  projection  on  a 
vertical  line. 

It  makes  no  difference 
whether  a  line  is  straight 
or  curved,  the  method  of 
finding  the  projection  is 
exactly  the  same. 

In  a  similar  way,  a  sur- 
face is  projected  upon  a 
flat  surface. 

Thus,  it  is  desired  to  project  the  irregular  surface  a  b  d  c, 
Fig.  103,  upon  the  flat 
surface  ABDC.  Draw 
the  lines  aa\  b  b'  perpen- 
dicular to  the  flat  surface ; 
join  the  points  a'  and  b' 
where  these  perpendicu- 
lars intersect  the  flat  sur- 
face A  B  D  Chy  2i  straight 
line  a'  //,  and  a'  b'  is  the 
projection    of    a  b    upon  '    " 

ABDC.  The  projection  of  the  surface  abdc  upon  the 
plane  A  B  D  C  'v&\xi  this  case  the  quadrilateral  a'  b'  d'  c'. 


SYMMETRICAI.  AND   Sl.MILAR    FIGURES. 

1  8().     An  axis  of  symmetry  is  any  line  so  drawn  that, 

if  the  part  of  the  figure  on  one  side  of 
the  line  be  folded  on  this  line,  it  will 
coincide  exactly  with  the  other  part, 
point  for  point  and  line  for  line.  Thus, 
in  Fig.  104,  if  the  upper  half  be  folded 
over  on  the  diameter  C  D,  it  will  coin- 
cide exactly  with  the  lower  half;  also, 
if  the  part  on  the  right  of  the  diam- 
eter A  B  be  folded  over  on  A  B,  it  will 
coincide  exactly  with  the  part  on  the  left  of  this  line. 
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It  is  evident  from  the  above   that  a  cirele    may  liave  any 
number  of  axes  of  symmetry.      In  eertain  cases,  however,   a 
figure   may  be  symmetrical    with  regard    to   only  one  axis. 
Thus,  the  isosceles  triangle  A  B  C,  Fig.  105, 
is  symmetrical  with  regard  to  the  axis  B  D, 
because  the  part  BCD  would  coincide  with 
the  part  B  A  D\i  folded  over  on  the  line  B  D;  / 

but    no    other    axis    of    symmetry   could    be         / 
drawn.      A  rectangle   has  two  axes  of  sym-       / 
metry    at    right    angles    to    each    other.      A  ^         ~ 

hexagon   has  six  axes  of  symmetry.  ^'"'  ^"''' 

181.  Similar  figures  are  those  which  are  alike  in 
form.  As  in  the  case  of  triangles,  which  have  been  con- 
sidered, two  figures,  to  be  similar,  must  have  their  corre- 
sponding sides  in  proportion,  and  the  angles  of  one  equal  to 
the  corresponding  angles  of  the  other.  Any  two  circles  or 
any  two  regular  polygons  of  the  same  number  of  sides  are 
similar. 

182.  The  areas  of  two  similar  figures  are  to  each  other 
as  the  squares  of  any  one  dimension.  Thus,  a  parallelo- 
gram 10  inches  long  and  4  inches  wide  contains  40  square 
inches.  A  similar  parallelogram  20  inches  long  would  be 
8  inches  wide  and  would  contain  160  square  inches,  while 
the  two  areas  would  be  to  each  other  as  the  squares  of  the 
corresponding  sides  of  the  parallelograms.      That  is, 

40  :  160  =  10'  :  20% 
or     '  40  :  160  =    4'  :     8\ 

Example. — A  circle  10  inches  in  diameter  contains  78.54  square 
inches;  what  is  the  area  of  one  12  inches  in  diameter  ? 

Solution. — Let  .r  =  the  area  of  the  larger  circle.     Then, 

78  54  V  144 
78.54  :  x  =  W-  :  12^,  or  .r  =  /^  =  113.0976  sq.  in.     Ans. 

1 83.  The  cubical  contents  (and  weights)  of  similar 
solids  are  to  each  other  as  the  calces  of  any  one  dimension. 

ExAAiPLE  1. — If  a  cast-iron  ball  9  inches  in  diameter  weighs 
100  pounds,  what  would  one  15  inches  in  diameter  weigh  ? 
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Solution.—  100  :  .r  =  9'  :  15», 

or      x= j^^^rj-^ — '-  —  463.96  lb.,  the  weight  ot  larger  ball.     Ans. 

Example  2. — A  regular  hexagon  has  sides  5  inches  long;  how  much 
greater  will  the  area  of  another  regular  hexagon  be  whose  sides  are 
30  inches  long  ? 

Solution. —  30  -h  5  =  6,  or  the  length  of  a  side  of  a  30-inch  hexa- 
gon is  6  times  as  great  as  the  length  of  a  side  of  a  5-inch  hexagon ;  the 
area  will  be  6'  =  36  times  as  great.     Ans. 

This  example  may  also  be  solved  by  letting  1  represent  the  area  of 
the  5-inch  hexagon.     Then, 

1  :  .r  =  52  :  30',  or  .r  =  ^  =  36. 

184.     The  principles  given  in  Arts.   182  and  183  are 

extremely  iiseftil  and  find  many  applications  in  practice, 
especially  in  drafting-room  practice.  Draftsmen  almost 
invariably  make  their  drawings  to  scale,  as  it  is  termed ; 
that  is,  the  size  of  the  paper  they  are  using  prevents  them 
from  drawing  the  machine  or  other  object  full  size,  and  they 
are  obliged  to  draw  them  one-half  size,  one-quarter  size,  one- 
twelfth  size,  etc.  ;  in  other  words,  each  line  or  dimension  on 
the  draAving  is  |,  |,  -^^,  etc.  the  length  of  the  corresponding 
line  or  dimension  on  the  object.  For  example,  the  object 
represented  in  Fig.  88  is  only  \  the  actual  size,  i.  e.,  the 
length  of  each  line  or  dimension  in  the  cut  is  only  \  as  long 
as  it  would  be  were  the  drawing  made  full  size.  Suppose 
there  were  no  dimensions  given,  but  we  kii[ew  that  the 
drawing  was  \  the  actual  size,  and  we  Avanted  to  know  the 
actual  area  of  the  figure.  AVe  could  measure  such  lines  and 
dimensions  as  were  necessary  and  calculate  the  area  of  the 
figure  as  represented  on  the  drawing.  Then,  knowing  that 
this  figtn^e  is  similar  in  otitline  to  the  object  itself,  and  that 
any  line  or  dimension  on  the  object  is  8  times  as  long  as  the 
corresponding  line  or  dimension  on  the  drawing,  we  could 
find  the  area  of  the  object  by  multiplying  the  area  of  figure 
by  8\  or  64.  The  multiplier  8^  is  obtained  from  the  pro- 
portion (see  Art.   182), 

area  of  figure  :  actual  area  of  object  =  V  :  8°, 
or  actual  area  of  object  =  64  X  area  of  figure. 
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From  the  foregoing,  it  will  be  readily  seen  that  if  we 
know  the  area  of  any  figure,  no  matter  what  its  shape,  the 
area  of  any  similar  figure  may  be  found  by  finding  the  ratio 
of  any  two  lines  or  dimensions  similarly  placed  and  squaring 
the  ratio.  Also,  if  the  volume  of  any  solid  is  known,  the 
volume  of  a  similar  solid  may  be  found  by  finding  the  ratio 
of  any  two  lines  or  dimensions  similarly  placed  and  cubing' 
the  ratio.  For  example,  suppose  the  area  of  a  certain  figure 
is  known  to  be  1,024  square  inches  and  it  is  desired  to  find 
the  area  of  a  similar  figure,  the  ratio  of  any  two  correspond- 
ing dimensions  being  5  :  4  or  1^  :  1.  The  area  desired  is 
obtained  by  multiplying  the  known  area  by  (H)",  or  by 
squaring  the  ratio  5  :  4,  obtaining  2o  :  10  ;  putting  this  in  the 

25 
fractional  form—-,  and  multiplving  1,024  by  this  fraction,  we 
16 

25 

get  1,024  X  zr-.  =  1,600  square  inches. 
10 

Again,   if    the  volume    of    a   certain  soHd   is  known,   the 

volume  of  a  similar  solid  that  is,  say,  with  dimensions  ^  as 

large,    may  be    readily    found    by    multiplying    the    known 

volume  by  {^Y  =  gV- 


ELEMENTARY  MECHANICS. 


MATTER  AND  ITS  PROPERTIES 


DEFINITIONS. 

828.  Matter  is  anything  that  occupies  space.  It  is 
the  substance  of  which  all  bodies  are  composed.  Matter  is 
composed  of  molecules  and  atoms. 

829.  A  molecule  is  the  smallest  portion  of  matter  that 
can  exist  without  changing  its  nature. 

830.  An  atom  is  an  indivisible  portion  of  matter. 
Atoms  unite  to  form  molecules,  and  a  collection  of  mole- 
cules form  a  mass  or  body. 

A  drop  of  water  may  be  divided  and  subdivided,  until 
each  particle  is  so  small  that  it  can  only  be  seen  by  the  most 
powerful  microscope,  but  each  particle  will  still  be  water. 
Now,  imagine  the  division  to  be  carried  on  still  farther  until  a 
limit  is  reached  beyond  which  it  is  impossible  to  go  without 
changing  the  nature  of  the  particle.  The  particle  of  water 
is  now  so  small  that,  if  it  be  divided  again;  it  will  cease  to 
be  water,  and  will  be  something  else ;  we  call  this  particle  a 
molecule. 

If  a  molecule  of  water  be  divided,  it  will  yield  two  atoms 
of  hydrogen  gas,  and  one  of  oxygen  gas.  If  a  molecule  of 
sulphuric  acid  be  divided,  it  will  yield  two  atoms  of  hydro- 
gen, one  of  sulphur,  and  four  of  oxygen. 

It  has  been  calculated  that  the  diameter  of  a  molecule  is 
larger  than  1 2 ;}  o  o^o  o  o  o  o  of  an  inch,  and  smaller  "Cc^^^ -^wmww^ 
of  an  inch. 

831.  Bodies  are  composed  of  collections  of  molecules. 
Matter  exists  in  three  conditions  or  forms:  solid,  liquid^  and 
gaseous. 

For  notice  of  the  copyrijjht,  see  page  immediately  following  the  title  page. 


298  ELEMENTARY  MECHANICS. 

832.  A  solid  body  is  one  whose  molecules  change 
their  relative  positions  with  great  difficulty  ;  as  iron,  wood, 
stone^  etc. 

833.  A  liquid  body  is  one  whose  molecules  tend  to 
change  their  relative  positions  easily.  Liquids  readily  adapt 
themselves  to  the  vessel  which  contains  them,  and  their 
upoer  surface  ahvays  tends  to  become  perfectly  level.  Water, 
mercury,  molasses,  etc.,  are  liquids. 

834.  A  gaseous  body,  or  gas,  is  one  whose  molecules 
tend  to  separate  from  one  another;  as  air,  oxygen,  hydro- 
gen, etc. 

Gaseous  bodies  are  sometimes  called  aeriform  (air-like) 
bodies.  They  are  divided  into  two  classes — the  so-called 
'''■  permanent" gases ^  and  vapors. 

835.  A  permanent  gas  is  one  which  remains  a  gas 
at  ordinary  temperatures  and  pressures. 

836.  A  vapor  is  a  body  which  at  ordinary  tempera- 
tures is  a  liquid  or  solid,  but,  when  heat  is  applied,  becomes 
a  gas,  as  steam. 

One  body  may  be  in  all  three  states ;  'as,  for  example,  mer- 
cury, which  at  ordinary  temperatures  is  a  liquid,  becomes  a 
solid  (freezes)  at  40°  below  zero,  and  a  vapor  (gas)  at  G00° 
above  zero.  By  means  of  great  cold,  all  gases,  even  hydro- 
gen, have  been  liquefied,  and  some  solidified. 

By  means  of  heat,  all  solids  have  been  liquefied  and  a  great 
many  vaporized.  It  is  probable  that  if  we  had  the  means  of 
producing  sufficiently  great  extremes  of  heat  and  cold,  all 
solids  might  be  converted  into  gases,  and  all  gases  into  solids. 

837.  Every  portion  of  matter  possesses  certain  qualities 
called  properties.  Properties  of  matter  are  divided  into  two 
classes :  general  and  special. 

838.  General  properties  of  matter  are  those  which 
are  common  to  all  bodies.  They  are  as  follows :  Extension, 
impenetrability,  weight,  indestructibility,  inertia,  mobility, 
divisibility,  porosity,  compressibility,  expansibility,  and 
elasticity. 
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839.  special  properties  are  those  which  are  not  pos- 
sessed by  all  bodies.  Some  of  the  most  important  are  as 
follows:  Hardness,  tenacity,  brittleness^  malleability^  and 
ductility. 

840.  Extension  is  the  property  of  occupying  space. 
Since  all  bodies  must  occupy  space,  it  follows  that  extension 
is  a  general  property. 

841.  By  impenetrability  we  mean  that  no  two  bodies 
can  occupy  exactly  the  same  space  at  the  same  time. 

842.  W^eight  is  the  measure  of  the  earth's  attraction 
upon  a  body.  All  bodies  have  weight.  In  former  times  it 
was  supposed  that  gases  had  no  weight,  since,  if  unconfined, 
they  tend  to  move  away  from  the  earth;  but,  nevertheless, 
they  will  finally  reach  a  point  beyond  which  they  cannot  go, 
being  held  in  suspension  by  the  earth's  attraction.  Weight 
is  measured  by  comparing  it  with  a  standard.  The  stand- 
ard is  a  bar  of  platinum  owned  and  kept  by  the  government ; 
it  weighs  one  pound. 

843.  Inertia  means  that  a  body  cannot  put  itself  in 
motion  nor  bring  itself  to  rest.  To  do  so,  it  must  be  acted 
upon  by  some  force. 

844.  Mobility  means  that  a  body  can  be  changed  in 
position  by  some  force  acting  upon  it. 

845.  Divisibility  is  that  property  of  matter  which 
indicates  that  a  body  may  be  separated  into  parts. 

846.  Porosity  is  that  property  of  matter  which  indi- 
cates that  there  is  space  between  the  molecules  of  a  body. 
Molecules  of  bodies  are  supposed  to  be  spherical,  and,  hence, 
there  is  space  between  them,  as  there  would  be  between 
peaches  in  a  basket.  The  molecules  of  water  are  larger  than 
those  of  salt;  so  that  when  salt  is  dissolved  in  water,  its 
molecules  wedge  themselves  between  the  molecules  of  the 
water,  and,  unless  too  much  salt  is  added,  the  water  will  oc- 
cupy no  more  space  than  it  did  before.  This  does  not  prove 
that  water  is  penetrable,  for  the  molecules  of  salt  occupy 
the  space  that  the  molecules  of  water  did  not. 
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Water  has  been  forced  through  iron  by  pressure,  tims 
proving  that  iron  is  porous. 

847.  Compressibility  is  that  property  of  matter 
which  indicates  that  the  molecules  of  a  body  may  be 
crowded  nearer  together,  so  as  to  occupy  a  smaller  space. 

848.  Expansibility  is  that  property  of  matter  which 
indicates  that  the  molecules  of  a  body  may  be  forced  apart, 
so  as  to  occupy  a  greater  space. 

849.  Elasticity  is  that  property  of  matter  which  indi- 
cates that  if  a  body  be  distorted  within  certain  limits,  it  will 
resume  its  original  form  when  the  distorting  force  is  re- 
moved.    Glass,  ivory,  and  steel  are  very  elastic. 

850.  Indestructibility  indicates  that  matter  can 
never  be  destroyed.  A  body  may  undergo  thousands  of 
changes;  be  resolved  into  its  molecules,  and  its  molecules 
into  atoms,  which  may  unite  with  other  atoms  to  form  other 
molecules  and  bodies,  which  may  be  entirely  different  from 
the  original  body,  but  the  same  number  of  atoms  remains. 
The  whole  number  of  atoms  in  the  universe  is  exactly  the 
same  now  as  it  was  millions  of  years  ago,  and  will  always  be 
the  same.     Matter  is  indestructible. 

851.  Hardness  is  that  property  of  matter  which  indi- 
cates that  some  bodies  may  scratch  other  bodies.  Fluids 
and  gases  do  not  possess  hardness.  The  diamond  is  the 
hardest  of  all  substances. 

852.  Tenacity  is  that  property  of  matter  which  indi- 
cates that  some  bodies  resist  a  force  tending  to  pull  them 
apart.      Steel  is  very  tenacious. 

853.  Brittleness  is  that  property  of  matter  which 
indicates  that  some  bodies  are  easily  broken;  as  glass, 
crockery,  etc. 

854.  Malleability  is  that  property  of  matter  which 
indicates  that  some  bodies  may  be  hammered  or  rolled  into 
sheets.     Gold  is  the  most  malleable  of  all  substances. 
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855.  Ductility  is  that  property  of  matter  which  indi- 
cates that  some  bodies  may  be  drawn  into  wire.  Platinum 
is  the  most  ductile  of  substances. 

856.  Mechanics  is  that  science  which  treats  of  the 
action  of  forces  upon  bodies,  and  the  effects  which  they  pro- 
duce; it  treats  of  the  laws  which  govern  the  movement  and 
equilibrium  of  bodies,  and  shows  how  they  may  be  utilized. 


MOTION  AND  REST. 


VELOCITY. 

857.  Motion  is  the  opposite  of  rest,  and  indicates  a 
changing  of  position  in  relation  to  some  object.  If  a  large 
stone  is  rolled  down  hill,  it  is  in  motion  in  relation  to  the  hill. 

If  a  person  is  on  a  railway  train,  and  walks  'in  the  opposite 
direction  from  that  in  which  the  train  is  moving,  and  with 
the  same  speed,  he  will  be  in  motion  as  regards  the  train, 
but  at  rest  with  respect  to  the  earth,  since,  until  he  gets  to 
the  end  of  the  train,  he  will  be  directly  over  the  spot  at 
which  he  was  when  he  started  to  walk. 

858.  The  path  of  a  body  in  motion  is  the  line  described 
by  its  central  point.  No  matter  how  irregular  the  shape  of 
the  body  may  be,  nor  how  many  turns  and  twists  it  may 
make ;  the  line  which  indicates  the  direction  of  the  center  of 
the  body  for  every  instant  that  it  was  in  motion,  is  the  path 
of  the  body. 

859.  Velocity  is  rate  of  motion.  It  is  measured  by  a 
unit  of  space  passed  over  in  a  unit  of  time.  When  equal 
spaces  are  passed  over  in  equal  times,  the  velocity  is  said  to 
be  uniform.     In  all  other  cases  it  is  variable. 

If  the  fly-wheel  of  an  engine  keeps  up  a  constant  speed  of 
a  certain  number  of  revolutions  per  minute,  the  velocity  of 
any  point  on  the  wheel  is  uniform.  A  railway  train  having 
a  constant  speed  of  40  miles  per  hour,  moves  40  miles  every 
hour,  or  l"^  =  "I  of  a  mile  every  minute ;  and,  since  equal 
spaces  are  passed  over  in  equal  times,  the  velocity  is  uniform. 


M.  E.    L—2I 
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Let  S  =z  the  length  of  space  passed  over  uniformly; 

t  =  the  time  occupied  in  passing  over  the  space  S; 
V=  the  velocity. 
Then,  the  velocity  Kmust  equal  the  space  S,  divided  by 
the  time  /,  or 

y=  f •     (7.) 

Also,  the  space  5  must  equal  the  velocity  V,  multiplied  by 
the  time,  or 

S=Vf.         (8.) 

The  time  /  must  equal  the  space  S,  divided  by  the  veloc- 
ity, or 

^=y  (9.) 

860.  Unless  stated  otherwise,  the  space  passed  over  will 
be  the  length  of  the  path  of  the  body,  and  will  be  measured 
in  feet  and  decimals  of  a  foot,  and,  unless  otherwise  stated, 
the  time  will  be  measured  in  seconds. 

When  these  units  are  used,  the  velocity  will  be  in  feet  per 
second,  which  means  that  the  center  of  the  body  passed  over 
a  certain  number  of  feet  every  second,  and  the  unit  will  be 
one  foot  in  one  second. 

Example. — The  velocity  of  sound  in  still  air  is  1,092  feet  per  second. 
If  I  see  the  flash  of  a  cannon  when  it  is  fired,  but  do  not  hear  the  report 
until  5  seconds  afterwards,  how  far  away  is  the  cannon  ? 

Solution.— 5  =  F/  =  1,092  x  5  =  5,460  feet.     Ans. 

Example. — The  velocity  of  light  is  186,000  miles  a  second.  If  the 
average  distance  from  the  earth  to  the  sun  is  93,000,000  miles,  how  long 
does  it  take  for  a  beam  of  light  to  reach  the  earth  from  the  sun  ? 

„  ,       S       93,000,000       _,,.  ,  Q        •      .        OA 

Solution. — /  =  -=y  =  ■    ^^.  ^^,^     =  500    seconds,    or    8    mmutes    20 
V  loo,  UUU 

seconds.     Ans. 

Example. — If  a  body  passes  over  a  space  of  4,800  feet  uniformly  in  8 
minutes,  what  is  its  velocity  in  feet  per  second  ? 

Solution. — 8  minutes  =  480  seconds.       F  =  —  =    '       =10.    Hence, 

/         480 

the  velocity  is  10  feet  per  second.     Ans. 

In  examples  concerning  zuork  the  unit  of  velocity  is  usually 
taken  as  one  foot  in  one  minute. 


ELEMENTARY   MECHANICS.  303 

The  unit  of  time  may  be  a  second,  ininnte,  hour,  day,  or 
year.  The  unit  of  space  may  be  feet.,  miles,  the  earth's 
radius,  or  the  distance  from  the  earth  to  the  sun,  according 
to  the  conditions  of  the  example.  The  larger  units  are  used 
only  in  astronomy. 

Example. — The  disfance  from  the  earth  to  the  moon  is  about  60 
times  the  radius  of  the  earth ;  how  many  miles  is  it  from  here  to  the 
moon  ? 

Solution. — The  radius  of  the  earth  is  nearly  4,000  miles;  hence, 
4,000  X  60  =  240,000  miles,  the  distance  to  the  moon,  nearly.     Ans. 


EXAMPLES   FOR   PRACTICE. 

1.  The  piston  speed  of  a  steam  engine  is  10  feet  per  second;  how 
many  miles  will  the  piston  travel  in  one  hour  ?  Ans.   6^"^  mi. 

2.  If  a  railroad  train  travels  70  miles  in  one  hour,  what  is  its  velocity 
in  feet  per  second  ?  Ans.  102|  ft.  per  sec. 

3.  A  man  runs  100  yards  in  12  seconds;  how  long  will  it  take  him 
to  run  a  mile  at  the  same  rate  ?  Ans.   3  min.  81.2  sec. 

4.  The  outside  diameter  of  an  engine  fly-wheel  is  13  feet  9  inches. 
A  point  on  the  rim  travels  45,000  feet  in  5  minutes;  what  is  the  velocity 
in  feet  per  second  ?  Ans,  150  ft.  per  sec. 

FORCE. 


THE    THREE    LAWS    OF    MOTION. 

861.  A  force  is  that  which  produces,  or  tends  to  pro- 
duce or  destroy,  motion.  Forces  are  called  by  various 
names,  according  to  the  effects  which  they  produce  upon  a 
body,  as  attraction,  ?  epulsion,  coJiesio)i,  adhesion,  accelerating 
force,  retarding  force,  resisting  force,  etc.,  but  all  are 
equivalent  to  a  push  or  pull,  according  to  the  direction  in 
which  they  act  upon  a  body.  That  the  effect  of  a  force 
upon  a  body  may  be  compared  with  another  force,  it  is 
necessary  that  three  conditions  be  fulfilled  in  regard  to  both 
forces ;  they  are  as  follows : 

(1.)  The  point  of  application,  or  point  at  which  the  force 
acts  upon  the  body,  must  be  know7i. 

(2.)  The  direction  of  the  force,  or,  what  is  t  lie  same  tiling, 
the  straight  line  along  wJiicJi  the  force  tends  to  move  the 
point  of  application,  must  be  known. 
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(3.)  TJie  magnitude  or  value  of  tJie  force^  when  com- 
pared zuith  a  given  standard,  must  be  known. 

862.  The  unit  of  magnitude  of  forces  will  ahvays  be 
taken  as  one  pound,  in  this  section  on  Elementary  Mechanics, 
and  all  forces  will  be  spoken  of  as  a  certain  number  of  pounds. 

863.  According  to  the  effects  which  forces  produce  upon 
a  body,  the  science  of  Mec?ianics  is  subdivided  as  follows: 

( 1 . )     MecJia  71  ics  of  Solid  Bodies. 

(2.)     Mechanics  of  Fluids. 

(3.)     Mechanics  of  Heat,  or  Thermodynamics. 

Mechanics  of  Solids  is  further  divided  into  Statics  and 
Kinetics,  or  Dynamics,  as  it  is  commonly  called. 

Mechanics  of  Fluids  is  further  divided  into  Mechanics  of 
Air  and  Gases,  or  Pneumatics,  and  MccJianics  of  Liquids. 
The  Mechanics  of  Liquids  is  divided  into  Hydrostatics  and 
Hydrokinctics ;    the    latter   is   also   called   Plydraulics    and 
Hydrodynam  ics. 

864.  Statics  treats  of  the  conditions  of  the  equilibrium 
of  bodies.  A  body  is  in  equilibrium  under  the  action  of 
forces,  when  the  forces  acting  upon  the  body  balance  each 
other. 

865.  Kinetics,  or  Dynamics,  treats  of  bodies  in 
motion,  and  the  effects  which  they  may  produce. 

866.  Pneumatics  treats  of  the  laws  of  the  pressure 
and  of  the  movement  of  air  and  other  gaseous  bodies. 

867".     Hydrostatics  treats  of  the  equilibrium  of  liquids. 

868.  Hydrokinetics  (also  called  Hydraulics  and 
Hydrodynamics)  treats  of  liquids  in  motion,  and  the  effects 
which  they  may  produce. 

869.  Thermodynamics  treats  of  the  mechanical 
effects  of  heat  upon  bodies. 

870.  The  fundamental  principles  of  the  relations 
between  force  and  motion  were  first  stated  by  Sir  Isaac 
Newton.  They  are  called  "  Newton's  Three  Laws  of 
Motion,"  and  are  as  follows: 
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(I.)  All  bodies  continue  in  a  state  of  rest,  or  of  uniform 
motioji,  in  a  straight  line,  unless  acted  upon  by  some  external 
force  that  compels  a  change. 

(II. )  Every  motion,  or  change  of  motion,  is  proportional  to 
the  acting  force^,  and  takes  place  in  the  direction  of  the 
straight  line  along  which  the  force  acts-. 

(III.)  To  every  action  there  is  always  opposed  an  equal 
and  contrary  reaction. 

From  the  first  law  of  motion,  it  is  inferred  that  a  body 
once  set  in  motion  Tdj  any  force,  no  matter  how  small,  will 
move  forever  in  a  straight  line,  and  always  with  the  same 
velocity,  unless  acted  upon  by  some  other  force  which  com- 
pels a  change.  It  is  not  possible  to  actually  verify  this  law, 
on  account  of  the  earth's  attraction  for  all  bodies,  but,  from 
astronomical  observations,  we  are  certain  that  the  law  is 
true.     This  law  is  often  called  tJie  lata  of  inertia. 

871.  The  word  inertia  is  so  abused  that  a  full  under- 
standing of  its  meaning  is  necessary.  Inertia  is  not  a  force, 
although  it  is  often  so  called.  If  a  force  acts  upon  a  body 
and  puts  it  in  motion,  the  effect  of  the  force  is  stored  in  the 
body;  and  a  second  body,  in  stopping  the  first,  will  receive  a 
blow  equal  in  every  respect  to  the  original  force,  assuming 
that  there  has  been  no  resistance  of  any  kind  to  the  motion 
of  the  first  body. 

It  is  dangerous  for  a  person  to  jump  from  a  fast-moving 
train,  for  the  reason  that,  since  his  body  has  the  same 
velocity  as  the  train,  it  has  the  same  force  stored  in  it  that 
would  cause  a  body  of  the  same  weight  to  take  the  same 
velocity  as  the  train,  and  the  effect  of  a  sudden  stoppage  is 
the  same  as  the  effect  of  a  blow  necessary  to  give  the  person 
that  velocity.  But,  by  "bracing  "  himself  and  jumping  in 
the  same  direction  that  the  train  is  moving,  and  running, 
he  brings  himself  gradually  to  rest,  and  thus  reduces  the 
danger.  If  a  body  is  at  rest,  it  must  be  acted  upon  by  a 
force  in  order  to  be  put  in  motion,  and,  no  matter  how 
great  the  force  may  be,  the  body  cannot  be  instantly  put  in 
motion. 
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The  resistance  thus  offered  to  being  put  in  motion  is  com- 
monly, but  erroneously,  called,  the  Resistance  of  Inertia. 
It  should  be  called  the  Resistance  due  to  Inertia. 

From  the  second  laiu,  it  is  seen  that,  if  two  or  more  forces 
act  upon  a  body,  their  final  effect  upon  the  body  will  be  in 
proportion  to  their  magnitude  and  to  the  directions  in  which 
they  act.  Thus,  if  the  wind  is  blowing  due  west,  with  a 
velocity  of  50  miles  per  hour,  and  a  ball  is  thrown  due  north 

with  the  same  velocity, 


or  50  miles  per  hour, 
the  wind  will  carry  the 
ball  just  as  far  west  as 
the  force  of  the  throw 
carried  it  north,  and 
the  combined  effect  will 
be  to  cause  it  to  move 
north-west.  The  amount 
of  departure  from  due 
north  will  be  propor- 
tional to  the  force  of 
the  wind,  and  independ- 
ent of  the  velocity  due 
to  the  force  of  the 
throw. 

In  Fig.  110,  a  ball  e 
is  supported  in  a  cup, 
the  bottom  of  which  is 
attached  to  the  lever  o 
in  such  a  manner  that 
a  movement  of  o  will 
swing  the  bottom'  hori- 
zontally and  allow  the 
ball  to  drop.  Another 
ball  b  rests  in  a  hori- 
zontal groove  that  is 
provided  with  a  slit  in 
the  bottom.  A  swing- 
ing arm  is  actuated  by 


ELEMENTARY   MECHANICS.  307 

the  spring  d  in  such  a  manner  that,  when  drawn  back  as 
shown  and  then  released,  it  will  strike  the  lever  o  and  the 
ball  b  at  the  same  time.  This  gives  b  an  impulse  in  a  hor- 
izontal direction  and  swings  o  so  as  to  allow  e  to  fall. 

On  trying  the  experiment,  it  is  found  that  b  follows  a 
path  shown  by  the  curved  dotted  line,  and  reaches  the  floor 
at  the  same  instant  as  r,  which  drops  vertically.  This 
shows  that  the  force  which  gave  the  first  ball  its  horizontal 
movement,  had  no  effect  on  the  vertical  force  which  com- 
pelled both  balls  to  fall  to  the  floor,  the  vertical  force  produc- 
ing the  same  effect  as  if  the  horizontal  force  had  not  acted. 
The  second  law  may  also  be  stated  as  follows :  A  force  has 
the  same  effect  in  producing  motion,  whether  it  acts  upon  a 
body  at  rest,  or  in  motion,  and  zuhether  it  acts  alone  or  zvith 
other  forces. 

The  third  law  states  that  action  and  reaction  are  equal 
and  opposite.  A  man  cannot  lift  himself  by  his  boot-straps, 
for  the  reason  that  he  presses  doAvnwards  with  the  same 
force  that  he  pulls  upwards ;  the  downward  reaction  equals 
the  upward  action,  and  is  opposite  to  it. 

In  springing  from  a  boat  we  must  exercise  caution,  or  the 
reaction  will  drive  the  boat  from  the  shore.  When  we  jurnp 
from  the  ground,  we  tend  to  push  the  earth  from  us,  while 
the  earth  reacts  and  pushes  us  from  it. 

872.     A  force  maybe  represented  by  a  line;  thus,  in 
Fig.  Ill,  let  A  be  the  point  of  application   of  the  force;  let 
the    length  of  the  line  A  B  represent  its 
magnitude,  and  let  the  arrow-head  indicate  *  ^ 

the  direction  in  which  the  force  acts,  then  fig.  m. 

the  line  A  B  fulfils  the  three  conditions  (see  Art.  861),  and 
the  force  is  fully  represented. 


THE    COMPOSITION    OF    FORCES. 

873.  When  two  forces  act  upon  a  body  at  the  same 
time,  but  at  different  angles,  their  final  result  may  be  ob- 
tained as  follows: 
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In  Fig.  112,  let  A  be  the  common  point  of  application  of 
the  two  forces,  and  let  A  B  and  A  C  represent  the  magni- 
tude and  direction  of  the  forces.  Ac- 
cording to  the  second  law  of  motion, 
the  final  effect  of  the  movement  due 
to  these  two  forces  would  be  the  same 
whether  they  acted  singly  or  together. 
Suppose  that  the  line  A  B  represents 
the  distance  that  the  force  A  B  would 
cause  the  body  to  move;  similarly, 
that  A  C  represents  the  distance 
Fig.  112.  which  the  force  A  C  would  cause  the 

body  to  move  when  both  forces  were  acting  separately. 
The  force  A  B,  acting  alone,  would  carry  the  body  to  B\  if 
the  force  A  C  were  now  to  act  upon  the  body,  it  would 
carry  it  along  the  line  B  D,  parallel  to  A  C,  to  a.  point  Z>, 
at  a  distance  from  ^  equal  to  A  C.  Join  C  and  Z?, 'then 
C  D  \s>  parallel  to  A  B,  and  A  B  D  C  is  a.  parallelogram. 
Draw  the  diagonal  A  D.  According  to  the  second  law  of 
motion,  the  body  will  stop  at  D,  whether  the  forces  act 
separately  or  together,  but  if  they  act  together,  the  path 
of  the  body  will  be  along  A  D,  the  diagonal  of  the  paral- 
lelogram. Moreover,  the  length  of  the  line  A  D  repre- 
sents the  magnitude  of  a  force  which,  acting  at  A  in  the 
direction  A  D,  would  cause  the  body  to  move  from  A  to  D; 
in  other  words,  A  D,  measured  to  the  same  scale  a.s  A  B  and 
A  C,  represents,  in  magnitude  and  direction,  the  combined 
effect  of  the  two  forces  A  B  and  A  C. 


874.     This  line  A  D  is  called  the  resultant.     Suppose 

that  the  scale  used  was  50  pounds  to  the  inch ;  then,  ii  A  B 

=  50  pounds,    and  A  C  =  G2|-  pounds,    the  length  oi  A  B 

50  62  5 

would  be  —  =1  inch,   and  the  length  oi  A  C  would  be  -—— 
50  50 

=  1^  inches.      If  A  D,  or  the  resultant,  measures  If  inches, 

its  magnitude  would  be  If  x  50  =  87^  pounds. 

Therefore,  a  force  of  87^  pounds  acting  upon  a  body  at  A 
in  the  direction  A  D,  will  produce  the  same  result  as  the 
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combined  effects  of  a  force  of  50  pounds  acting  in  the  direc- 
tion A  B,  and  a  force  of  G2^  pounds  acting  in  the  direction  A  C. 

875.  The  above  method  of  finding  the  resulting  action 
of  two  forces  acting  upon  a  body  at  a  common  point,  is  correct, 
whatever  may  be  their  direction  and  magnitudes.  Hence, 
to  find  the  resultant  of  two  forces  when  their  common  point 
of  appHcation,  their  direction  and  magnitudes  are  known : 

Rule  I. — Assume  a  pointy  and  draw  tzvo  lines  parallel  to 
the  directions  of  the  lines  of  action  of  the  tiuo  forces.  With 
any  convenient  scale,  measure  off  from  the  point  of  intersec- 
tion [common  point  of  application'),  distances  corresponding  to 
the  magnitudes  of  the  respective  forces,  and  complete  the 
parallelogram.  From  the  common  point  of  application,  draw 
the  diagonal  of  the  parallelogram  ;  this  diagonal  will  be  the 
resultant,  and  its  direction  will  be  away  from  the  point  of 
application.  Its  magyiitude  should  be  measured  with  the  same 
scale  that  was  used  to  measure  the  tivo  forces. 

This  method  is  called  the  graphical  tnetliod  of  the 
parallelogram  of  forces. 

876-  Experimental  Proof. — The  principle  of  the  par- 
allelogram of  forces  is  clearly  shown  in  Fig.  113.  A  B  D'  C 
is  a  wooden  frame,  jointed  to  allow  motion  at  its  four  corners. 
The  length  A  B  equals  CD;  that  oi  A  C  equals  B  D,  and 
the  corresponding  adjacent  sides  are  in  the  ratio  of  two  to 
three.  Cords  pass  over  the  pulleys  JSI  and  N,  carrying 
weights  W  and  w,  of  90  and  GO  pounds.  The  ratio  between 
the  weights  equals  the  ratio  of  the  corresponding  adjacent 
sides.     A  weight  V  of  120  pounds  is  hung  from  the  corner  y:/. 

When  the  frame  comes  to  rest,  the  sides  A  B  and  A  C  lie 
in  the  direction  of  the  cords.  These  sides  A  B  and  A  C  are 
accurate  graphic  representations  of  the  two  forces  acting 
upon  the  point  A.  It  will  be  found  that  the  diagonal  A  D 
is  vertical,  and  twice  as  long  as  yj  C  \  hence,  since  A  C  rep- 
resents a  force  of  GO  pounds,  A  D  wnll  represent  a  force  of 
2  X  60,  or  120  pounds. 

Thus,  we  see  that  the  line  A  D  represents  the  resultant  of 
the  two  forces  A  B  and  A  C ;  in  other  words,  it  represents 
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the  resultant  of  the  two  weights  JV and  w.  This  resultant 
is  equal  and  opposite  to  the  vertical  force,  which  is  due  to 
the  weight  of  V. 


Fig.  113. 

Satisfactory  results  of  this  kind  will  be  t,<jcured  when  we 
have  the  proportion 

A  B:A  C=  IV  :  w. 

9 

Example. — If  two  forces  act  upon  a  body  at  a  common  point,  both 
acting  away  from  the  body,  and  the  angle  between  them  is  80°,  what  is 
the  value  of  the  resultant,  the  magnitude  of  the  two  forces  being 
60  pounds  and  90  pounds,  respectively  ? 

Solution. — Draw  two  indefinite  lines.  Fig.  114,  making  an  angle 
of  80°.  With  any  convenient  scale,  say  10  pounds  to  the  inch,  measure 
off  ^  ^  =  60  -T-  10  =  6  inches,  and  ^  C  =  90  -^  10  =  9  inches. 

Through  B,  draw  B  D  parallel  to  A  C,  and  through  C,  draw  CD 
parallel  to  A  B,  intersecting  at  D.  Then  draw  A  £>,  and  A  D  will  be  the 
resultant;  its  direction  is  towards  the  point  Z>,  as  shown  by  the  arrow. 

Measuring  A  D,  we  find  that  its  length  =  11.7  inches.  Hence, 
11.7  X  10  =  117  pounds.     Ans. 

Caution. — In  solving  problems  by  the  graphical  method,  tise  as 
large  a  scale  as  possible.     More  accurate  results  are  then  obtained. 

877.     The  above  example  might  also  have  been  solved 
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by  the  method  called    the  triangle    of  forces,  which  is 
as  follows: 

In  Fig.  114,  suppose  that  the  two  forces  acted  separately, 
first  from  A  to  B,  and  then       ^/ 
from  B  to  Z>,  in  the  direction 
of  the  arrows. 

Draw  A  D\  then  A  D  is 
the  resultant  of  the  forces 
^  ^  and  y^  C,  since  B  D  = 
A  C\  but  A  D  vs,  2i  side  of 
the  triangle  A  B  D.  It  will  ^ 
also  be  noticed  that  the  di- 
rection of  ^  i?  is  opposed  to  that  oi  A  B  and  B  D;  hence,  to 
find  the  resultant  of  two  forces  acting  upon  a  body  at  a 
common  point,  by  the  method  of  triangle  of  forces : 

Rule  II. — Draw  the  lines  of  aetion  of  the  two  forces  as 
if  each  force  acted  separately^  the  lengths  of  the  lines  being 
proportional  to  the  magnitude  of  the  forces.  Join  the  extrem- 
ities of  the  ttvo  lines  by  a  straight  line,  and  it  zvill  be  the  re- 
sultant;  its  direction  will  be  opposite  to  that  of  the  tzvo  forces. 

Note. — When  we  speak  of  the  resultant  being  opposed  in  direction 
to  the  other  forces  around  the  polygon,  we  mean  that,  starting  from 
the  point  where  we  began  to  draw  the  polygon,  and  tracing  each  line 
in  succession,  the  pencil  will  have  the  same  general  direction  around 
the  polygon,  as  if  passing  around  a  circle,  from  left  to  right,  or  from 
right  to  left,  but  that  the  closing  line  or  resultant  must  have  an  oppo- 
site direction,  that  is,  the  two  arrotv-heads  imist  point  towards  the 
point  of  intersection  of  the  resultant  and  the  last  side. 

878.  When  three  or  more  forces  act  upon  a  body  at  a 
given  point,  their  resultant  may  be  found  by  the  following  rule : 

Rule  III. — Find  the  resultant  of  any  two  forces ;  treat 
this  resultant  as  a  single  force,  and  combine  it  with  a  third 
force  to  find  a  second  resultant.  Combine  this  second  result- 
ant with  a  fourth  force,  to  find  a  third  resultant,  etc.  After 
all  the  forces  have  been  thus  combined,  the  last  resultant  will 
be  the  resultant  of  all  of  the  forces,  both  in  magnitii.de  and 
direction. 

Example.— Find  the  resultant  of  all  the  forces  acting  on  the  point  O 
in  Fig.  115,  the  length  of  the  lines  being  proportional  to  the  magnitude 
of  the  forces. 
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Solution. — Draw  O  E  parallel  and  equal  to  AO,  and  j^ 7^  parallel 
and  equal  to  BO,  then  O E\?>  the  resultant  of  these  two  forces,  and  its 
direction  is  from  O  to  F,  opposed  to  O  Ea.n6.  E F.  Treat  O  Fas  it  O  £ 
and  EF  did  not  exist,  and  draw  FG  parallel  and  equal  to  O  C;  O  G 
will  be  the  resultant  of  O  F  and  FG;  but  O  F  \^  the  resultant  oi  O  E 
and  E F,  hence,  O  G  \^  the  resultant  of  O  E,  E F,  and  FG,  and  likewise 
oi  A  O,  B  O,  and  CO.  The  line  FG,  parallel  to  CO,  could  not  be  drawn 
from  the  point  O  to  the  right  of  O  E,  for  in  that  case  it  would  be  opposed 
in  direction  to  OF;  but  FG  must  have  the  same  direction  as  6'/%  in 
order  that  the  resultant  may  be  opposed  to  both  O  7^  and  FG. 

For  the  same  reason,  draw  GL  parallel  and  equal  to  DO.  Join  O 
and  L,  and  O L  will  be  the  resziltant  of  all  the  forces  AO,  BO,  CO, 
and  DO  (both  in  magnitude  and  direction),  acting  at  the  point  O.     If 


L  O  were  drawn  parallel  and  equal  to  O  L,  and  having  the  same  direc- 
tion, it  would  represent  the  effect  produced  on  the  body  by  the  com- 
bined action  of  the  forces  AO,  BO,  CO,  and  DO. 

879.  In  the  last  figure,  it  will  be  noticed  that  O  E,  E  F, 
F  G,  G  L,  and  L  O  are  sides  of  a  polygon  O  E  F  G  L,  \n 
which  O  L,  the  resultant,  is  the  closing  side,  and  that  its 
direction  is  opposed  to  that  of  all  the  other  sides.  This  fact 
is  made  use  of  in  what  is  called  the  method  of  tlie  poly- 
gon of  forces. 

To  find  the  resultant  of  several  forces  acting  upon  a  body 
at  the  same  point  : 

Rule  IV. —  Through  a  convenient  point  on  the  drawi?ig, 
draw  a  line  parallel  to  one  of  the  forces,  arid  having  the  same 
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direction  and  magnitude.  At  tJie  end  of  this  line,  draw  an- 
other line  parallel  to  a  second  force,  and  having  the  same  di- 
rection and  magnitude  as  this  second  force  ;  at  the  end  of  the 
second  line,  drazv  a  line  parallel  and  equal  in  magnitude  and 
direction  to  a  third  force.  Thus  continue  until  lines  have 
been  drawn  parallel  and  equal  in  magnitude  and  direction  to 
all  of  the  forces. 

The  straight  line  joining  the  free  ends  of  t  lie  first  and  last 
titles  will  be  the  closing  sides  of  the  polygon  ;  mark  it  opposite 
in  direction  to  that  of  the  other  forces  around  the  polygojt, 
and  it  will  be  the  resultant  of  all  the  forces. 

Example. — If  five  forces  act  upon  a  body  at  angles  of  60",  120°,  180°, 
240°,  and  270°,  towards  the  same  point,  and  their  respective  magnitudes 
are  60,  40,  30,  25,  and  20  pounds,  find  tlie  magnitude  and  direction  of 
their  resultant  by  the  method  of  polygon  of  forces.* 

Solution. — From  a  common  point  O,  Fig.  116,  draw  the  lines  of 
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Fig.  116, 

action  of  the  forces,  making  the  given  angles  with  a  horizontal  line 
through  O,  and  mark  them  as  acting  towards  O,  by  means  of  arrow- 
heads, as  shown.  Now,  choose  some  convenient  scale,  such  that  the 
whole  figure  may  be  drawn  in  a  space  of  the  required  size  on  the 
drawing.  Choose  any  one  of  the  forces,  as  A  O,  and  draw  O  F  parallel 
to  it,  and  equal  in  length  to  30  pounds  on  the  scale.  It  must  also  act  in 
the  same  direction  z.'s.O  A-  At  /%  draw  FG  parallel  to  BO,  and  equal 
to  40  pounds.     In  a  similar  manner,  draw  G  H,  HI,  and  /i^  parallel  to 

*  Note. — As  stated  in  Art.  742,  all  angles  are  measured  from  a 
horizontal  line,  in  a  direction  opposite  to  the  movement  of  the  hands  of 
a  watch  (from  around  the  circle  to  the  left),  from  1°  or  less  up  to  360°. 
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CO,  DO,  and  EO,  and  equal  to  60,  20,  and  25  pounds,  respectively. 
Join  0  and  K  hy  O  K,  and  O  K  will  be  the  resultant  of  the  combined 
action  of  the  five  forces;  its  direction  is  opposite  to  that  of  the  other 
forces  around  the  polygon  O  F  G  H I K,  and  its  magnitude  =  551 
pounds.     Ans. 

If  the  resultant  O  K,  in  Fig.  116,  were  to  act  alone  upon 
the  body  in  the  direction  shown  by  the  arrow-head,  with  a 
force  of  55|  pounds,  it  would  produce  exactly  the  same 
effect  upon  a  body  as  the  combined  action  of  the  five  forces. 

li  O  F,  F  G,  G  //,  //  /,  and  /  K  represent  the  distances 
and  directions  that  the  forces  would  move  the  body,  if  act- 
ing separately,  O  K  is  the  direction  and  distance  of  move- 
ment of  the  body  when  all  the  forces  act  together. 

880.  From  what  has  been  said  before,  it  is  seen  that 
any  number  of  forces  acting  on  a  body  at  the  same  point, 
or  having  their  lines  of  action  pass  through  the  same  point, 
can  be  replaced  by  a  single  force  (resultant),  whose  line  of 
action  shall  pass  through  that  point. 

881.  Heretofore,  it  has  been  assumed  that  the  forces 
acted  upon  a  single  point  on  the  surface  of  the  body,  but  it 
will  make  no  difference  where  they  act,  so  long  as  the  lines 
of  action  of  all  the  forces  intersect  at  a  single  point,  either 
within  or  without  the  body,  only  so  that  the  resultant  can 
be  drawn  through  the  point  of  intersection.  If  two  forces 
act  upon  a  body  in  the  same  straight  line  and  in  the  same 
direction,  their  resultant  is  the  siun  of  the  two  forces  ;  but,  if 
they  act  in  opposite  directions,  their  resultant  is  the  differ- 
ence of  the  tivo  forces^  and  its  direction  is  the  same  as  that 
of  the  greater  force.  If  they  are  equal  and  opposite,  the 
resultant  is  zero.,  or  one  force  just  balances  the  other. 

Example. — Find  the  resultant  of  the  forces  whose  lines  of  gction 
pass  through  a  single  point,  as  shown  in  Fig.  117. 

Solution. — Take  any  convenient  pointy,  and  draw  a  line  ^y,  par- 
allel to  one  of  the  forces,  say  the  one  marked  40,  making  it  equal  in 
length  to  40  pounds  on  the  scale,  and  indicate  its  direction  by  the 
arrow-head.  Take  some  other  force — the  one  marked  37.  will  be  con- 
venient; the  line/^"  represents  this  force.  From  the  point  e,  draw  a 
line  parallel  to  some  other  force ;  say  the  one  marked  29,  and  make  it 
equal  in  magnitude  and  direction  to  it.  So  continue  with  the  other 
forces,  taking  care  that  the  general  direction  around  the  polygon  is  not 
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changed.  The  last  force  drawn  in  the  figure  is  a  b,  representing  the 
force  marked  25.  Join  the  points  a  and  g;  then,  a g  is  the  resultant 
of  all  the  forces  shown  in  the  figure.     Its  direction  is  from  g  to  a  op- 


FiG.  lir. 


posed  to  the  general  direction  of  the  others  around  the  polygon.  It  does 
not  matter  in  what  order  the  different  forces  are  taken,  the  resultant  will 
be  the  same  in  magnitude  and  direction,  if  the  work  is  done  correctly. 

882.  The  various  methods  of  finding  the  resultant  of 
several  forces  are  all  grouped  under  one  head  :  The  compo- 
sition of  forces. 


THE    RESOLUTION    OF    FORCES. 

883.  Since  two  forces  can  be  combined  to  form  a  single 
resultant  force,  we  may  also  treat  a  single  force  as  if  it  were 
the  resultant  of  two  forces,  whose  action  upon  a  body  will 
be  the  same  as  that  of  a  single  force.  Thus,  in  Fig.  118, 
the  force  O  A  maybe  resolved  into  two  forces,  O  B  and  B  A^ 
whose  directions  are  opposed  \.o  O  A. 

If  the  force  O  A  acts  upon  a  body,  moving  or  at  rest  upon 
a  horizontal  plane,  and  the  resolved  force  O  B  is  vertical, 
and  B  A   horizontal,   O  B,  measured  to  the  same  scale  as 
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O  A,  is  the  magnitude  of  that  part  oi  O  A  which  pushes  the 

body  downwards^  while  B  A  is  the  magnitude  of  that  part 
O  of   the  force  O  A  which  is 

exerted  in  pushing  the  body 
in  a  Jiorizontal  direction. 
O  D  and  B  A  are  called  the 
components  of  the  force 
O  A,  and  when  these  com- 
ponents are  vertical  and 
FiG_  118.  "    horizontal,  as  in  the  present 

case,  they  are  called  the  vertical  component  and  the  Jiorizontal 

component  of  the  force  O  A. 

884.  It  frequently  happens  that  the  position,  magni- 
tude and  direction  of  a  certain  force  is  known,  and  that  it  is 
desired  to  know  the  effect  of  the  force  in  some  direction, 
other  than  that  in  which  it  acts.  Thus,  in  Fig.  118,  suppose 
that  O  A  represents,  to  some  scale,  the  magnitude,  direction, 
and  line  of  action  of  a  force  acting  upon  a  body  at  A^  and 
that  it  is  desired  to  know  what  effect  O  A  produces  in  the 
direction  B  A.  Now  B  A,  instead  of  being  horizontal,  as  in 
the  cut,  may  have  any  direction.  To  find  the  value  of  the 
component  oi  O  A  which  acts  in  the  direction  B  A,  we 
employ  the  following  rule : 

Rule  V. — From  one  extremity  of  the  line  representing  the 
given  force,  draiv  a  line  parallel  to  the  direction  in  zuhicJi  it  is 
desired  that  the  component  shall  act ;  from  the  other  extrem- 
ity of  the  given  force,  drazu  a  line  perpendicular  to  the  com- 
ponent first  drawn,  and  intersecting  it.  The  length  of  the 
component,  measured  from  tJte  point  of  intersection  to  the  in- 
ter sect  ioji  of  the  component  tvith  the  given  force,  will  be  mag- 
nitude of  the  effect  produced  by  the  given  force  in  the  required 
direction. 

Thus,  suppose  O  A,  Fig.  118,  represents  a  force  acting 
upon  a  body  resting  upon  a  horizontal  plane,  and  it  is  de- 
sired to  know  what  vertical  pressure  O  A  produces  on  the 
body.  Here  the  desired  direction  is  vertical;  hence,  from 
one  extremity,  as  O,  draw  O  B  parallel  to  the  desired  direc- 
tion (vertical  in  this  case),  and  from  the  other  extremity, 
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draw  A  B  perpendicular  to  O  i?,  and  intersecting  (9  ^  at 
B.  Then  O  B,  when  measured  to  the  same  scale  as  O  A^ 
will  be  the  value  of   the  vertical  pressure  produced  by  O  A. 

Example. — If  a  body  weighing  200  pounds  rests  upon  an  inclined 
plane  whose  angle  of  inclination  to  the  horizontal  is  18°,  what  force 
does  it  exert  perpendicular  to  the  plane,  and  what  force  does  it  exert 
parallel  to  the  plane,  tending  to  slide  downwards  ? 

Solution. — Let  ABC,  Fig.  119,  be  the  plane,  the  angle  A  being 
equal  to  18",  and  let  IV  be  the  weight.  Draw  a  vertical  line  FD  = 
200  pounds,  to  represent  the  magnitude 
of  the  weight.  Through  i%  draw  FE 
parallel  to  A  B,  and  through  D  draw 
Z?  £■  perpendicular  to  EF,  the  two  lines 
intersecting  at  E.  F D  is  now  resolved 
into  two  components,  one,  FE,  tending 
to  pull  the  weight  downwards,  and  the 
other,  ED,  acting  as  a  perpendicular 
pressure  on  the  plane. 

Since  F D  is  perpendicular  to  A  C, 
and  ED  is  perpendicular  to  A  B,  the 
angle  D  =  angle  A  =  18". 

Hence,  FE=  200  X  sin  18"  =  200  X  .30902  =  61.804  pounds,  and  EI) 
=  200  X  cos  18"  =  200  X  .95106  =  190.212  pounds. 

Force  parallel  to  the  plane  =  61.804  pounds.  i   . 

Force  perpendicular  to  the  plane  =  190.212  pounds.  ) 


DYNAMICS. 

885.  Dynamics  may  be  defined  as  that  branch  of 
Mechanics  which  deals  with  bodies  moving  with  a  variable 
velocity.  In  Elementary  Mechanics  we  shall  consider  only 
falling  bodies  and  centrifugal  force. 


GRAVITATION. 

886.  Every  body  in  the  universe  exerts  a  certain 
attractive  force  on  every  other  body,  which  tends  to  draw 
the  two  bodies  together.  This  attractive  force  is  called 
gravitation. 

If  a  body  is  held  in  the  hand,  a  downward  pull  is  felt,  and 
if  let  go  of,  it  will  fall  to  the  ground.  This  pull  is  com- 
monly called  xveight^  but  it  really  is  the  attraction  between 
the  earth  and  the  body. 


M.    E.      I.— 22 
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887.  Force  of  gravity  is  a  term  used  to  denote  the 
attraction  between  the  earth  and  bodies  upon  or  near  its 
surface.  It  always  acts  in  a  straight  Hne  between  the  cen- 
ter of  the  body  and  the  center  of  the  earth.  The  force  of 
gravity  varies  at  points  on  the  earth's  surface. 

It  is  sHghtly  less  on  the  top  of  a  high  mountain  than  at 
the  level  of  the  sea.  For  this  reason,  the  weight  of  a  body 
also  varies.  But  if  the  weight  of  a  body  at  any  place  be 
divided  by  the  force  of  gravity  at  that  place,  the  result  is 
called  the  mass  of  the  body. 

888.  The  mass  of  a  body  is  the  measure  of  the  actual 
amount  of  matter  that  it  contains,  and  is  always  the  same. 

If  the  mass  of   the  body  be  represented  by  m,  its  weight 

by  W,  and  the  force  of  gravity  at  the  place  where  the  body 

was  weighed,  by  g,  we  have 

weight  of  body  W  ,^  ^  ^ 

mass  =  7 — 5 —    __^  or  m  =  — .  ( 1 0.) 

force  of  gravity  g  ^        ' 

889.  Law  of  Gravitation  i— 

TJie  force  of  attraction  by  %vJiicJL  one  body  tends  to  draw 
another  body  towards  it,  is  directly  proportional  to  its  niass^ 
and  inversely  proportional  to  the  square  of  the  distance  be- 
tween  their  centers. 

890.  Laws  of  Weight  :— 

Bodies  weigh  most  at  the  surface  of  the  earth.  Below  the 
surface,  the  zueight  decreases  as  the  distance  to  the  center 
decreases. 

A  bove  the  surface  the  weight  decreases  as  the  square  of  the 
distance  increases. 

Illustration. — If  the  earth's  radius  is  4,000  miles,  a  body 
that  weighs  100  pounds  at  the  surface  will  weigh  nothing  at 
the  center,  since  it  is  attracted  in  every  direction  with  equal 
force.  At  1,000  miles  from  the  center,  it  will  weigh  25 
pounds,  since 

4,000  :  1,000  =  100  :  25. 

At  2,000  miles  from  the  center,  it  will  weigh  50  pounds. 

since 

4,000  :  2,000  =  100  :  50. 
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At  3,000  miles  from  the  center,  it  will  weigh  75  pounds, 
and  at  the  surface,  or  4,000  miles  from  the  center,  it  will 
weigh  100  pounds.  If  carried  still  higher,  say  1,000  miles 
from  the  surface,  or  5,000  miles  from  the  center  of  the 
earth,  it  will  weigh  G4  pounds,  since 

5,000'  :  4,000'  =  100  :  64. 
At  4,000  miles  from  the  surface,  it  Avill  weigh  25  pounds, 
since 

8,000'  :  4,000'  =  100  :  25. 
891.     Formulas  for  Gravity  Problems: — 
Let  W=  weight  of  body  at  the  surface; 

zu  =  weight    of   a   body  at  a  given  distance  above  or 

below  the  surface; 
</=  distance  between  the  center   of   the    earth  and 

the  center  of  the  body ; 
R  =  radius  of  the  earth  =  4,000  miles.    • 
Formula  for  weight  when  the  body  is   below  the  surface: 

wR  =  dlV.  (11.) 

Formula  for  weight  when  the  body   is   above  the  surface  • 
zvd'=lVR\  (12.) 

Example. — How  far  below  the  surface  of  the  earth  will  a  25-pound 
ball  weigh  9  pounds  ? 

Solution. — Use  formula  11,  lu  R-=.  d  W. 
Substituting  the  values  of  R,  IV,  and  w,  we  have 

9x4,000  =  ^X  25,  or 
d= pr::! =  1,440  miles  from  the  center.     Ans. 

Example. — If  a  body  weighs  700  pounds  at  the  surface  of  the  earth, 
at  what  distance  above  the  earth's  surface  will  it  weigh  112  pounds  ? 

Solution. — Use  formula  12,k/</='=  IV RK 
Substituting  the  values  of  7?,  IV,  and  w,  we  have 
112  X  ^-  =  TOO  X  4,000•^  or 
d=^  700  X^4,000-^  ^  ^^^^^^  ^.j^^^ 

Therefore,  10,000  —  4,000  =  6,000  miles  above  the  earth's  surface, 
Ans. 

Example. — The  top  of  Mt.  Hercules  was  said  to  be  32,000  feet,  say 
6  miles  above  the  level  of  the  sea.  If  a  body  weighs  1,000  pounds  at 
sea-level,  what  would  it  weigh  if  carried  to  the  top  of  the  mountain  ? 

Solution.—    w  d^  =  W R'^,  or  w  x  4,006^  =  1,000  X  4,000? ;  whence, 

4,0005x1,000       -._  ,         . 

w  = AQQQi =  ^9^  pounds      Ans. 
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EXAMPLES  FOR  PRACTICE. 

1.  How  much  would    1,000    tons  of    coal  weigh    one    mile   below 
the  surface  ?  Ans.  1,999,. 000  lb. 

2.  How  much  would  the  coal  in  example  1  weigh  one  mile  above  the 
surface?  Ans.  1,999,000  lb.,  nearly. 

3.  How  far  above  the  earth's  surface  would  it  be  necessary  to  cairy 
a  body  in  order  that  it  may  weigh  only  half  as  much  ? 

Ans.  1,656.854  miles,  nearly. 

4.  A  man  weighs  160  pounds  at  the  surface;  how  much  will  he 
weigh  50  miles  below  the  surface  ?  Ans.  158  lb. 

5.  If  a  body  weighs  100  pounds  400  miles  above  the  earth's  surface, 
how  much  will  it  weigh  at  the  surface  ?  Ans.  121  lb. 

Note. — Use  4,000  miles  as  the  radius  of  the  earth. 


FALLIIVG    BODIES. 

892.  If  a  leaden  ball  and  a  piece  of  paper  are  dropped 
from  the  same  height,  the  ball  would  strike  the  ground  first. 

This  is  not  because  the  leaden  ball  is  the 
heavier,  but  because  the  resistance  of  the  air 
has  a  greater  retarding  effect  upon  the  paper 
than  upon  the  ball.  If  we  place  this  same 
leaden  ball  and  a  piece  of  paper  in  a  glass 
tube.  Fig.  120,  from  which  all  of  the  air  has 
been  exhausted,  it  would  be  found  that  when 
the  tube  was  inverted,  both  would  drop  to 
the  bottom  in  exactly  the  sametime.  This 
experiment  proves  that  it  was  only  the  resist- 
ance of  the  air  that  caused  the  ball  to  reach 
the  ground  first,  in  the  former  experiment. 
This  resistance  of  the  air  may  be  nearly 
equalized  by  making  the  two  bodies  of  the 
same  shape  and  size.  For  example,'  if  a 
wooden  and  an  iron  ball,  having  equal  diam- 
eters, were  dropped  from  the  same  height, 
Fig.  120.        they    would    strike    the    ground    at    almost 

exactly  the  same  instant,  although  the  iron  ball   might  be 

ten  times  as  heavy  as  the  wooden  ball. 

893.  Suppose  there  were  several  leaden  balls,  as  shown 
in  Fig.  121,  at«;  it  is  obvious  that  if  they  were  dropped 
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together,  all  would  strike  the  ground  at  the  same  time.     If  the 
balls  were  melted  together  into  one  ^ 

ball,  as  b,    they   would  still  fall   to-  q    ^''q    q 
gether,  and  strike  the  ground  in  the 
same  time  as  before.  ^'°'  ^^^' 

Since  a  number  of  horses  cannot  run  a  mile  in  less  time 
than  a  single  horse,  so  100  pounds  can  fall  no  further  in  a 
given  time  than  one  pound  can. 

894,  Acceleration  is  the  rate  of  change  of  velocity. 
If  a  force  acts  upon  a  body  free  to  move,  then,  according  to 
the  first  laAv  of  motion,  it  will  move  forever  with  the  same 
velocity  unless  acted  upon  by  another  force. 

Suppose  that,  at  the  end  of  one  second,  the  same  force 
were  to  act  again,  the  velocity  at  the  end  of  the  second 
second  would  be  twice  as  great  as  at  the  end  of  the  first 
second.  If  the  same  force  were  to  act  again,  the  velocity 
at  the  end  of  the  third  second  would  be  three  times  that  at 
the  end  of  the  first  second.  So,  if  a  constant  force  acts 
upon  a  body  free  to  move,  the  velocity  of  the  body  at  the 
end  of  any  time  will  be  the  velocity  at  the  end  of  one  second, 
multiplied  by  the  number  of  seconds. 

895.  This  constant  force  is  called  a  constant  acceler- 
ating force,  or  constant  retarding  force,  acccrdmg  as 
the  velocity  is  constantly  increased  or  decreased. 

If  a  body  is  dropped  from  a  high  tower,  the  velocity  with 
which  it  approaches  the  ground  will  be  constantly  increased 
or  accelerated ;  for  the  attraction  of  the  earth,  or  force  of 
gravity,  is  constant,  and  acts  upon  the  body  as  a  constant 
accelerating  force.  It  has  been  found  by  careful  experi- 
ments that  this  force  of  gravity,  or  constant  accelerating 
force,  on  a  freely  falling  body,  is  equivalent  to  giving  the 
body  a  velocity  of  32.16  feet  in  one  second;  it  is  always  de- 
noted by  g.  As  was  mentioned  before,  g  varies  at  different 
points  of  the  earth,  being  32.0902  at  the  equator,  and 
32.2549  at  the  poles.  Its  value  for  this  latitude  (about  41° 
25'  north)  is  very  nearly  32.16,  and  this  value  should  always 
be    used   in   solving   problems.     It  has  also  been  found  by 
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experiment  that  a  freely  falling  body  starting  from  rest  will 
have  fallen  1G.08  feet  at  the  end  of  the  first  second;  G4.32 
feet  at  the  end  of  the  second  second;  144.72  feet  at  the  end 
of  the  third  second;  257.28  feet  at  the  end  of  the  fourth 
second,  etc.,  all  of  which  are  shown  in  the  diagram,  Fig.  122. 
o-  64.32        .       ^„     144.72       ,^       ^..      257.28       ,^       ,„ 

and  2^  3",  4^  are  the  squares  of  the  number  of  seconds  dur- 
ing which  the  body  falls,  it  is  easy  to  see  that  the  space 
through  which  a  body  free  to  move  will  fall  in  a  given  time  is 
equal  to  16. 08  multiplied  by  the  square  of  the  time  in  seconds. 

Since  16.08  =  -^ —  =  4^%  the  space  =  -J-^  x  square  of  time 
2  " 

in  seconds. 

896.  Formulas  for  Falling  Bodies  :  — 

Let  £-  =  force  of  gravity  =  constant  accelerating  force  due 
to  the  attraction  of  the  earth ; 
/  =  number  of  seconds  the  body  falls; 
V  =  velocity  at  the  end  of  the  time  /; 
/z  =  distance  that  a  body  falls  during  the  time  f. 
v  =  gt.  (13.) 

That  i's,  tJie  velocity  acquired  by  a  freely  falling  body  at  the 
end  of  t  seconds  equals  32.16^  multiplied  by  the  time  in  seconds. 

Example. — What  is  the  velocity  of  a  body  after  it  has  fallen  four 
seconds,  assuming  that  the  air  offered  no  resistance  ? 

Solution. — Using  formula  13, 

2/  =  ^/  =  32. 16  X  4  =  128. 64  feet  per  second.     Ans. 

'  =  ?  (14.) 

That  is,  the  number  of  seconds  during  which  a  body  must 
have  fallen  to  acquire  a  given  velocity  equals  the  given  veloc- 
ity in  feet  per  second,  divided  by  82. 16. 

Example. — A  falling  body  has  a  velocity  of  192.96  feet  per  second; 
how  long  had  it  been  falling  at  that  instant  ? 

Solution. — Using  formula  14, 

/  =  —  =  nT^„   =  6  seconds.     Ans. 
^        33.16 
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h  =  ^.  (15.) 

That  is,  the  height  from  which  a  body  must  fall  to  acquire 
a  given  velocity  equals  the  square  of  the  given  velocity,  di- 
vided by  2x  32. 16. 

Example. — From  what  height  must  a  stone  be  dropped  to  acquire  a 
velocity  of  24,000  feet  per  minute  ? 

Solution. —    24,000 -r- 60  =  400  feet  per  second.    Using  formula  15, 

,  7/-^  4002  160,000  o^Q-r^f      f         A 

^  =  V  =  2-^^3216- =-64:32-  =  2'^^ '•'^^^^^^-     ^"^• 

V=:\^2gh7  (16.) 

That  is,  the  velocity  that  a  body  will  acqtiire  in  falling 
through  a  given  height  equals  the  square  root  of  the  product 
of  twice  32. 16,  and  the  giveii  height. 

Example. — A  body  falls  from  a  height  of  400  feet;  what  will  be  its 
velocity  at  the  end  of  its  fall  ? 
Solution. — Using  formula  16, 

V  =  V^^  =   '/2x  32.16x400  =  160.4  feet  per  second.     Ans. 
h  =  igt\  (17.) 

That  is,  the  distance  a  body  will  fall  in  a  given  time  equals 
82.16-^2,  multiplied  by  the  square  of  the  number  of  sec- 
onds. 

Example. — How  far  will  a  body  fall  in  10  seconds  ? 
Solution. — Using  formula  17, 

y^  =  ^^/^  =  I  X  32.16  X  102  =  1,608  feet.     Ans. 

That  is,  the  time  it  will  take  a  body  to  fall  through  a  given 
height  equals  the  square  root  of  twice  the  height  divided  by 
32.16. 

Example. — How  long  will  it  take  a  body  to  fall  4,116.48  feet  ? 
Solution. — Using  formula  18, 


'=/ 


^iliiH^ii^  =  16  seconds.     Ans. 
32.16 


897.  A  body  thrown  vertically  upwards  starts  with  a 
certain  velocity  called  the  initial  velocity.  In  this  case 
gravity  acts  as  a  constant  retarding  force.  The  formulas 
given  above  will  also  apply  in  this  case. 
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Example. — If  a  cannon  ball  is  shot  vertically  upwards  with  an  initial 
velocity  of  2,000  feet  per  second,  (a)  how  high  will  it  go?  (i)  How 
long  a  time  must  elapse  before  it  reaches  the  earth  again  ? 

Solution. — (a)  Using  formula  15, 
2,000-2 


/  -  —  — 

2o-  -  2XB2.16 


=  62,189  feet,  nearly,  =  11.778  miles.     Ans. 


To  find  the  time  it   takes   to   reach  a  height   of   62,189   feet,   use 
formula  14. 

/  =  ^  =  1^  =  62.19  seconds. 
^      32.16 

Since  it  will  take  the  same  length  of  time  to  fall  to  the  ground,  the 

total  time  will  be  62.19  X  2  =  124.38  seconds  =  2  minutes  4.38  seconds. 

Ans. 


PROJECTILES. 

898.  Any  body  thrown  into  the  air  is  a  projectile,  and 
is  acted  upon  by  three  forces — the  original  or  initial  force, 
the  force  of  gravity,  and  the  resistance  of  the  air.  AVe  shall 
here  consider  only  those  projectiles  which  are  thrown  hori- 
zontally. 

899.  The  range  is  the  horizontal  distance  between  the 
starting  point  and  the  point  where  the  body  strikes  the 
ground.  In  Fig.  123,  sup- 
pose that  A  represents  the 
starting  point  of  the  pro- 
jectile, and  that  it  is  shot 
horizontally  outwards  in 
the  direction  of  the  arrow 
with  a  velocity  of  70  feet 
per  second.  Now,  if  the 
resistance  of  the  air  be 
neglected,  the  velocity  in 
the  horizontal  direction  will 
be  uniform,  and  the  pro- 
jectile will  pass  over  equal 
spaces  in  equal  times.  Let 
A  1  represent  70  feet,  or 
the  space  passed  over  in  one  second.  At  the  end  of  five 
seconds,   if  gravity  had  not  acted    upon  the    projectile,   it 
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would  have  been  at  5,  but  as  gravity  has  acted,  it  falh 
1G.08  feet  the  first  second;  at  the  end  of  the  second  second 
it  has  fallen  04.32  feet,  etc. 

Let  A  b  represent  the  fall  in  one  second — that  is,  1G.08 
feet,  drawn  to  the  same  scale  as  A  1,  which  represents  70 
feet.  Now,  complete  the  parallelogram  A  1  B  b,  and  B  will 
be  the  point  which  the  projectile  has  reached  at  the  end  of 
one  second,  li  A  c  represents  G4.32  feet,  and  the  parallelo- 
gram A  2  C  c  is  completed,  the  projectile  will  be  at  C  at  the 
end  of  the  second  second.  Proceeding  in  this  manner,  find 
the  points  D,  E,  and  /%  the  positions  of  the  projectile  at 
the  end  of  3,  Jf,  and  5  seconds,  respectively.  Drawing  the 
curve  A  B  C  D  E  F  through  the  points  thus  found,  it  rep- 
resents the  path  of  the  projectile.  This  curve  is  called 
a  parabola. 

The  distance  //  F  is  the  range,  and,  as  is  easily  seen, 
equals  the  time  in  seconds  multiplied  by  the  original  velocity 
in  feet  per  second. 

900.  If  the  height  A  H  and  the  initial  velocity  are 
given,  and  it  is  desired  to  find  the  range  //  7%  calculate  the 
time  that  it  will  take  to  fall  tJirougJi  a  height  equal  to  the 
given  height,  and  multiply  the  time  thus  found  by  the  initial 
velocity. 

Example. — A  cannon  ball  is  fired  in  a  horizontal  dipection  with  an 
initial  velocity  of  1,500  feet  per  second.  If  the  mouth  of  the  cannon  is 
25  feet  above  the  ground,  what  is  its  range  ? 

Solution. — Applying  formula  18,  Art.  896, 

i  =  i/13  =  i/S?  =  1-247  seconds,  nearly, 
r    ^        r     32.16 

Range  =  z//  =  1,500x1. 247  =  1,870.5  feet.     Ans.      - 

Example. — A  projectile  has  an  initial  velocity  of  90  feet  per  second. 
If  it  is  desired  to  strike  an  object  15  feet  away,  how  far  below  the  hori- 
zontal line  of  direction  must  the  object  be  located  ? 

Solution. — The  object  must  be  located  as  far  below  as  the  distance 
that  the  body  would  fall,  through  the  action  of  gravity,  during  the 
time  it  would  take  in  passing  over  a  distance  of  15  feet  at  a  velocity  of 
90  feet  per  second. 

Hence,  15 -h  90  =  |  of  a  second.     Applying  formula  17,  Art.  896, 
/i  =  :^^i^  =  iX  32.16  X  (i)^  =  -447  foot,  nearly,  =  5.36  inches.     Ans. 
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EXAMPLES  FOR   PRACTICE. 

1.  A  body  starts  from  a  state  of  rest,  and  falls  freely  for  nine  sec- 
onds; how  far  will  it  fall  ?  Ans.  1,302.48  ft. 

2.  What  velocity  must  a  body  have  in  order  to  carry  it  upwards  500 
feet,  vertically  ?  Ans.  179.33  ft.  per  sec. 

3.  A  baseball  is  thrown  vertically  upwards  to  a  height  of  200  feet ; 
how  long  a  time  must  elapse  before  it  strikes  the  ground  ? 

Ans.  7.05  sec. 

4.  What  will  be  the  velocity  of  a  freely  falling  body  at  the  end  of  6 
seconds?  Ans.  192.96  ft.  per  sec. 

5.  A  baseball  is  thrown  horizontally  5  feet  above  the  ground,  with 
a  velocity  of  80  feet  per  second;  what  is  its  range  ?  Ans.  44.61  ft. 

6.  A  leaden  bullet  falls  from  a  tower  100  feet  high;  with  what 
velocity  will  it  strike  the  ground  ?  Ans.  80.2  ft.  per  sec. 

7.  A  bullet  is  dropped  from  a  high  tower.  If  it  takes  4rJ-  seconds  to 
reach  the  ground,  how  high  is  the  tower?  Ans.  290.445  ft. 

8.  A  freely  falling  body  has  a  velocity  of  400  feet  per  second ;  how 
long  has  it  been  falling  ?  -    Ans.  12.438  sec 

CENTRIFUGAL    FORCE. 

901.  If  a  body  be  fastened  to  a  string  and  whirled  so  as 
to  give  it  a  circular  motion,  there  will  be  a  pull  on  the  string, 
which  will  be  greater  or  less  according  as  the  velocity  in- 
creases or  decreases.  The  cause  of  this  pull  on  the  string 
will  now  be  explained. 

Suppose  that  the  body  is  revolved  horizontally,  so  that  the 
action  of  gravity  upon  it  will  always  be  the  same.  According 
to  the  first  law  of  motion,  a  body  put  in  motion  tends  to 
move  in  a  straight  line  unless  acted  upon 
by  some  other  force,  causing  a  change  in  y 
the  direction.     When  a  body  moves  in  a  /  \ 


\ 


circle  the  force  that  causes  it  to  move  in  ! 

a  circle  instead  of  a   straight  line   is  ex-    \ 

actly  equal  to  the  tension  of  the  string.        "^ 

If  the  string  were  cut,  the  pulling  force  ^^^'  ^^' 

that  drew  it  away  from  the  straight  line  would  be  removed 

and  the  body  would  then  "fly  off  at  a  tangent" — that  is,  it 

would  move   in   a  straight   line    tangent    to  the  circle,  as 

shown  in  Fig.  124. 

902.     Since,  according  to  the  third  law  of  motion,  every 
action  has  an  equal  and  opposite  reaction,  we  call  that  force 
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which  acts  as  an  equal  and  opposite  force  to  the  pull  of  the 
string  the  centrifugal  force,  and  it  acts  away  from  the 
center  of  motion. 

903.  The  other  force  or  tension  of  the  string  is  called 
the  centripetal  force,  and  it  acts  towards  the  center  of 
motion.  It  is  evident  that  these  two  forces  acting  in  oppo- 
site directions  tend  to  pull  the  string  apart,  and,  if  the 
velocity  be  increased  sufficiently,  the  string  will  break.  It 
is  also  evident  that  no  body  can  revolve  without  generating 
centrifugal  force.  The  value  of  the  centrifugal  force  of  any 
revolving  body,  expressed  in  pounds,  is 

F  =  .  00034  W  RN\         (19.) 
in  which  F  =.  centrifugal  force; 

W ^=  total  weight  of  body  in  pounds; 

R  =  radius,  usually  taken  as  the  distance 
between  the  center  of  motion  and  the 
center  of  gravity  of  the  revolving  body, 
in  feet ; 

J\F=  number  of  revolutions  per  inir.ute. 

904.  In  calculating  the  centrifugal  force  tending  to 
burst  a  fly-wheel,  it  is  the  usual  practice  to  consider  one- 
half  the  rim  of  the  wheel  only,  and  not  to  take  the  arms  and 
hub  of  the  wheel  into  account.  In  this  case,  R  is  taken  as 
the  distance  between  the  inside  edge  of  tJie  rim  aiid  tJie  center 
of  the  shaft  and  the  whole  is  divided  by  3.1416. 

Note. — The  general  formula  for  centrifugal  force  is  /^r=— — ,  where 

;«  =  the  mass  of  the  revolving  body,  v  —  velocity  of  center  of  gravity 

of  body  in  feet  per  second,  and  A' =  radius,  as  above.     Formula  19, 

IV  6i)7/ 

Art.  903,  is  easily  derived  from  this.    Thus:  7n  = ;  N=  ^_  „,  or 

V  =  llLlii! .  hence,  F^~v''  =  ^I  —^  )  =  .00034  IV  J?  N\ 

Example. — What  would  be  the  centrifugal  force  tending  to  burst  a 
cast-iron  fly-wheel  whose  outside  diameter  was  10  feet,  width  of  face 
20  inches,  and  thickness  of  rim  6  inches,  turning  at  the  rate  of  80  revo- 
lutions per  minute  ? 

Solution. — First  calculate  the  weight  of  one-half  the  rim.  The 
diameter  of  the  rim  =  10  X  13  =  120  inches;  the  diameter  of  the  cir- 
cle midway  between  the  inside  and  outside  diameters  of  the  rim  = 
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120  —  6  =  114  inches.  The  number  of  cubic  inches  in  the  rim  =  114  X 
3.1416  X  20  X  6  =  42,977  cubic  inches.  42,977  X  .261  X  ^  =  5,608.5 
pounds  =  weight  =  J'F.     Ji  =  i^  —  i  —  U  ieet.     yV=80. 

Hence,  F=  .00034  W  R  m^  3.1416  =  .00034  X  5.608.5  X  4^  X  80^  -j- 
3. 1416  =  17.481  4-  pounds.     AnS; 

STATICS. 

905.  Statics  may  be  defined  as  that  branch  of  Me- 
chanics which  treats  of  bodies  at  rest  or  of  bodies  moving 
with  a  iiniforvi  velocity,  Avhen  these  bodies  are  acted  upon 
by  forces.  A  body  is  in  static  equilibrium  when  the 
resultant  of  all  of  the  forces  acting  upon  the  body  is  zero. 


MOMENTS    OF    FORCES. 

906.  If  from  any  point  (9,  Fig. 
125,  a  perpendicular  be  drawn  to  the  ^> 
line  of  action  of  a  force,  the  product 
of  the  magnitude  of  the  force  and 
the  length  of  the  perpendicular  is 
called  the  moment  of  tlie  force 
about  t lie  point  O. 

Thus,  in  the  figure,  the  moment  of 
the  force  F'  about  the  point  O  is  F' 
X   O  B;  oi  the  force   F"  about  the  point  O  is  F"  X  O  A, 
and  of  F'"  is  F'"  xO  C 

907.  The  use  of  the  moment  will  be  explained  further 
on,  when  the  necessity  arises  for  using  it.  The  point  O  is 
called  the  center  of  moments. 

908.  AVhen  two  equal  forces  act  in  parallel  lines,  but  in 
opposite  directions,  they  constitute  what  is  called  a  couple. 

909.  In  Fig.  126,  the  equal  and  parallel  forces  F'  and 
^■pir  pii ^    acting    in    opposite    directions 

(one  up  and  the  other  down),  form 
a  couple.  It  is  easy  to  see  that  if 
they  were  joined  by  a  connection, 
as  A  B,  that  they  would  tend  to 
turn  A  B  about  the  point  (7,  midway 
Fig.  126.  between  F'  and  F".     The  moment 
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of  a  couple  about  aiiy  point  is  always  the  same,  and  is  equal 
to  the  product  of  one  of  tJic  equal  forces  into  tJie  pcrpc7idicular 
distance  bctxvcen  the  tivo  forces. 

Thus,  the  moment  of  the  couple  in  the  figure  equals  F'  or 
F'  multiplied  by  A  B.  An  example  of  a  couple  would  be  a 
wrench  applied  to  a  nut.  Here,  two  opposite  and  parallel 
sides  of  the  wrench  act  in  parallel,  but  opposite,  directions, 
against  two  parallel  sides  of  the  nut. 


CENTER    OF    GRAVITY. 

910.  The  center  of  gravity  of  a  body  is  that  point  at 
whicJi  the  body  may  be  balanced,  or  it  is  the  point  at  which 
the  whole  weight  of  a  body  may  be  considered  as  concentrated. 

In  a  moving  body,  the  line  described  by  its  center  of 
gravity  is  always  taken  as  the  path  of  the  body.  In  finding 
the  distance  that  a  body  has  moved,  the  distance  that  the 
center  of  gravity  has  moved  is  taken. 

911.  The  definition  of  the  center  of  gravity  of  a  body 
may  be  applied  to  a  system  of  bodies,  if  they  are  considered 
as  being  connected  at  their  centers  of  gravity. 

If  w  and  IF,  Fig.  127,  be  two  bodies  of,  known  weights, 
their  center  of  gravity  will  be  at  C.     The  point  C  may  be 

readily  determined,  as 
follows :  Take  C  as  the 
center  of  moments  ; 
then,  since  the  weights 
are  to  balance  '  each 
other,  the  moment  of 
W  about  C  must  equal 
the  moment  of  zu  about 
C\  or,  in  other  words, 
IFx  C  W=  w  X  Cw. 


2 


Fig.  127. 


If  the  distance  between  the  centers  of  gravity  of  JVand  ze 
is  known,  it  is  very  easy  to  find  C  w  and  C  W.     For 
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Let  /=the  distance  zulV  between  the  centers  of  the 
bodies  ; 

/j  =  the  short  arm  CW ; 
w  =  weight  of  small  body  ; 
JV  =  weight  of  large  body. 
Then,  since  wC  =  I  —  l^,  we  have,  taking  the   moments 
about  the  point  C^ 

Wl^  —  w{l  —  I ^  —  ivl  —  w/,  ;  whence, 
W^/,  +  w/,  =  ( W-\-  w)l^  —  wl,  or 

/,  =    ..7;^     .  (20.) 

Example. — In  Fig.  127,  w  =  10  pounds,  lV=dO  pounds,  and  the 
distance  between  their  centers  of  gravity  is  36  inches;  where  is  the 
center  of  gravity  of  both  bodies  situated  ? 

Solution. — Applying  formula  20, 

w/  10  X  36 


ClV=/,= 


=  9  inches; 


JV+'w-  30  +  10 

hence,  the  center  of  gravity  is  9  inches  from  the  center  of  the  larger 
body.     Ans. 

The  general  method  for  finding  the  short  arm  CIV  is, 
then,  as  follows  :  Multiply  the  zveight  of  the  smaller  body  by 
the  distance  between  the  centers  of  the  two  bodies^  and  divide 
this  product  by  the  sum  of  the  weights  of  the  two  bodies. 

912.  It  is  now  very  easy  to  extend  this  principle,  to 
the  finding  of  the  center 


of  gravity  of  any  num- 
ber of  bodies  when  their 
weights  .  and  the  dis- 
tances apart  of  their 
centers  of  gravity  are 
known,  by  applying 
the  principle  of  finding 
the  resultant  of  several 
forces;  that  is,  by  find- 
ing the  center  of  grav- 
ity of  two  of  the  bodies, 
as  W^  and  W^  in  Fig. 
128.  at  C,. 
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Assume  that  the  weight  of  both  bodies  is  concentrated  at 
C,,  and  find  the  center  of  gravity  of  this  combined  weight 
at  C,  and  of  JF,  to  be  at  C^  ;  then,  find  that  the  center  of 
gravity  of  the  combined  weights  of  W^,  W^,  and  JV^  (concen- 
trated at  C^)  and  JF,  to  be  at  C,  and  C  will  be  the  center  of 
gravity  of  the  four  bodies. 

913.  To  find  the  center  of 
gravity  of  any  parallelogram  :  Draw 
the  two  diagonals.  Fig.  129,  and  their 
point  of  intersection  C  ^vill  be  the 
center  of  gravity. 

914.  To  find  the  center  of  gravity  of  a  triangle,  as 
A  B  Cy  Fig.  130  :  From  any  ver- 
tex, as  A ,  draw  a  line  to  the  mid- 
dle point  D  of  the  opposite  side  B  C. 
From  one  of  the  other  vert  exes,  as  C, 
draw  a  line  to  F,  the  middle  point 
of  the  opposite  side  A  B  ;  the  point 
of  intersection,  O,  of  these  tzvo  lines,  is  the  center  of  gravity. 
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Fig.  131. 
It  is  also  true  that  the  distance  D  O  =  \  D  A,  and  that 
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F  O  =  \  F  C,  and  the  center  of  gravity  could  have  been 
found  by  drawing  from  any  vertex  a  Hne  to  the  middle 
point  of  the  opposite  side,  and  measuring  back  from  that 
side  \  of  the  length  of  the  line. 

The  center  of  gravity  of  any  regular  plane  figure  is  the 
same  as  the  geometrical  center. 

915.  To  find  the  center  of  gravity  of  any  irregular 
plane  figure,  but  of  uniform  thickness  throughout,  divide 
one  of  the  parallel  surfaces  into  triangles,  parallelograms, 
circles,  ellipses,  etc.,  according  to  the  shape  of  the  figure  ; 
find  the  area  and  center  of  gravity  of  each  part  separately, 
and  combine  the  centers  of  gravity  thus  found,  as  in  the 
case  of  more  than  two  bodies  whose  weights  were  known, 
except  that  the  area  of  each  part  is  used  instead  of  their 
weights.      See  Fig.  131. 

916.  Center  of  Gravity  of  a  Solid.— In  a  body  free 
to  move,  the  center  of  gravity  will  lie  in  a  vertical  plumb 


Fig.  132. 
line  drawn  through  the  point  of  support.  Therefore,  to 
find  the  position  of  the  center  of  gravity  of  an  irregular 
soHd,  as  the  crank,  Fig.  132,  suspend  it  at  some  point,  as  B, 
so  that  it  will  move  freely.  Drop  a  plumb  line  from  the 
point  of  suspension,  and  mark  its  direction.  Suspend  the 
body  at  another  point,  as  A._  and  repeat  the  process.     The 

M.  E.     I.— 23 
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intersection  of  the  two  lines  will  be  directly  over  the  center 
of  gravity. 

Since  the  center  of  gravity  depends  wholly  upon  the 
shape  and  weight  of  a  body,  it  may  be  without  the  body,  as 
in  the  case  of  a  circular  ring,  whose  center  of  gravity  is  at 
the  center  of  the  circumference  of  the  ring. 


EQUILIBRIUM. 

917.  When  a  body  is  at  rest,  all  of  the  forces  which  act 
upon  it  are  said  to  balance  one  another,  or  to  be  in  equilib- 
rium. The  most  important  of  the  forces  is  gravity, 
which  acts  upon  every  molecule  of  the  body. 

918.  There  are  three  states  of  equilibrium  :  Stable, 
unstable,  and  neutral. 

919.  A  body  is  in  stable  equilibrium  when,  if 
slightly  displaced  from  its  position  of  rest,  it  tends  to  return 
to  that  position. 

For  example,  a  cube,  a  cone  resting  on  its  base,  a  pendu- 
lum, etc. 

If  a  body  is  in  stable  equilibrium,  its  center  of  gravity 
is  raised  zvJien  it  is  displaced. 

920.  A  body  is  in  unstable  equilibrium  when,  if 
slightly  displaced  from  its  position  of  rest,  it  tends  to  fall 
farther  from  that  position. 

For  example,  a  cone  standing  upon  its  point,  an  o.^^ 
balanced  upon  its  end,  etc. 

Any  movement,  however  slight,  lowers  the  center  of 
gravity  when  the  body  is  in  unstable  equilibrium. 

921.  A  body  is  in  neutral  equilibrium  when  it  has 
no  tendency  to  move  either  zuay,  in  the  direction  of  its  mo- 
tion, after  being  slightly  displaced. 

For  example,  a  sphere  of  uniform  density  ;  a  cone  resting 
on  its  side. 

922.  A  vertical  line  drawn  through  the  center  of  gravity 
of  a  body  is  called  the  line  of  direction.  So  long  as  the  line 
of  direction  falls  within  the  base,  the  body  will  stand.  When 
the  line  of  direction  falls  without  the  base,  the  body  will  fall. 


ELEMENTARY   MECHANICS. 


335 


Let  A  C  B,  Fig.  133,  be  a  cylinder  whose  base  is  oblique 

B  to  the  center  line 

^"^  B  O  D  ;  and  let  O 
be  the  center  of 
gravity  of  this  cyl- 
inder. 

So   long   as  the 

perpendicular 

c    A     _^        c  through  O  falls  be- 

FiG.  133.  between  A  and  C, 

the  cylinder  will  stand,  but  the  instant  that  it  falls  without 

the  base,  the  cylinder  will  fall. 

T/ie  center  of  gravity  of  a  body  always  tends  to  seek  its 
lowest  po  in  t.  

EXAMPLES   FOR   PRACTICE. 

1.  There  are  three  weights  in  a  straight  line.  The  first  weighs 
40  lb.  ;  the  second,  16  lb. ,  and  the  third,  50  lb.  Distance  between  the  first 
and  second  is  6  ft.,  and  between  the  second  and  third,  10  ft.  Where  is 
the  center  of  gravity  ?  Ans.  8  ft.  5.434  in.  from  the  40-lb.  weight. 

2.  Find  the  perpendicular  distance  between  the  center  of  gravity 
and  the  longer  side  of  a  triangle  whose  sides  are  7  ft.,  10  ft.,  and  15  ft. 
long.     Solve  graphically.  Ans.  1.31  ft. 

3.  A  rectangle,  2  ft.  long  and  1  ft.  wide,  has  equal  weights  of  50  lb. 
each,  suspended  from  two  of  its  diagonally  opposite  corners.  A  weight 
of  60  lb.  and  another  of  80  lb.  are  suspended  from  the  other  two  corners. 
Supposing  the  rectangle  to  be  without  weight,  where  is  the  center  of 
gravity  ?  »        (  On  the  diagonal    joining  the  60-lb.   and 

'  (  80-lb.  weights,  1.118  in.  from  the  center. 

4.  Find  the  center  of  gravity  of  a  quadrilateral  whose  sides  are  14, 
15,  16,  and  18  in.  long,  the  angle  between  the  18  and  16  in.  sides  being 
45°.    Give  the  perpendicular  distance  from  the  18  in.  side,    Ans.  5.46  in. 


SIMPLE    MACHINES. 


THE    LEVER. 

923.  A  lever  is  a  bar  capable  of  being  turned  about  a 
pin,  pivot  or  point,  as  in  Figs.  134,  135  and  136. 

924.  The  object  fFto  be  lifted  is  called  the  weight ; 
the  force  used  P  is  called  the  poTv^er ;  and  the  point  or 
pivot  F  is  called  the  fulcrum. 
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925.  That  part  of  the  lever  between  the  weight  and 
the  fulcrum,  or  F  b,  is  called  the  weight  arm,  and  the 
part  between  the  power  and  the  fulcrum,  or  F  c,  is  called 
the  power  arm. 

926.  Take  the  fulcrum,  or  point  /%  as  the  center  of 
moments;  then,  in  order  that  the  lever  shall  be  in  equilib- 
rium, the  moment  of  P  about  F,  or  Px  F  c,  must  equal  the 
moment  of  W  about  7%  or  W X  F b.  That  is,  Px  F c  = 
Wx  F  b,  or,  in  other  words,  //w  power  multiplied  by  the 

power  arm  equals  the  weight  multiplied  by  the  weight  arm. 

927.  liFhe  taken  as  the  center  of  a  circle,  and  arcs  be 
described  through  b  and  e,  it  will  be  seen  that,  if  the  weight 
arm  is  moved  through  a  certain  angle,  the  power  arm  will 
move  through  the  same  angle;  also,  that  the  vertical  dis- 
tance that  W  moves  will  be  the  sine  of  this  angle,  in  a 
circle  whose  radius  is  the  weight  arm,  and  that  the  vertical 
distance  that  P  moves  will  be  the  sine  of  the  same  angle  in 
a  circle  whose  radius  is  the  power  arm.  From  this  it  is  seen 
that  the  power  arm  is  proportional  to  the  distance  through 


IP 


& 


Fig.  135.  Fig.  136. 

which  the  power  moves,  and  the  weight  arm  is  proportional 
to  the  distance  through  which  the  weight  moves. 

Hence,  instead  of  writing  Px  Fc=  Wx  Fb,  we  might 
have  written  it  P  X  distance  through  which  P  moves  ==  IV  X 
distance  through  which  Tf^  moves.  This  is  the  general  law 
of  all  machines,  and  can  be  applied  to  any  mechanism,  from 
the  simple  lever  up  to  the  most  complicated  arrangement. 
Stated  in  the  form  of  a  rule,  it  is  as  follows: 

Rule  VI. —  The  power  multiplied  by  the  distance  through 
which  it  moves  equals  the  lueigJit  multiplied  by  the  distance 
through  which  it  jnoves. 
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Example. — If  the  weight  arm  of  a  lever  is  6  inches  long  and  the 
power  arm  is  4  feet  long,  how  great  a  weight  can  be  raised  by  a  force 
of  20  pounds  at  the  end  of  the  power  arm  ? 

Solution. — 4  feet  =  48  inches.  Hence,  20x48=  JFxO,  or  IV  = 
160  pounds.     Ans. 

Example. — (a)  What  is  the  ratio  between  the  power  and  the  weight 
in  the  last  example?  (i)  In  the  last  example,  if  P  moves  24  inches, 
how  far  does  IV  move  ?    (c)  What  is  the  ratio  between  the  two  distances? 

Solution. — (a)  20  :  160  =  1:8;  that  is,  the  weight  moved  is  8  times 
the  power.     Ans. 

(d)  20  X  24  =  160  X  -r.  x  =  — r-  =  3  inches,  the  distance  that  IF 
moves.     Ans. 

(^)  3  :  24  =  1  :  8,  or  the  ratio  is  1  :  8.     Ans. 

928.  The  law  which  governs  the  straight  lever  also 
governs  the  bent  lever;  but  care  must  be  taken  to  deter- 
mine the  true  lengths  of  the  lever  arms,  which  are  in  every 
case  f/ie  perpendicular  distances  front  the  fulcr-uin  to  the  line 
of  direction  of  the  zvcight  or  power. 

Thus,  in  Figs.  137,  138,  139,  and  140,  F  c  \n  each  case 
represents  the  power  arm,  and  F  b  the  weight  arm. 


Fig.  139.  Fig.  140. 

929.     Tlie  Compound  Lever. — A  compound  lever  is 

a  series  of  single  levers  arranged  in  such  a  manner  that 
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when  a  force  is  applied  to  the  first  it  is  communicated  to 
the  second,  and  from  this  to  the  third,  and  so  on. 

Fig.  141  shows  a  compound  lever.  It  will  be  seen  that 
when  a  power  is  applied  to  the  first  lever  at  P  it  will  be 
communicated  to  the  second  lever  at  P,  from  this  to  the 
third  lever  at  P,  and  thus  raise  the  weight  W. 

The  weight  which  the  power  of  the  first  lever  could  raise 
acts  as  the  power  of  the  second,  and  the  weight  which  this 
could  raise  by  means  of  the  second  lever  acts  as  the  power 
of  the  third  lever,  and  so  on,  no  matter  how  many  single 
levers  make  up  the  compound  lever. 

In  this  case,  as  in  every  other,  the  power  multiplied  by 
the  distance  through  which  it  moves  equals  the  weight 
multiplied  by  the  distance  through  which  it  moves. 

Hence,  if  we  move  the  Pend  of  the  lever,  say,  4  inches, 
and  the  W  end  moves  \  of  an  inch,  we  know  that  the  ratio 

F 
W 


P 


tfi 


f 

24^ — H-64 18—-^  6'4 -30'^ f—  -18-"— \ 


^ 


W  P  ^ 

F  F 

Fig.  141. 

between  Pand  Wis  the  same  as  the  ratio  between  \  and  4; 
that  is,  1  to  20,  and,  hence,  that  10  pounds  at  P  would 
balance  200  pounds  at  IV,  without  measuring  the  lengths  of 
the  dififerent  lever  arms.  If  the  lengths  of  the  lever  arms 
are  known,  the  ratio  between  P  and  W  may  be  readily 
obtained  from  the  following  rule: 

Rule  VII. —  The  continued  product  of  the  power  and  each 
power  arm  equals  the  continued  product  of  the  weight  and 
each  weight  arm. 

Example. — If,  in  Fig.  141,  the  power  arms  P  F=  24  inches,  18  inches, 
and  30  inches,  and  weight  arms  JVF=  6  inches,  6  inches,  and  18  inches, 
(a)  how  great  a  force  must  be  applied  at  the  free  end  P  to  raise  1,000 
pounds  at  ^F?     (i^)  What  is  the  ratio  between /"  and  /F? 

Solution.—    /•  x  24  x  18  X  30  =  1,000  x  6  x  6  x  18, 

_        648,000         rn  ^  A 

or  P  —    ^ ,  ,„.„    =  50  pounds.     Ans. 
12,960 

50  : 1,000  =  1  :  20,  or  /• :  W^=  1  :  20.     Ans. 
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THE   WHEEL   AND   AXLE, 

930.  The  wheel  and  axle  consists  of  two  cylinders  of 
different  diameters^  rigidly  connected^  so  that  they  turn 
together   about  a  common  axis,  as  in  Fig.  142.     Then,  as 


Fig.  143. 

before,  P  X  distance  through  which  it  moves  ■=Wy,  dis- 
tance through  which  it  moves;  and,  since  these  distances 
are  proportional  to  the  radii  of  the  power  cylinder  and 
weight  cylinder,  PxFc=]VxFb. 

It  is  not  necessary  that  an  entire  wheel  be  used ;  an  arm, 
projection,  radius,  or  anything  ^= 
which  the  power  causes  to  revolve 
in  a  circle,  may  be  considered  as 
the  wheel.  Consequently,  if  it  is 
desired  to  hoist  a  weight  with  a 
windlass.  Fig.  143,  the  force  is 
applied  to  the  handle  of  the  crank, 
and  the  distance  between  the  cen-  F^^-  ^^s. 

ter  line  of  the  crank-handle  and  the  axis  of  the  drum  corre- 
sponds to  the  radius  of  the  wheel. 

Example. — If  the  distance  between  the  center  line  of  the  handle  and 
the  axis  of  the  drum,  in  Fig.  143,  is  18  inches,  and  the  diameter  of  the 
drum  is  6  inches,  what  force  will  be  required  at  P  to  raise  a  load  of  300 
pounds  ? 

Solution.—    /•  x  18  =  300  x  tt.    or  P  =  50.     Ans. 
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931.  \VhecI>vork. — A  combination  of  wheels  and  axles, 
as  in  Fig.  144,  is  called  a  train.  The  wheel  in  a  train  to 
which  motion  is  imparted  from  a  wheel  on  another  shaft, 
by  such  means  as  a  belt  or  gearing,  is  called  the  driven 
wheel  or  follower ;  the  wheel  which  imparts  the  motion 
is  called  the  driver. 


Fig.  144. 


932.  It  will  be  seen  that  the  wheel  and  axle  bears  the 
same  relation  to  the  train  that  the  simple  lever  does  to  the 
compound  lever;  that  is,  tJie  contimicd product  of  the  poiver 
and  the  radii  of  the  driven  zvheels  equals  the  conti)ined product 
of  the  weight,  the  radius  of  the  drum  that  moves  the  zveigJit, 
and  the  radii  of  the  drivers. 

Example. — If  the  radius  of  the  wheels  is 20 inches,  of  C,  15  inches, 
and  of  E,  24  inches;  if  the  radius  of  the  drum  7^  is  4  inches,  of  the 
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pinion  D,  5  inches,  and  of  the  pinion  B,  4  inches,  how  great  a  weight 
will  a  force  of  1  pound  at  P  raise  ? 

7,200 


Solution.—    1  x  20  x  15  X  24 
pounds.     Ans. 


W^X  4  X  5  X  4,  or  VV  = 


80 


=  90 


933.  Hence,  also,  if  IF  were  raised  one  inch,  P  would 
move  90  inches,  or  P  would  have  to  move  90  inches  to  raise 
W^one  inch.  It  is  now  clear  that  another  great  law  has 
made  itself  manifest,  and  that  is  that,  tvhenever  there  is  a 
gain  in  power  without  a  corresponding  increase  in  the  initial 
force,  there  is  a  loss  in  speed. 

In  the  last  example,  if  P  were  to  move  the  entire  90  inches 
in  one  second,  J F  would  move  only  1  inch  in  one  second. 
The  same  principle  may  be  applied  to  any  machine. 


THE  PULLEY. 

934.  A  pulley  is  a  wheel  turning  on  an  axle,  over  which 
a  cord,  chain,  or  band  is  passed  in  order  to  transmit  the 
force  through  the  cord,  chain,  or  band. 

935.  The  frame  which  supports  the  axle  of  the  pulley 
is  called  the  block. 


936.  A  fixed  pulley  is  one  whose  block 
is  not  movable,  as  in  Fig.  145.  In  this  case, 
if  the  weight  ]Vh&  lifted  by  pulling  down  P, 
the  other  end  of  the  cord  ]V  will  evidently 
move  the  same  distance  upwards  that  P  moves 
downwards ;  hence,  P  must  equal  W, 


Fig.  145. 


937.  A  movable  pulley  is  one  whose  block  is  movable, 
as  in  Fig.  148.  One  end  of  the  cord  is  fastened  to  the  beam, 
and  the  weight  is  suspended  from  the  pulley,  the  other  end 
of  the  cord  being  drawn  up  by  the  appncation  of  a  force  P. 
A  little  consideration  will  show  that  if  /'moves  through  a 
certain  distance,  say  1  foot,  J  F  will  move  through  7/^//"  that 
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distance,  or  G  inches;  hence,  a  pull  of  1  pound  at  Pwill  lift 
2  pounds  at  W. 


Fig.  146. 


Fig. 147 


The  same  would  also  be  true  if  the  free  end  of  the  cord 
were  passed  over  2i  fixed  pulley^  as  in  Fig.  147,  in  which  case 
the  fixed  pulley  merely  changes  the  direction  in  which  P 
acts,  so  that  a  weight  of  1  pound  hung  on  the  free  end  of  the 
cord  will  balance  2  pounds  hung  from  the  movable  pulley. 

938.  A  combination  of  pulleys,  as  shown  in  Fig. 
148,  is  sometimes  used.  In  this  case  there 
are  three  movable  and  three  fixed  pulleys, 
and  the  amount  of  movement  of  W^  owing  to 
a  certain  movement  of  P,  is  readily  found. 

It  will  be  noticed  that  there  are  six  parts 
of  the  rope,  not  counting  the  free  end ;  hence, 
if  the  movable  block  be  lifted  1  foot,  /"re- 
maining in  the  same  position,  there  would 
be  1  foot  of  slack  in  each  of  the  six  parts  of 
the  rope,  or  six  feet  in  all.  Therefore,  P 
would  have  to  move  6  feet  in  order  to  take 
up  this  slack,  or  Pmoves  six  times  as  far  as  W. 
Hence,  1  pound  at  Pwill  support  G  pounds 
at  W^  since  the  power  multiplied  by  the  dis- 
tance through  wJiich  it  moves  equals  the  zveight 
multiplied  by  the  distance  through  wJiich  it 
moves.  It  will  also  be  noticed  that  there  are 
Fig.  148.  three  movable  pulleys,  and  that  3x2  =  6- 
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Rule  VIII. — ///  any  combination  of  pulleys  where  one  con- 
tinuous rope  is  used  a  load  on  the  free  end  will  balance  a 
weight  on  the  movable  block  as  many  times  as  great  as  the 
load  on  the  free  end  as  there  are  parts  of  the  rope  supporting 
the  load — not  counting  the  free  end. 

The  above  law  is  good,  whether  the  pulleys  are  side  by 
side,  as  in  the  ordinary  block  and  tackle.,  or  whether  they  are 
arranged  as  in  the  figure. 

Example. — In  a  block  and  tackle  having  five  movable  pulleys,  how 
great  a  force  must  be  applied  to  the  free  end  of  the  rope  to  raise  1,250 
pounds  ? 

Solution. — Since  there  are  5  movable  pulleys,  there  are  10  parts  of 
the  rope  supporting  them,  and  1  pound  on  the  free  end  will  balance  10 
pounds  on  the  movable  block ;  therefore,  the  ratio  of  P  to  fF  is  1  :  10, 
1,250 


and  P  = 


10 


=  125  pounds.     Ans. 


939.  In  Fig.  149  is  shown  an  arrangement  called  a  dif- 
ferential pulley.  It  will  be  seen  that  if  a  force  be  applied 
at  P,  so  as  to  pull  the  point  Pdown  to  7?,  the 
rope  or  chain  will  wind  up  on  the  large  pulley 
A.,  and  unwind  from  the  smaller  pulley  -5", 
and  since  {7  is  a  movable  pulley,  the  weight  W 
will  move  an  amount  equal  to  one-half  the 
difference  between  the  amount  of  winding 
on  A  and  unwinding  on  B. 

Let  the  radius  of  A  be  represented  by  iv, 
and  of  j5  by  r;  then,  when  P  is  pulled  down 
to  D,  a  point  E  on  the  pulley  A  will  move 
through  a  certain  angle,  EOF.,  the  length  of 
the  arc  E  /^  being  equal  to  the  distance  P  D. 
Any  point  on  the  pulley  i>,  which  is  fastened  to 
A,  will  turn  through  the  same  angle;  and  the 
difference  between  the  arc  K L.,  through  which 
this  point  turns,  and  the  arc  E  F  will  be  pro- 
portional to  the  difference  of  the  radii  R  and  r. 

When  P  moves  down  to  Z>,  the  point  H  on  fig.  149. 

the  other  side  will  move  up  through  the  same  distance  to//"'. 
Thepoint/ will  move  up  to  /',  a  distance  equal  to  the  length 
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of  the  arc  K  L,  and  in  will  fall  through  the  same  distance 

to  ;;/,  thus  causing  the  weight  W  to  be  raised  one  half  the 

difference  betiveen  m  in'  and  P  D.     The  ratio  between   the 

distances  through  which  /Fand  Pmove  will  be 

2irc  E  F  —  arc  K  L      r- r-         R  —  r       „ 
• ^ :  ^^,  or  — 2 —  • 

Hence,  W X  ^^^^  =  Px  R,  or  ]V=^j^-^.  (21.) 

2  R  —  r  ^        ' 

Example. — If  7?  =  7  inches,  and  r  =  Q\  inches,  how  much  weight  can 
be  raised  at  W  with  a  force  of  50  pounds  at  PI 

„  ...      3 Z*^       2x50x7       ^  ,^^  ,         . 

Solution. —     lV=-fi =  — = — tt; —  =  1,400  pounds.     Ans. 

R  —  r  7  —  6|  ^ 


THE    INCLINED    PLANE. 

940.  An  inclined  plane  is  a  slope  or  a  flat  surface, 
making  an  angle  with  a  horizontal  line. 

Three  cases  may  arise  in  practice  with  the  inclined  plane: 

I.  When  the  power  acts  parallel  to  the  plane,  as  in  Fig. 
150. 

n.  When  the  power  acts  parallel  to  the  base,  as  in  Fig. 
151. 

in.  When  the  power  acts  at  an  angle  to  the  plane,  or 
to  the  base,  as  in  Fig.  152. 

Case  I. — In  Fig.  150,  the  relation  existing  between  the 
power  and  the  weight  is  easily  found.  The  weight  ascends 
a  distance  equal  to  c  b,  or  the  height  of  the   inclined  plane, 

while  the  power  descends 
through  a  distance  equal 
to  a  b,  or  the  length 
of  the  inclined  plane. 
^  Ibs.y     o^  ] ^.-(^  o       [      \  T>  Therefore,     the      power 

imdtiplied  by  the  length 
of    the     inclined   plane 
Fig.  150.  ^  equals  the  weight  vmlti- 

plied  by  the  height  of  the  inclined  plane.  Hence,  if  the 
length  ^  ^  =  40  feet,  and  the  height  ^  ^^  =  20  feet,  W  X  20  = 
P  X  40,  or  1  pound  at  P  will  balance  2  pounds  at  IV. 
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Fig.  151. 


Case  II. — In  Fig.  151,  the  power  is  supposed  to  act  par- 
allel to  the   base  for  any  position  of    IV,  the  pulley  being 

shifted  up  and  down; 
therefore,  Avhile  W  is 
moving  from  the  level 
a  c  to  /;,  or  through  the 
height  c  b  oi  the  in- 
clined plane,  /'  will 
move  a  distance  down- 
wards, relative  to  the 
axis  of  the  pulley,  equal 
to  the  length  of  the 
base  a  c.  Hence,  when  the  power  acts  parallel  to  the  base, 
W  X  height  of  the  inclined  plane  =  P  x  length  of  base. 

If  the  length  of  the  base  is  40  feet,  and  the  height  of  the 
inclined  plane  is  20  feet,  W  X  20  =  P  X  40,  and  1  pound  at 
P  will  balance  2  pounds  at  W. 

Case  III. — For  Fig. 
152  no  rule  can  be  given. 
The  ratio  of  the  power 
to  the  weight  must  be 
determined  for  every 
position  of  IF  by  means 
of  the  triangle  or  paral- 
lelogram  of  forces. 

This  case  will  be  ex- 
plained by  means  of  an 

example,  as  it  affords  a  fig.  152. 

splendid  illustration  of  the  principle   of   resolution  of  forces. 

Example. — In  Fig.  153,  a  body  JF  is  shown  resting  on  an  inclined 
plane  A  B,  whose  dimensions  are  marked  on  the  cut ;  the  weight  P  acts  to 
pull  the  body  up  the  plane  by  means  of  the  rope  r  and  pulley  p.  It 
is  required  to  find  what  the  weight  of  P  must  be  in  order  to  start  Ww^ 
the  plane.  Suppose  W^  weighs  130  pounds,  and  that  friction  is  neglect- 
ed. It  is  also  required  to  find  the  perpendicular  pressure  which  W 
exerts  against  the  plane. 

Solution. — Through  the  point  a,  the  center  of  gravity  of  W,  draw 
ab  vertical,  and  make  it  of  such  a  length  as  to  represent  120  pounds 
to  a  convenient  scale,  say  60  pounds  =  1  inch.     Drawing  a  c  and  c  b. 
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respectively,  parallel  and  perpendicular  to  the  plane,  a  c  represents 

the  magnitude  of  the  force  which  must  be  exerted  parallel  \.o  A  B  xn. 

order  to  put  the  body  in  equilibrium — i.  e.,  to  balance  the  force  which 

gravity  exerts  in  pulling  the  body  down  the  plane.     If  the  rope  r  were 

parallel  to  A  B,  a  c  would  represent  the 

weight  of  P;  but,  since  r  makes  an  angle 

with  the  plane,  P  will  not  be  equal  to  ,^'  /     P 

ac.     To  find  what  the  weight  of  /"must 

be,  draw  a  d  parallel  to  a  c,  but  indicate 

it  as  acting  in  the  opposite 

r 


direction,  or  from  a  to  ^in 
stead  of  from  a  to  c.     Now 


treat  ad  zs  though  it  were  a  compo- 
nent of  the  force  acting  in  the  rope — 
i.  e.,  draw  de  perpendicular  to  ad,  in- 
stead of  perpendicular  to  a  e.     The 
reason  for  this    is   that  if  d  e  were 
drawn  perpendicular  to  a  e  it  could 
be  resolved  into  components,  one  of 
which  would  be  parallel  to  a  d,  a  re- 
sult which  we  wish  to  avoid ;  in  other  Fig.  153. 
words,  we  want  de  perpendicular  to  the  plane.     The  line  ae,  measured 
to  the  same  scale  as  a  b,  will  give  the  value  of  P.     Measuring  it,  its 
length  is  .89"  ;  hence,  Z'  =  .89  X  60  r=  53.4  pounds.    Ans. 

To  determine  the  perpendicular  pressure  against  the  plane,  it  will 
be  noticed  that  ab  equals  the  pressure  due  to  gravity.  Since  c  b  and 
de  are  both  perpendicular  to  A  B,  they  are  parallel,  and  since  de  acts 
in  the  opposite  direction  to  cb,  the  actual  pressure  against  the  plane  is 
given  by  the  difference  hetween.  c b  a.n<l  de.  ]\Iaking  ry"  equal  to  de, 
f  b  represents  the  perpendicular  pressure  against  the  plane  when  the 
force  P  {—  ae)  acts  as  shown.  The  length  oi  f  b  is  1.39"  ;  hence,  the 
perpendicular  pressure  is  1.39  x  60  =  83.4  pounds.     Ans. 

Since  ca  and  ad  are  parallel  and  equal,  and  cf  and  de  are  also 
parallel  and  equal,  it  follows  that  a/  and  a  e  must  also  be  parallel  and 
equal.  Consequently,  the  force  P  might  have  been  found  by  drawing 
a  f  parallel  to  the  direction  in  which  the  pull  on  the  rope  acts,  and 
bf  perpendicular  to  the  plane  A  B.  Thus,  suppose  that  the  weight 
occupies  the  position  shown  by  the  dotted  lines.     Then,  drawing  ag 


ELEMENTARY  MECHANICS. 


347 


parallel  to  a'  e',  ag  represents  the  weight  of  P,  and  g  b  represents  the 
perpendicular  pressure  of  the  body  /F  against  the  plane.  Measuring 
ag,  its  length  is. 79";  hence,  /*  =  .79  X  60  =  47.4  pounds.  Measuring 
g  b,  its  length  is  1.65"  ;  hence,  the  perpendicular  pressure  =  1.65  X  60  = 
99  pounds. 

941.      The    Wedge.— 

The  T^^edge  is  a  movable 
inclined  plane,  and  is  used 
for  moving  a  great  weight  a 
short  distance.  A  common 
method  of  moving  a  heavy 
body  is  shown  in  Fig.  154.  fig.  154 

Simultaneous  blows  of  equal  force  are  struck  on  the  heads 
of  the  wedges,  thus  raising  the  weight  W.  The  laws  for 
wedges  are  the  same  as  for  Case  II  of  the  inclined  plane. 


Fig.  1.55. 


THE  SCREW^. 

942.      A   screw 

is  a  cylinder  with  a 
spiral  groove  winding 
around  its  circumfer- 
ence.     This  spiral  is 
called  the  thread  of 
the  screw.     The  dis- 
tance that  the  thread 
is  drawn  back  or  ad- 
vanced in  one  turn  of 
the  screw  is  called  the 
pitch  of  the  screw. 
The  screw  in  Fig.  155  is  turned  in  a 
nut  a  by  means  of  a  force  applied  at 
the  end  of  the  handle  P.     For  one  com- 
plete   revolution    of    the    handle,    the 
screw  will  be  advanced  lengthwise  an 
amount  equal  to  the  pitch.     If  the  nut 
be  fixed,  and  a  weight  be  placed  upon 
the  end  of  the  screw,  as  shown,  it  will 
be    raised   vertically    a  distance   equal 
to  the  pitch  by  one  revolution  of  the 
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screw.  Daring  this  revolution  the  force  at  P  will  move 
through  a  distance  equal  to  the  circumference,  whose  radius 
isPF.  Hence,  JFx  pitch  of  thread  = /^  x  circumference 
of  P. 

943.     Single-threaded  screws  of  less  than  1  inch  pitch 

ar3  generally  classified  by  the  number  of  threads  they  have 

in  1  inch  of  their  length.     In  such  cases,  ojic  mcJi  divided  by 

the  number  of  threads  equals  the  pitch  ;  thus,  the  pitch  of  a 

screw  that  has  8  threads  per  inch  is  -J" ;  one  of   32  threads 

per  inch  is  ^V'>  ^^c. 

Example. — It  is  desired  to  raise  a  weight  by  means  of  a  screw  having 
5  threads  per  inch.  The  force  applied  is  forty  pounds  at  a  distance  of  14 
inches  from  the  center  of  the  screw ;  how  great  a  weight  can  be  raised  ? 

Solution. — Diameter  of  the  circumference  passed  through  by  the 
force  =  14  X  2  =  28  inches.      Therefore,   W^  X  i  =  40  X  28  X  3.1416,  or 
H^=  17,593  pounds.     Ans. 

VELOCITY  RATIO. 

944-  The  ratio  of  the  distance  that  the  power  moves  to 
the  distance  which  the  weight  moves  on  account  of  the 
movement  of  the  power  is  called  the  velocity  ratio. 

Thus,  if  the  power  is  moving  12  inches  while  the  weight  is 
moving  1  inch,  the  velocity  ratio  is  12  to  1,  or  12;  that  is, 
P  moves  12  times  as  fast  as  W. 

945.  If  the  velocity  ratio  is  known,  the  weight  which 

any  machine  can  raise  equals  the  power  iimltiplied  by  the 

velocity  ratio.     If  the  velocity  ratio  is  8.7  to  1,  or  8.7,  JF  = 

8.7  X  P,  since  IV X  l  =  Px  8.7. 

Note. — In  all  of  the  preceding  cases,  including  the  last,  friction  has 
been  neglected, 

FRICTION. 

946.  Friction  is  the  resistance  that  a  body  meets  from 
the  surface  on  which  it  moves. 

947.  The  ratio  between  the  resistat^ce  to  the  motion 
of  a  body  due  to  friction  and  the  perpendicular  pressure  be- 
tween the  surfaces  is  called  the  coefficient  of  friction. 
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If  a  weight    IV,  as  in   Fig.  15G,  rests  upon   a  horizontal 

plane,  and  has  a  cord  fastened  to  it  passing  over  a  pulley  «, 

from  which  a  weight  Pis  suspended,  then,  if  Pis  just  suffi- 

P 
cient  to  start  W,  the  ratio  of  P  to  W,  or  -,77,  is  the  coefficient 

of  frictioii  between  W  and  the  surface  it  slides  upon. 

The  weight  Wis  the  perpendicular  pressure,  and  Pis  the 
force  necessary  to  overcome  the  resistance  to  the  motion  of 
W^due  to  friction. 


Fig.  156. 


\i  W  =■  100  pounds  and  P  =  10  pounds,  the  coefficient  of 

=  .1. 


P  10 

friction  for  this  particular  case  would  be  -777  =  -— -— 

W       100 


948.     Laws  of  Friction  :  — 

I.     Friction  is  directly  proportional  to  the  perpendicu- 
lar pressure  between  the  two  surfaces  in  contact. 

II.  Friction  is  independent  of  the  extent  of  the  surfaces 
in  contact  when  the  total  peri)endicular  pressure  remains  the 
same. 

III.  Friction  increases  with  the  roughness  of  the  sur- 
faces. 

IV.  Friction  is  greater  between  surfaces  of  the  same 
■material  than  between  those  of  different  materials. 

V.     Friction  is  greatest  at  the  beginning  of  motion. 

VI.     Friction   is  greater   between  soft  bodies  than   be- 
tween hard  ones. 

VII.     Rolling  friction  is  less  than  sliding  friction. 

VIII.     Friction  is  diminished  by  polishing  or  lubricating 
the  surfaces. 

M.  E.     I.— 24 
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Law  I  shows  why  the  friction  is  so  much  greater  on  jour- 
nals after  they  begin  to  heat  than  before.  The  heat  causes 
the  journal  to  expand,  thus  increasing  the  pressure  between 
the  journal  and  its  bearing,  and,  consequently,  increasing  the 
friction. 

Law  II  states  that,  no  matter  how  small  the  surface  may 
be  which  presses  against  another,  if  the  perpendicular  pres- 
sure is  the  same,  the  friction  will  be  the  same.  Therefore, 
large  surfaces  are  used  where  possible ;  not  to  reduce  the 
friction,  but  to  reduce  the  wear  and  diminish  the  liability  of 
heating. 

For  instance,  if  the  perpendicular  pressure  between  a 
journal  and  its  bearing  is  10,000  pounds,  and  the  coefficient 
of  friction  is  .2,  the  amount  of  friction  is  10,000  X  .2  =  2,000 
pounds. 

Suppose  that  one-half  the  area  of  the  surface  of  the  jour- 
nal is  80  square  inches;  then,  the  amount  of  friction  for 
each  square  inch  of  bearing  is  2,000  -^  80  =  25  pounds. 

If  half  the  area  of  the  surface  had  been  160  square  inches, 
the  friction  would  have  been  the  same — that  is,  2,000  pounds; 
but  the  friction  per  square  inch  would  have  been  2,000-7- 
160  =  12^  pounds,  just  one-half  as  much  as  before,  and  the 
wear  and  liability  to  heat  would  be  one-half  as  great  also. 


COEFFICIENTS   OF   FRICTION. 

TABLE   17. 


Description  of  Surfaces 
in  Contact. 

Disposition 
of  Fibers. 

State  of  the 
Surfaces. 

Coefficient 
of  Friction. 

Oak  on  oak 

Parallel 
Parallel 
Parallel 
Parallel 
Parallel 
Parallel 

Dry 
Soaped 

Dry 
Soaped 

Dry 

Soaped 

Slightly 
Unctuous 

Slightly 
Unctuous 

Slightly 
Unctuous 

.48 

Oak  on  oak 

.16 

Wrought  iron  on  oak 

Wrought  iron  on  oak 

Cast  iron  on  oak 

.62 

■  .21 

.49 

Cast  iron  on  oak 

Wrought  iron  on  cast  iron . . 

Wrought  iron  on  bronze. . . . 

Cast  iron  on  cast  iron 

.19 
.18 

.18 

.15 
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EFFICIENCY. 

949.  The  force  which  is  required  to  raise  a  weight,  or 
overcome  an  equal  resistance  in  any  machine,  is  always 
greater  than  this  iveigJit  or  resistance^  divided  by  the  velocity 
ratio  of  the  machine. 

Thus,  if  there  were  no  friction,  a  machine  whose  velocity 
ratio  was  5  Avould,  by  an  application  of  100  pounds  of  force, 
raise  a  weight  of  500  pounds. 

Now,  suppose  that  the  friction  in  the  machine  is  equiva- 
lent to  10  pounds  of  force,  then  it  would  take  110  pounds  of 
force  to  raise  500  pounds. 

If,  in  the  above  illustration,  friction  were  neglected,  110 
pounds  X  5  =  550  pounds,  or  the  weight  that  110  pounds 
would  raise;  but,  owing  to  the  frictional  resistance,  it  only 
raised  500  pounds;  therefore,  we  have  for  the  ratio  between 

the  two  4?^  =  .91-     That  is,  500  :  550  =  .91  :  1. 
5o0 

950.  This  ratio  between  the  weight  actually  raised  and 
the  applied  force  multiplied  by  the  velocity  ratio  is  called 
the  efficiency  of  the  macliine. 

Let  /^=  the  force  applied  to  the  machine; 
f^=  the  velocity  ratio  of  the  machine; 
W^=  the  weight  actually  lifted,  or  equivalent  resistance 

overcome; 
E  =  the  efficiency  of  the  machine. 

W 
Then,  E  =  ^^.  (22.) 

Example. — In  a  machine  having  a  combination  of  pulleys  and  gears, 
the  velocity  ratio  of  the  whole  is  9.75.  A  force  of  250  pounds  just  lifts 
a  weight  of  1,626  pounds;  what  is  the  efficiency  of  the  machine  ? 

Solution.— E  =  -7^  =  »^i'^^f  ^^  =  .6671,  or  66.71  %.     Ans. 
r  y        i'M  X  "•  '5 

Since  the  total  amount  of  friction  varies  with  the  load,  it 

follows  that  the  efficiency  will  also  vary  for  different  loads. 

Example. — A  pulley  block  with  a  velocity  ratio  of  7  has  an  efficiency  of 
88^  for  a  load  of  3,000  pounds;  what  power-is  required  to  start  the  load? 

-         ^  oQ       3,000 

Solution. — £  =^^-j^,  or  .38  =  ^^^ 

F  V  IF 

Hence,  F=  —^ ^  —  1,128  pounds,  nearly.     Ans. 
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EXAMPLES   FOR   PRACTICE. 

1.  A  wedge  is  caused  to  move  a  weight  vertically  by  means  of  a 
screw,  which  pulls  the  wedge  horizontally  on  its  base.  If  the  screw 
has  5  threads  per  inch  and  the  handle  is  10  inches  long,  what  force  will 
be  necessary  to  apply  to  the  handle  to  raise  a  weight  of  1,400  pounds, 
the  height  of  the  wedge  being  8  inches,  and  the  length,  14  inches  ? 

Ans.  2.54G  lb.,  nearly. 

2.  If  the  distance  from  the  fulcrum  to  the  point  at  which  a  force  of 
135  pounds  is  applied  to  a  lever  is  4  feet,  and  the  distance  from  the 
fulcrum  to  the  weight  is  1^  inches,  how  great  a  weight  will  the  force 
lift  ?  Ans.  4,320  lb. 

3.  It  is  desired  to  raise  a  weight  of  600  pounds  by  means  of  a  block 
and  tackle  having  two  fi.\ed  and  two  movable  pulleys;  what  force  must 
be  applied  at  the  free  end  of  the  rope  ?  Ans.  150  lb. 

4.  If,  in  the  last  example,  the  free  end  of  the  rope  be  attached  to  a 
windlass  whose  drum  is  5  inches  in  diameter,  and  which  has  a  handle 
situated  15  inches  from  the  axis  of  the  drum,  what  force  will  be  neces- 
sary to  raise  the  weight  ?  Ans.  25  lb. 

5.  It  is  required  to  pull  a  wagon  up  an  inclined  plane  one  mile  long. 
The  height  of  the  plane  being  120  feet,  and  the  weight  of  the  wagon 
and  load  2,816  pounds,  what  force  will  be  necessary  ?  Ans.  64  lb. 

6.  In  Fig.  144,  the  radius  of  the  wheel  A  is  32  inches,  of  C,  18  inches, 
and  of  E,  30  inches;  the  radius  of  the  drum  F\s>  10  inches,  of  the  pinion 
Z>,  4  inches,  and  of  the  pinion  B,  6  inches.  If  P  moves  4  feet  6  inches, 
how  far  will  the  weight  W  move  ?  Ans.  |  in. 

7.  In  the  last  example,  how  great  a  force  must  be  applied  at  P  to 
raise  a  weight  of  2,160  pounds  ?  Ans.  30  lb. 

8.  In  example  4,  if  the  friction  be  taken  as  22^  of  the  load  lifted, 
what  force  will  be  necessary  ?    What  will  be  the  efficiency  ? 

.5  1b. 
nearly. 

WORK    AND    ENERGY. 


\  82^, 


951.  W^ork  is  the  overcoming  of  resistance  continually 
occurring  along  tlie  patJi  of  motion. 

Mere  motion  is  not  work,  but  if  a  body  in  motion  con- 
stantly overcomes  a  resistance,  it  does  work. 

952.  The  unit  of  work  is  one  pound  raised  vertically 
one  foot,  and  is  called  one  foot-pound.  All  work  is  meas- 
ured by  this  standard.  A  horse  going  up  hill  does  an 
amount  of  work  equal  to  his  own  weight,  plus  the  weight  of 
the   wagon   and   contents,    plus   the    frictional    resistances 
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reduced  to  an  equivalent  weight,  multiplied  by  the  vertical 
height  of  the  hill.  Thus,  if  the  horse  weighs  1,200  pounds, 
the  wagon  and  contents  1,200  pounds,  and  the  frictional  re- 
sistances equal  400  pounds,  then,  if  the  vertical  height  of  the 
hill  is  100  feet,  the  work  done  is  equal  to  (1,200  +  1,200  + 
400)  X  100  =  280,000  foot-pounds. 

953.  If  the  force  necessary  to  overcome  the  resistance 
be  represented  by  /%  the  space  through  which  the  resistance 
acts  by  ^S",  and  the  work  done  by^,  then  [/=  F  S. 

li  IV=  the  weight  of  a  body,  and  /i  =  the  height  through 
which  it  is  raised,  [/=  IV  h.     Hence,  the  work  done 
U=FS=  Wh.         (23.) 

954.  The  total  amount  of  work  is  independent  of  time, 
whether  it  takes  one  minute  or  one  year  in  which  to  do  it ; 
but,  in  order  to  compare  the  work  done  by  different  machines 
with  a  common  standard,  time  must  be  considered. 

When  time  is  considered,  the  unit  of  time  is  always  one 
vtimite,  and  the  unit  which  measures  the  capacity  of  any 
contrivance  for  producing  work  then  becomes  one  foot- 
pound per  minute.  This  unit  is  called  the  unit  of 
power.  The  term /cw^r  as  here  used  has  a  different  mean- 
ing from  that  previously  given  to  it,  which  simply  meant 
force  acting  to  produce  motion  in  simple  machines.  The 
student  should  carefully  distinguish  between  the  two.  There 
will  be  no  difficulty  in  doing  this,  as  the  wording  of  the 
sentence  in  which  it  occurs  will  always  show  whether  force 
or  work  per  minute  is  meant.  The  power  of  a  machine 
may  always  be  determined  by  dividing  the  work  done  in  foot- 
pounds by  the  time  in  viiniites  required  to  do  the  work;  i.  e. , 

FS 
Power  =  -^,  (24.) 

in  which  F  and  .S"  have  the  same  values  as  in  formula  23, 
and  7"=  the  time  in  minutes.  Hence,  if  a  certain  machine 
does,  say,  10,000  foot-pounds  of  work  in  10  minutes,  its 
power  is  10,000  -=-  10  =  1,000  foot-pounds  per  minute;  if  an- 
other machine  does  the  same  work  in  5  minutes,  its  power 
is  10,000  -^  5  =  2,000  foot-pounds  per  minute — just  twice  as 
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much.  Hence,  we  say  that  the  power  of  the  second  ma- 
chine is  twice  that  of  the  first,  and  understand  thereby  that 
if  both  machines  Avork  for  the  same  length  of  time  the 
second  machine  will  do  twice  as  much  work  as  the  first 
machine. 

955.  Since  the  unit  of  power  is  very  small,  and  would 
lead  to  the  use  of  very  large  numbers  in  expressing  the 
power  of  large  machines,  the  common  standard  to  which  all 
work  is  reduced  is  the  horsepower,  which  equals  33,000  units 
of  power. 

One  horsepower  is  S3 fiOO  foot-pounds  per  mijiute;  in  other 
words ^  it  is  SSfiOO  pounds  raised  vertically  one  foot  in  one 
minute,  or  1  pound  raised  vertically  33,000  feet  in  oneininnte, 
or  any  combination  that  will  give  33,000  foot-pounds  in  one 
minute  by  multiplying  the  resistance  in  pounds  by  the  distance 
in  feet  through  whicJi  it  is  overcome,  and  dividing  by  the  time 
in  minutes. 

Thus,  110  pounds  raised  vertically  5  feet  in  one  second,  is 
a  horsepower;  for,  since  one  second  =  -gV  of  a  minute,  110  X 
5  ^  -Jg-  z=  33,000  foot-pounds  in  one  minute.  The  abbrevia- 
tion for  horsepower  is  H.  P. 

Example. — If  the  coefficient  of  friction  is  .3,  how  many  horsepower 
will  it  require  to  draw  a  load  of  10,000  pounds  on  a  level  surface  a  dis- 
tance of  one  mile  in  one  hour  ? 

Solution. — 10,000  X  -3  =  3,000  pounds  =  the  force  necessary  to  over- 
come the  resistance  (resistance  of  the  air  is  neglected).  One  mile  =  5,280 
feet;  one  hour  =  60  minutes. 

^  FS       3,000x5,280      „„,  n^^  ,     ^  a  •      * 

Power  =     „    =  -! -r =  264,000  foot-pounds  per  minute. 

/  60 

264,000  o    TT    T^  A 

Horsepower  =  =8  H.P.     Ans. 

956.  Energy  is  a  term  used  to  express  the  ability  of  an 
agent  to  do  work.  Work  cannot  be  done  without  motion, 
and  the  work  that  a  moving  body  is  capable  of  doing  in  being 
brought  to  rest  is  called  the  kinetic  energy  of  the  body. 

Kinetic  energy  means  the  actual  energy  of  a  body  in 
motion.  The  work  which  a  moving  body  is  capable  of  doing 
in  being  brought  to  rest  is  exactly  the  same  as  the  kinetic 
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energy  developed  by  it  when  falling  in  a  vacuum  through  a 

height  sufficient  to  give  it  the  same  velocity. 

Let  JV=  the  weight  of  the  body  in  pounds; 

V  =  its  velocity  in  feet  per  second; 

//  =  the  height  in  feet  through  which  the  body  must 

fall  to  produce  the  velocity  v; 

W 
in  =  the  mass  of  the  body  =  — .      (See  formula  lO, 


Art.  888.) 


cr 


957.     The  work  necessary  to  raise  a  body  through  a  height 
h  is  WIl.  The  velocity  produced  in  falling  through  a  height 


v" 


his  V  =  \/lo;li   and  Ji  —  ---.     (See  formulas  15  and    16, 


'  i> 


Art.  896.) 

v"  W 

Therefore,  work  =  Wh  =  ]V —- =  ^  X  —  X  t^'  =  imv\  or 

2^      -       ^   • 

lV/i  =  imv\         (25.) 

In  other  zvords,  if  the  weight  of  the  body  and  its  velocity  are 
given,  the  zuork  necessary  to  bring  it  to  rest  is  equal  to  one- 
half  t lie  product  of  the  mass  and  the  square  of  the  velocity  in 
feet  per  second.      This  is  the  kinetic  energy  of  a  moving  body. 

If  a  body,  whose  weight  is  64.32  pounds,  is  moving  with'  a 
velocity  of  20  feet  per  second,  the  kinetic  energy  is  ^  viv'^  = 

-—  X  ^'^  =  'r.S'    .  X  20'  =  400  foot-pounds. 

Z g  2  X  o2.  lb 

958.     The  height  through  which  a  body  would  have  to 

fall  in  a  vacuum  to  gain  a  velocity  of  20  feet  per  second  is 

,        v"-  400  400      ,,  ,     , 

/i=  —  =  ■ =  ;  the   work  done    m    raismg    a 

2g       2X32.16        64.32' 

body  through  this  height  is  Wh  =  64.32  X  ,  ^^  =  400  foot- 
pounds, the  same  result  as  before.  The  distinction  between 
kinetic  energy  and  work,  then,  is  this :  A  body  moving  with 
a  certain  velocity,  and  meeting  with  no  resistance,  is  not  doing 
any  work,  but  has  a  certain  amount  of  kinetic  energy  stored 
up  in  it,  which  depends  upon  the  velocity  and  mass  of  the 
body. 


356  ELEMENTARY   MECHANICS. 

It  a  resistance  be  interposed  just  sufficient  to  stop  the 
body,  the  body  will  then  do  an  amount  of  work  equal  to  its 
kinetic  energy. 

Example. — If  a  body  weighing  25  pounds  falls  from  a  height  of  100 
feet,  how  much  work  can  be  done  ? 

Solution.— Work  =  Wh  =  25  X  100  =  2,500  foot-pounds.     Ans. 

Example. — A  body  weighing  50  pounds  has  a  velocity  of  100  feet  per 
second ;  what  is  its  kinetic  energy  ? 

Solution. — Kinetic  energy  =  \inv^  —     ^        =  ^ 09-Tp  =  7,773.63 

foot-pounds.     Ans. 

Example. — In  the  last  example,  how  many  horsepower  would  be 
required  to  give  the  body  this  amount  of  kinetic  energy  in  3  seconds  ? 

Solution. — 1  H.P.  =33,000  pounds  raised  one  foot  in  one  minute. 

If  7,773.63  foot-pounds  of  work  are  done  in  3  seconds,  in  one  second 

7  773  63 
there  would  be  done  — — ^ —  =  2,591.21   foot-pounds  of  work,   and  in 

o 

one  minute,  2,591.21  X  60  =  155,472.6  foot-pounds. 

The  number  of  horsepower  developed  would  be 

959.  Potential  energy  is  latent  energy  ;  it  is  the  energy 
which  a  body  at  rest  is  capable  of  giving  out  under  certain 
conditions. 

If  a  stone  be  suspended  by  a  string  from  a  high  tower,  it 
has  potential  energy  due  to  its  position.  If  the  string  be 
cut,  the  stone  will  fall  to  the  ground,  and  during  its  fall  its 
potential  energy  will  change  into  kinetic  energy,  so  that,  at 
the  instant  it  strikes  the  ground,  its  potential  energy  is 
wholly  changed  into  kinetic  energy. 

At  a  point  equal  to  one-half  the  height  of  the  fall,  the 
potential  and  kinetic  energies  were  equal.  At  the.  end  of 
the  first  quarter,  the  potential  energy  was  |,  and  the  kinetic 
energy  \\  at  the  end  of  the  third  quarter,  the  potential 
energy  was  ^,  and  the  kinetic  energy  |. 

A  pound  of  coal  has  a  certain  amount  of  potential  energy. 
When  the  coal  is  burned,  the  potential  energy  is  liberated, 
and  changed  into  kinetic  energy  in  the  form  of  heat.  The 
kinetic  energy  of  the  heat  changes  water  into  steam,  which 
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thus  has  a  certain  amount  of  potential  energy.  The  steam 
acting  on  the  piston  of  an  engine  causes  it  to  move  through 
a  certain  space,  thus  overcoming  a  resistance,  changing  the 
potential  energy  of  the  steam  into  kinetic  energy,  and  thus 
doing  work. 

Potential  energy,  then,  is  the  energy  stored  within  a  body, 
which  may  be  liberated  and  produce  motion,  thus  generating 
kinetic  energy,  and  enabling  work  to  be  done. 

960.  The  principle  of  conservation  of  energy  teaches 
that  energy,  like  matter,  can  never  be  destroyed.  If  a  clock 
is  put  in  motion,  the  potential  energy  of  the  spring  is  changed 
into  the  kinetic  energy  of  motion,  which  turns  the  wheels, 
thus  producing  friction.  The  friction  produces  heat,  which 
dissipates  into  the  surrounding  air,  but  still  the  energy  is 
not  destroyed — it  merely  exists  in  another  form.  The  poten- 
tial energy  in  coal  was  received  from  the  sun,  in  the  form  of 
heat,  ages  ago,  and  has  laid  dormant  for  millions  of  years. 


FORCE  OF   A   BLOW. 

961 .  The  average  force  of  a  blow  may  be  determined 
as  follows: 

In  driving  a  nail  into  a  piece  of  wood  with  a  hammer,  the 
head  of  the  hammer  must  be  capable  of  exerting,  in  a  very 
short  time,  a  force  equal  to  that  of  a  load  sufficiently  heavy 
to  produce  by  its  weight  a  movement  of  the  nail  into  the  wood, 
equal  to  the  movement  of  the  nail  produced  by  the  hammer; 
in  other  words,  the  striking  force,  imtltiphed  by  tJie  distance 
that  the  nail  is  driven  into  the  zvood,  must  equal  the  kinetic 
energy  of  the  hammer. 

Suppose  that  the  velocity  of  the  hammer,  as  it  strikes  the 
nail,  is  30  feet  per  second,  that  the  weight  of  the  head  is  2 
pounds,  and  that  the  nail  is  driven  into  the  wood  \  of  an 
inch.  Let  the  resistance  offered  by  the  wood,  which  is  the 
same  as  the  striking  force  of  the  hammer,  be  represented  by 
F;  then,  since  \  inch  =  ^  of  a  foot, 

Fy.i^^\my^v^=  2^^|^J^  X  30^  =  28,  nearly. 

Therefore,  i^=  28  X  48  =  1,344  pounds. 
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Had  the  penetration  been  ^  of  an  inch,  instead  of  ^  of  an 
inch,  the  value  of  /^  would  have  been  twice  as  large,  or  2,G88 
pounds.  This  is  as  it  should  be,  since  the  work  done  is  the 
same  in  both  cases,  while  the  distance  through  which  the 
force  acts  is  only  half  as  great  in  the  second  case  as  in  the 
first  case.  Hence,  in  order  that  the  work  may  be  the  same, 
the  force  must  be  doubled. 

Example. — If  the  head  of  a  drop-hammer,  weighing  400  pounds,  falls 
from  a  height  of  10  feet,  and  compresses  a  piece  of  cold  iron  .01  of  an 
inch,  what  was  the  striking  force  of  the  hammer  ? 

Solution. — .01  of  an  inch  =  =xs~^^  ^  foot. 

j^x  ■-^-=  /^//  =  400x10  =  4,000. 

Hence,    F=  ^'"^^^^  ^^  =  4,800,000  lb.     Ans. 


DENSITY    AND    SPECIFIC    GRAVITY. 

962.     The  density  of  a  body  is  its  mass  divided  by 
its  volume  in  cubic  feet.* 

Let   D  be  the  density;  then,  the  density  of  a  body  is, 

D^-f..    Since;;^  =  — ,  7:'  =  -^,.         (26.) 

Example. — Three  cubic  feet  of  cast  iron  weigh  1,350  pounds;  what 
is  the  density  of  cast  iron  ? 

_,         W  1,350  ,„.^„ 

SOLUTION.-Z?  =YV  =  32.16X3  =  ^^'^^^ 

Example. — A  cubic  foot  of  water  weighs  63.42  pounds;  (a)  what  is 
its  density  ?  (<5)  What  is  the  ratio  between  the  density  of  cast  iron  and 
the  density  of  water? 

,  s      -n,         W  62.43  .  -,,        ,       .^         A 

Solution.— («:)    D= — ft- = -tttt^tt^ — r- =  l-^^l  =  density.     Ans. 
^  '  gV        82.16  X  1 

i^)  -r-KTT-  =  7.21  =  ratio.     Ans. 
1.941 

963.  The  specific  gravity  of  a  body  ts  the  ratio 
betzvcoi  its  weight  and  the  weight  of  a  like  volume  of  water. 


*NoTE. — Some  writers  define  density  as  the  weight  of  a  unit  of 
volume  of  the  material.  When  English  measures  are  used,  the  density 
of  any  material,  according  to  this  definition,  is  the  weight  of  a  cubic 
foot  of  the  material  in  pounds. 
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964.  Since  gases  are  so  much  lighter  than  water,  it  is 
usual  to  take  the  specific  gravity  of  a  gas  as  the  ratio 
between  the  weight  of  a  certain  volume  of  the  gas  and  the 
weight  of  the  same  volume  of  air. 

Example. — A  cubic  foot  of  cast  iron  weighs  450  pounds;  what  is  its 
specific  gravity,  a  cubic  foot  of  water  weighing  62.42  pounds? 
Solution. — According  to  the  definition, 

450 


62.42 


7.21.     Ans. 


Note. — Notice  that  this  answer  is  the  same  as  that  of  the  preceding 
example;  hence,  the  specific  gravity  of  a  body  is  also  the  ratio  of  the 
density  of  a  body  to  the  density  of  water. 

965.  The  specific  gravities  of  different  bodies  are  given 
in  printed  tables;  hence,  if  it  is  desired  to  know  the  weight 
of  a  body  that  cannot  be  conveniently  weighed,  calctilate  its 
cubical  contents^  and  multiply  the  specific  gravity  of  the  body 
by  the  weight  of  a  like  volume  of  water ^  remembering  that  a 
cubic  foot  of  water  weighs  62.  Jf.2  pounds. 

Example. — How  much  will  3,214  cubic  inches  of  cast  iron  weigh  ? 
Take  its  specific  gravity  as  7.21. 

Solution. — Since  1  cubic  foot  of  water  weighs  62.42  pounds,  3,214 
cubic  inches  weigh 

14^  X  62.42  =  116.098  pounds. 
1,  ii<i 

Then,  116.098  X  7.21  =  837.067  pounds.     Ans. 

Example. — What  is  the  weight  of  a  cubic  inch  of  cast  iron  ? 

62  42 

Solution.—-^  X  7.21  =  .26044  pound.     Ans. 

One  cubic  foot  of  pure  distilled  water  at  a  temperature  of 
39.2°  Fahrenheit  weighs  63.425  pounds,  but  the  -value  imtally 
taken  in  making  calculations  is  62.5  pounds. 

Example. — What  is  the  weight  in  pounds  of  7  cubic  feet  of  oxygen  ? 

Solution. — One  cubic  foot  of  air  weighs  .08073   pound,  and  the 
specific  gravity  of  oxygen  is  1.1056,  compared  with  air;  hence, 
.08073  X  1.1056  X  7  =  .62479  pound,  nearly.     Ans. 


EXAMPLES  FOR  PRACTICE. 

1.  A  man  jumps  from  a  railroad  train  traveling  at  the  rate  of  60 
miles  per  hour;  if  he  weighs  160  lb.,  what  is  the  kinetic  energy  of  his 
body  ?  Ans.  19,263.68  ft. -lb. 
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2.  A  hammer  strikes  a  nail  with  a  velocity  of  40  ft.  per  sec. ;  if  the 
head  weighs  1^  lb.,  and  the  nail  is  driven  /,r  in.,  what  is  the  force  of  the 
blow?  Ans.   1,483  lb. ,  nearly. 

3.  A  load  of  20,000  lb.  is  pulled  up  an  inclined  plane  1|  miles  long 
in  5  minutes  ;  if  the  height  of  the  plane  is  800  ft.,  and  the  force  acting 
along  the  plane  necessary  to  overcome  friction  is  ii%  of  the  load,  what 
is  the  horsepower  required  ?  Ans.  125.77  H.  P. 

4.  If  a  cubic  foot  of  a  certain  substance  weighs  162^  lb. ,  what  is  its 
specific  gravity  ?  Ans.  2.6. 

5.  A  mixture  of  lead  and  tin  has  a  specific  gravity  of  9.28;  what  is 
the  weight  of  a  cubic  inch  ?  Ans.  5.37  oz. 

6.  A  weight  of  11,625  lb.  is  raised  vertically  10  ft.  in  8  minutes,  by 
means  of  a  block  and  tackle  and  a  windlass ;  the  f rictional  resistances 
being  26,i:,  how  many  horsepower  were  required  ?  Ans.  1.48  II.  P. 

7.  A  body  weighing  24,062.5  lb.  is  drawn  on  a  horizontal  surface  at 
the  rate  of  600  ft.  per  min. ;  the  coefficient  of  friction  being  8^,  what 
horsepower  will  be  necessary  to  overcome  the  resistance  of  friction  ? 

Ans.  35  H.  P. 

8.  A  solid  cast  iron  sphere,  12"  in  diameter,  falls  through  a  height 
of  50  ft. ;  what  will  be  its  kinetic  energy  on  striking  ?    Ans.  11,781  ft.-lb. 

966.  The  table  of  specific  gravities  gives  the  specific 
gravities  of  a  variety  of  substances  likely  to  be  met  with  in 
ordinary  practice.  The  weights  per  cubic  foot  are  calcu- 
lated on  a  basis  of  62.5  pounds  of  water  per  cubic  foot. 
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HYDROSTATICS. 

967.  Hydrostatics  treats  of  liquids  at  rest  under  the 
action  of  forces. 

968.  Liquids  are  very  nearly  incompressible.  A  pres- 
sure of  15  pounds  per  square  inch  compresses  water  less  than 
gQ^()(,  of  its  volume. 


969.  Fig.  157  represents  two  cylindrical  vessels  of  ex- 
actly the  same  size.  The  vessel 
a  is  fitted  with  a  wooden  block  of 
the  same  size  as  the  cylinder,  and 
can  move  in  it;  the  vessel  b  is 
filled  with  water,  whose  depth  is 
the  same  as  the  length  of  the 
wooden  block  in  a.  Both  vessels 
are  fitted  with  air-tight  pistons  P 
whose  areas  are  each  10  square 
inches. 

Suppose,  for  convenience,  that 
the  weights  of  the  cylinders, 
pistons,  block,  and  water  be 
neglected,  and  that  a  force  of 
100    pounds   be    applied    to  both  fig.  157. 

pistons.      The  pressure   per   square    inch    will   be  — —  =  10 

pounds.  In  the  vessel  a^  this  pressure  will  be  transmitted 
to  the  bottom  of  the  vessel,  and  will  be  10  pounds  per 
square  inch;  it  is  easy  to  see  that  there  will  be  no 
pressure  on  the  sides.  In  the  vessel  b,  an  entirely  dif- 
ferent result  is  obtained.  The  pressure  on  the  bottom 
will  be  the  same  as  in  the  other  case — that  is,  10 
pounds  per  square  inch — but    owing  to  the  fact   that  the 

For  notice  of  the  copyright,  see  page  immediately  following  the  title  page. 
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molecules  of  the  water  are  perfectly  free  to  move,  this  pres- 
sure of  10  pounds  per  square  inch  is  transmitted  in  every 
directio7i  with  the  same  intensity  ;  that  is  to  say,  the  pressure 
at  any  point,  c^  d,  r,  /",  g,  h,  etc. ,  due  to  the  force  of  100  pounds 
is  exactly  the  same,  and  equals  10  pounds  per  square  inch. 

This  may  be  easily  proven  experimentally  by  means  of  an 
apparatus  like  that  shown  in  Fig.  158.      Let  the  area  of  the 

piston  a  be  20  square  inches ; 
of  b,  7  square  inches;  of  c, 
1  square  inch ;  of  </,  G  square 
inches ;  of  r,  8  square  inches, 
and  of/",  4  square  inches. 

If  the  pressure  due  to  the 
weight  of  the  water  be  neg- 
lected, and  a  force  of  5 
pounds  be  applied  at  c 
(whose  area  is  1  square 
inch),  a  pressure  of  5  pounds 
per  square  inch  will  be  trans- 
mitted in  all  directions; 
and  in  order  that  there 
shall  be  no  movement,  a 
force  of  6  X  5  =  30  pounds  must  be  applied  at  c/,  40  pounds 
at  e,  20  pounds  at/",    100  pounds  at  a,  and  35  pounds  at  b. 

If  a  force  of  99  pounds  were  applied  to  a,  instead  of  100 
pounds,  the  piston  a  would  rise,  and  the  other  pistons 
b,  c,  d,  e,  and/"  would  move  inwards;  but,  if  the  force  applied 
to  a  were  100  pounds,  they  would  all  be  in  equilibrium.  Had 
101  pounds  been  applied  at  <t,  the  pressure  per  square  inch 

would  be  =  5.05  pounds,  which  would  be  transmitted 

in  all  directions;  and,  since  the  pressure  due  to  c  is  only  5 
pounds  per  square  inch,  it  is  now  evident  that  the  piston  a 
will  move  downwards,  and  the  pistons  b,  e,  d,  e,  and_/"will  be 
forced  outwards. 

The  whole  may  be  summed  up  as  follows: 

970.  Rule. —  The  pressure  per  unit  of  area  exerted  any- 
iphere  upon  a  mass  of  liquid  is  transmitted  undiminished  in 
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all  directions^  and  acts  "with  the  same  force  upon  all  surfaces 

in  a  direction  at  right  angles  to  those  surfaces. 

This  law  was  first  discovered  by  Pascal,   and  is  the  most 

important    in    Hydromechanics.      Its    meaning   should    be 

thoroughly  understood. 

Example. — If  the  area  of  the  piston  e  in  Fig.  158  were  8.25  square 

inches,  and  a  force  of  150  pounds  were  applied  to  it,  what  forces  would 

have  to  be  applied  to  the  other  pistons  to  keep  the  water  in  equilibrium, 

assuming  that  their  areas  were  the  same  as  given  before  ? 

150 
Solution. — ^-^r^  —  18.182  lb.  per  sq.  in.,  nearly. 

o.  <iO 

20  X  18.183  =  363.64    lb.  =  force  to  balance  a. 
7  X  18.182  =  127.274  lb.  =  force  to  balance  b. 
1  X  18.182  =    18.182  lb.  =  force  to  balance  c.   \     Ans. 
6  X  18.182  =  109.092  lb.' =  force  to  balance  d. 
4  X  18. 183  =    73. 738  lb.  -  force  to  balance  /. 

971,  The  pressure  due  to  the  weight  of  a  liquid  may  be 
dozi'iiivards,  itpzvards,  or  sidczvays. 

972.  DownTvard  Pressure. — In  Fig.  159,  the  pres- 
sure on  the  bottom  of  the  vessel  a  is,  of  course,  equal  to  the 
weight  of  the  water  it  contains. 
If  the  area  of  the  bottom  of  the 
vessel  b,  and  the  depth  of  the 
liquid  contained  in  it,  are  the 
same  as  in  the  vessel  a,  the  pres- 
sure on  the  bottom  of  b  will  be 
the  same  as  on  the  bottom  of  a. 
Suppose  the  bottoms  of  the  ves- 
sels a  and  b  are  G  inches  square, 
and  that  the  part  c  d,  in  the  ves- 
sel b,  is  2  inches  square,  and 
that  both  vessels  are  filled 
with  water 
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Fig.  159. 
Then,  the  weight  of  1  cubic  inch  of  water  being 


1,728 


=  .  03617  pound,  and  the  number  of  cubic  inches  in  a, 


6  X  6  X  24  =  864  cubic  inches,  the  weight  of  the  water  is 
864  X  .03617  =  31.25  pounds.      Hence,  the  total  pressure  on 


the  bottom  of  the  vessel  a  is  31.25  pounds,  or 
pound  per  square  inch. 


31.25 
36 


=  .868 
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The  pressure  in  b,  due  to  the  weight  contained  in  the  part 
/^^,  is  G  X  G  X  10  X  .03617  =  13.02  pounds. 

The  weight  of  the  part  contained   in  <r<af  is  2  X  2  X  14  X 

.03617  =  2.0255  pounds,  and  the  weight  per  square  inch  of 

,  .    2.0255         ^,,^, 
area  \n  c  a  is  — - —  =  .5064  pound. 

According  to  Pascal's  law,  this  weight  (pressure)  is  trans- 
mitted equally  in  all  directions,  therefore,  every  square  inch 
of  the  large  part  of  the  vessel  b  will  be  subjected  to  a  pres- 
sure of  .5064  pound.  The  area  of  the  part  be  is  6  X  6  = 
86  square  inches,  and  the  total  pressure  due  to  the  weight  of 
the  water  in  the  small  part  will  be  .  5064  x  36  =  18. 23  pounds. 
Hence,  the  total  pressure  on  the  bottom  of  b  will  be  13.02  + 
18.23  =  31.25  pounds,  the  same  result  as  in  the  case  of  the 
vessel  a. 

If  an  additional  pressure  of  ten  pounds  per  square  inch 
were  applied  to  the  upper  surface  of  both  vessels,  the  total 
pressure  on  their  bottoms  would  be  31.25  +  (6  X  6  X  10) 
=  31.25  4-  360  =  391.25  pounds. 

In  case  this  pressure  were  obtained  by  means  of  a  weight 
placed  on  a  piston,  as  shown  in  Figs.  157  and  158,  the  weight 
for  the  vessel  a  would  be  6  X  6  X  10  =  360  pounds,  and  for 
the  vessel  (^,  2  X  2  X  10  =  40  pounds. 

973.  The  General  Law  for  the  Doiiviiwarcl  Pres- 
sure upon  the  Bottom  of  any  Vessel : 

Rule. —  The  pressure  upon  the  bottom  of  a 
vessel  eontaining  a  fluid  is  independent  of  the 
shape  of  the  vessel,  and  is  equal  to  the  weigJit 
of  a  prism  of  the  fluid  whose  base  has  the  same 
area  as  the  bottom  of  the  vessel,  and  'whose 
altitude  is  the  distance  betzveen  the  bottom  and 
the  upper  surface  of  the  fluid,  plus  the  pressure 
per  iinit  of  area  upon  the  upper  surface  of  the 
fluid  multiplied  by  the  area  of  the  bottom  of 
the  vessel. 

974.     Suppose  that  the  vessel  b,  in  Fig. 
FiG.  150.         159,  were  inverted,  as  shown  in  Fig.  IGO,  the 
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pressure  upon  the  bottom  will  still  be  .868  pound  per  square 
inch,  but  it  will  require  a  weight  of  3,490  pounds  to  be  placed 
upon  the  piston  at  the  upper  surface  to  make  the  pressure 
on  the  bottom  391.25  pounds,  instead  of  a  weight  of  40 
pounds,  as  in  the  other  case. 

Example. — A  vessel  filled  with  salt  water,  having  a  specific  gravity 

of  1.03,  has  a  circular  bottom  13  inches  in  diameter.     The  top  of  the 

vessel  is  fitted  with  a  piston  3  inches  in  diameter,  on  which  is  laid  a 

weight  of  75  pounds;  what  is  the  total  pressure  on  the  bottom,  if  the 

depth  of  the  water  is  18  inches  ? 

63.5  X  103  _ 

1,728       "" 
89.01  pounds  =  the  pressure  due  to 


Solution. — The  weight  of  1  cubic  inch  of  the  water  is 

.037254  lb. 

13  X  13  X  .7854  X  18  X  .037254 
the  weight  of  the  water. 
75 


-:—  =  10.61  lb.  per  sq.  in.  due  to  the  weight  on  the  piston. 


3X3X.7854 

13  X  13  X  .7854  X  10.61  =  1,408.29  lb.  =  pressure  on  the  bottom  due  to 
the  weight. 

Total  pressure  =  1,408.29  +  89.01  =  1,497.3  lb.     Ans. 

975.  Upward  Pressure. — In  Fig.  IGl  is  represented 
a  vessel  of  exactly  the  same  size  as  that  represented  in  Fig. 
160.  There  is  no  upward  pressure  on  the  sur- 
face c  due  to  the  weight  of  the  water  in  the 
large  part  c  d,  but  there  is  an  upward  pres- 
sure on  c  due  to  the  weight  of  the  water  in  the 
small  part  d  c.  The  pressure  per  square  inch 
due  to  the  weight  of  the  water  in  b  c  was  found 
to  be  .5064  pound  (see  Art.  972) ;  the  area  of 
the  upper  surface  c  of  the  large  part  c  d'vs,  evi- 
dently (6  X  6)  —  (2  X  2)  =  36  —  4  =  32  square 
inches,  and  the  total  upward  pressure  due  to  the 
weight  of  the  water  is.  5064  X  32  =  16.2poimds.  ^ 

If  an  additional  pressure  of  10  pounds  per  fjg.  lei. 

square  inch  were  applied  to  a  piston  fitting  the  top  of  the 
vessel,  the  total  upward  pressure  on  the  surface  c  would  be 
16:2  -f  (32  X  10)  =  336.2  pounds. 

976.  General  Law  for  Upward  Pressure  : 
Rule. —  The  vpxvard pressure  on  any  submerged  horizontal 

surface  equals  the  weight  of  a  prism  of  the  liquid  whose  base 

M.  E.    I.— 25 
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has  an  area  equal  to  the  area  of  the  submerged  surface,  and 
whose  altitude  is  the  distauee  between  the  submerged  surfaee 
and  the  upper  surfaee  of  t lie  liquid,  plus  tJie  pressure  per  unit 
of  area  on  the  tipper  surface  of  the  fluid  multiplied  by  the 
area  of  the  submerged  surface. 

Example. — A  horizontal  surface  6  inches  by  4  inches  is  submerged 
in  a  vessel  of  water  26  inches  below  the  upper  surface.    If  the  pressure 

on  the  water  is  16  pounds  per  square  inch,  what  is  che  total  upward 
pressure  on  the  horizontal  surface  ? 

Solution.— 6  x  4  x  26  X  .03617  =  22.57  lb.,  or  the  upward  pressure 
due  to  the  weight  of  the  water. 

6  X  4  X  16  =  384  lb.,  or  the  upward  pressure  due  to  the  outside  pres- 
sure of  16  lb.  per  sq.  in. 

The  total  upward  pressure  =  384  +  22.57  -  406.57  lb.     Ans. 


977.     Lateral   (Sideways)  Pressure. — Suppose   the 
top  of  the  vessel  shown  in  Fig.  102  is  10  inches  square,  and 

that  the  projections  at  a  and  b  are  1  inch 
X  1  inch,  and  10  inches  long. 

The  pressure  per  square  inch  on  the 
bottom  of  the  vessel,  due  to  the  weight 
of  the  liquid,  is  1  X  1  X  18  X  the  weight 
of  a  cubic  inch  of  the  liquid. 

The  pressure  at  a  depth  equal  to  the 
distance   of  the  upper  surface  b  below 
*;f,  the  top  of  the  vessel  islXlXlTx  the 
weight  of  a  cubic  inch  of  the  liquid. 
Since  both  of  these  pressures  are  trans- 
FiG.  162.  mitted  in  every  direction,  they  are  also 

transmitted  laterally  (sideways),  and  the  pressure  per  unit  of 
area  on  the  projection  b  is  a  mean  between  the  two,  and 
equals  1  X  1  X  17|  X  the  weight  of  a  cubic  inch  of  the  liquid. 
To  find  the  lateral  pressure  on  the  projection  a,  imagine 
that  the  dotted  line  c  is  the  bottom  of  the  vessel,  then  the 
conditions  will  be  the  same  as  in  the  preceding  case,  except 
that  the  depth  is  not  so  great. 

The  lateral  pressure  on  a  is  thus  seen  to  be  1  X  1  X  llj  X 
the  weight  of  a  cubic  inch  of  the  liquid. 
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General  Law  for  Lateral  Pressure  : 

978.  Rule. —  Tlie pressure  upon  any  vertical  surface  due 
to  the  zueight  of  a  liquid  is  equal  to  the  zveight  of  a  prism 
9f  the  liquid  zvhose  base  has  the  same  area  as  the  vertical  sur- 
face, and  whose  altitude  is  the  depth  of  the  center  of  gravity 
vf  the  vertical  surface  below  the  level  of  the  liquid. 

A  ny  additional  pressure  is  to  be  added  as  iji  the  previous 
cases. 

Example. — A  well  3  feet  in  diameter  and  20  feet  deep  is  filled  with 
water ;  what  is  the  pressure  on  a  strip  of  the  wall  1  incli  wide,  the 
center  of  which  is  1  foot  from  the  bottom  ?  What  is  the  pressure  on 
the  bottom  ?  What  is  the  upward  pressure  per  square  inch,  2  feet 
6  inches  from  the  bottom  ? 

Solution. — 1  X  36  X  3.1416  =  113.1  sq.  in.  =  area  of  the  strip.  Depth 
of  center  of  gravity  =  20  —  1  =  19  ft. 

113.1  X  19  X  12  X  .03617  =  932.71     lb.  =  total      pressure     upon     the 

strip.     Ans. 

932. 71 
The  pressure  per  square  inch  is     ~"       =  8.247  lb.,  nearly. 

1  lo.  1 

36  X  36  X  .7854  X  20  X  12  X  .03617  =  8,836  lb.  =  the  pressure  on  the 
bottom.     Ans. 

20-2.5  =  17.5.  1  X  17.5  X  12  X  .03617  =  7.596  lb.  =  the  upward 
pressure  per  square  inch,  2  ft.  6  in.  from  the  bottom,  since  2  ft.  6  in.  = 
2.5  ft.     Ans. 

979.  The  effects 
of  the  lateral  pressure 
are  illustrated  in  Fig. 
163.  ^  is  a  tall  vessel 
having  a  stop-cock 
near  its  base,  and  ar- 
ranged to  float  upon 
the  water,  as  shown. 
When  this  vessel  is 
filled  with  water,  the 
lateral  pressures 
any  two  points  of  the 
surface  of    the  vessel, 

and   opposite    to  each  fig.  ig3. 

other,  are  equal.      Being  equal,  and  acting  in  opposite  direc- 
tions, they  destroy  each  other  (see  Art.  881 ),  and  no  motion 
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can  result  ;  but,  if  the  stop-cock  be  opened,  there  will  be 
no  resistance  to  that  pressure  acting  on  the  surface  equal  to 
the  area  of  the  opening,  the  pressure  which  formerly  acted 
causing  the  water  to  flow  out,  while  its  equal  and  opposite 
pressure  will  cause  the  vessel  to  move  backward  through  the 
water  in  a  direction  opposite  to  that  of  the  spouting  water. 

Since  the  pressure  on  the  bottom  of  a  vessel  due  to  the 
weight  of  the  liquid  is  dependent  only  upon  the  height  of 
the  liquid,  and  not  upon  the  shape  of  the  vessel,  it  follows 
that  if  a  vessel  has  a  number  of  radiating  tubes,  as  Fig.  164, 
the  water  in  each  tube  will  be  on  the  same  level  no  matter 
what  may  be  the  shape  of  the  tubes.  For,  if  the  water  were 
higher  in  one  tube  than  in  the  others,  the  downward  pressure 
on  the  bottom  due  to  the  height  of  the  water  in  this  tube 

would  be  greater 
than  that  due  to  the 
height  of  the  Avater 
in  the  other  tubes. 
Consequently ,  the 
upward  pres  sure 
would  also  be  great- 
er ;  the  equilibrium 
would  be  destroyed, 
and  the  waterwould 
flow  from  this  tube 
into  the  vessel,  and 
Fig.  164.  rise    in    the    other 

tubes  until  it  was  at  the  same  level  in  all,  when  it  would  be 
in  equilibrium.  This  principle  is  expressed  in  the  familiar 
saying,    "  Water  seeks  its  level." 

This  explains  why  city  water  reservoirs  are  located  on 
high  elevations,  and  why  water  on  leaving  the  hose-nozzle 
spouts  so  high. 

If  there  was  no  resistance  by  friction  and  air,  the  water 
would  spout  to  a  height  equal  to  the  level  of  the  water  in 
the  reservoirs.  If  a  long  pipe  was  attached  to  the  nozzle, 
whose  length  was  equal  to  the  vertical  distance  between  the 
nozzle  and  the  level  of  the  water  in  the  reservoir,  the  water 
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would  just  reach  the  end  of  the  pipe.      If  the  pipe  was  low- 
ered slightly,  the  water  would  trickle  out. 

Fountains,  canal  locks,  and  artesian  wells  are  examples  of 
the  application  of  this  principle. 

Example. — The  water  level  in  a  city  reservoir  is  150  feet  from  the 
level  of  the  street ;  what  is  the  pressure  of  the  water  per  square  inch 
on  the  hydrant  ? 

Solution.— 1  X  150  X  13  X  .03617  =  65.106  lb.  per  sq.  in.     Ans. 

980.  The  weight  of  a  column  of  water  1  inch  square 
and  1  foot  high  is  .03017  X  13  =  .-434  pound,  nearly.  Hence, 
if  the  depth  (head)  is  given,  the  pressure  per  square  inch 
may  be  found  by  multiplying  the  depth  in  feet  by  .434. 
The  constant  .434  is  the  one  ordinarily  employed  in  practical 
calculations. 


981.     In  Fig.  IGo,  let  the  area  of  the  piston  ahel  square 
inch ;  of  d,  40  square  inches.     According 
to  Pascal's  law,  1  pound  placed  upon  a 
will  balance  40  pounds  placed  upon  d. 

Suppose  that  a  moves  downwards  10 
inches;  then,  10  cubic  inches  of  water 
will  be  forced  into  the  tube  d.  This 
will  be  distributed  over  the  entire  area 
of  the  tube  d  in  the  form  of  a  cylinder, 
whose  cubical  contents  must  be  10  cubic 
inches,  whose  base  has  an  area  of  40 
square  inches,  and  whose  altitude  must 
1 
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of  an  inch;  that  is,  a  move- 
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ment  of  10  inches  of  the  piston  a  will  cause  a  movement  of 
^  of  an  inch  of  the  piston  If. 

Here  is  the  old  principle  of  machines:  TJic power  vmlti- 
plied  by  the  distance  tJirougJi.  ivJiich  it  moves  equals  the  weight 
imiltiplied  by  the  distance  tJirougJi  which  it  moves. 

Hence,  if  1  pound  on  the  piston  a  represents  the  power  P., 
the  equivalent  weight  W  on  b  may  be  obtained  from  the 
equation  Px  10  =  IFx  i,  or  10  =  i  W,  and  W  =  40. 
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Another  familiar  fact  is  also  recognized,  for  the  velocity 
ratio  of  /-*  to  ]V  is  10  :  \,  or  40.  Since  in  any  machine  the 
weight  equals  the  power  multiplied  by  the  velocity  ratio,  TV 
=  Px  40,  and  when  P=l  pound,   IV  =  40  pounds. 

982.  This  principle  is  made  use  of  in  the  hydraulic 
press  represented  in  Fig.  IGG.  As  the  man  depresses  the 
lever  O,  he  forces  down  the  piston  a  upon  the  water  in  the 
cylinder  A.  The  water  is  forced  through  the  bent  tube  d 
into  the  cylinder  in  which  the  large  piston  (7  works,  and  causes 


Fig.  166. 

it  to  rise,  thus  lifting  the  platform  K,  and  compressing  the 
bales.  If  the  area  of  ^  be  1  square  inch,  and  that  of  Che  100 
square  inches,  the  velocity  ratio  will  be  100. 

If  the  length  of  the  lever  between  the  hand  and  the  ful- 
crum is  10  times  the  length  between  the  fulcrum  and  the 
piston  a,  the  velocity  ratio  of   the  lever  will  be  10,  and  the 
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total  velocity  ratio  of  the  hand  to  the  piston  C  will  be  1,000. 

Hence,  a  force  of  100  pounds  applied  by  the  hand  will 

raise   100  X  1,000  =  100,000  pounds.      But,    if  the    average 

movement  of  the  hand  per  stroke  is  10  inches,  it  will  require 

-  '         =  100  strokes  to  raise  the  platform  1  inch,  and  it  is 

again  seen  that  what  is  gained  in  power  is  lost  in  speed. 

Applications  of  this  principle  are  seen  in  the  hydraulic 
machines  used  for  forcing  locomotive  drivers  on  their  axles, 
etc.,  and  for  testing  the  strength  of  boiler  shells. 

983.  Example. — A  suspended  vertical  cylinder  is  tested  for  the 
tightness  of  its  heads  by  filling  it  with  water.  A  pipe  whose  inside 
diameter  is  \  of  an  inch,  and  whose  length  is  20  feet,  is  screwed  into  a 
hole  in  the  upper  head,  and  then  filled  with  water ;  what  is  the  pressure 
per  square  inch  on  each  head,  if  the  cylinder  is  40  inches  in  diameter 
and  60  inches  long  ? 

Solution. — Area  of  heads  =  40-  X  .T854  =  1,256.64  sq.  in. 

Pressure  per  square  inch  on  the  bottom  head,  due  to  the  weight  of 
the  water  in  the  cylinder,  =  1  x  60  X  .03617  =  2.17  lb.  {\y-  X  .7854  = 
.04909  sq.  in.,  the  area  of  the  pipe. 

.04909  X  20  X  12  X  .03617  =  .426  lb.  =  the  weight  of  water  in  pipe  = 
the  pressure  on  a  surface  area  of  .04909  sq.  in. 

The  pressure  per  square  inch  due  to  the  water  in  the  pipe  is  — ■  X 

.426  =  8.68  lb.  per  sq.  in.  upon  the  upper  head.     Ans. 

The  pressure  per  square  inch  on  the  lower  head  is  8.68  +  2.17  =  10.85 
lb.  per  sq.  in.     Ans. 

Example. — In  the  last  example,  if  the  pipe  is  fitted  with  a  piston 
weighing  :^  of  a  pound,  and  a  5-pound  weight  is  laid  upon  it,  what  is 
the  pressure  per  square  inch  upon  the  upper  head  ? 

Solution. — In  addition  to  the  pressure  of  .426  pound  on  the  area  of 
.04909  sq.  in.,  there  is  now  an  additional  pressure  upon  this  area  of 
5  +  :J-  =  5.25  lb.,  and  the  total  pressure  upon  this  area  is  .426  +  5.25  = 
5.676  lb. 

The  pressure  per  square  inch  is  X  5.676  =  115.6  lb.     Ans. 

984.  Pressure  upon  Oblique  Surfaces. — Hereto- 
fore, the  pressure  upon  horizontal  and  vertical  surfaces  only 
has  been  considered.  The  pressure  upon  sides  which  are 
oblique  to  the  bottom  will  now  be  considered. 
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According  to  the  law  of  Pascal,  the  pressure  which  a  fluid 

exerts  upon  a  surface  is  at  right 

angles  to  the  surface;  hence,  in 

Fig.  1G7,  the  pressure   acts   in 

a    direction    indicated  by    the 

arrow-head  on  the  line  C  D,  and 

the    lateral    pressure    on   every 

square  unit  of  area  of  the  side 

F  H  will   be    in    the   direction 

C  D.     According  to  the  law  for 

lateral  pressure  (Art.  978),  the 

P'°-  ^67.  total     perpendicular      pressure 

upon  the  side  F  H  will  be :  Area  of  side  F  H  y.\  A  H  X  the 

weight  of  a  cubic  inch  of  the  fluid. 

Let  the  line  C  D  represent  this  perpendicular  pressure 
and  call  it  P.  Now,  resolve  P  into  two  components,  one,  /*j, 
acting  horizontally,  and  the  other,  P^,  acting  vertically.  The 
angle  C  D  E  =^  F  H  A,  iov  C  D  is  perpendicular  to  F  H, 
and  E  D  IS,  perpendicular  to  A  H.  (See  Art.  692.)  There- 
fore, P^  =  P  X  cos  C  D  E  =  Px  cos  F  H  A\  but  the  cosine 
oi  F  H  A  is  numerically  equal  to  A  H,  which  equals  the 
projection  of  F  H  on  a.  line  at  right  angles  to  E  D. 

The  angle  GDC=ECD  =  AFH,  since  C  D  m  per- 
pendicular to  F  //,  and  G  D  \s  perpendicular  to  A  F;  con- 
sequently, the  vertical  component  P^  =  P  cos  G  D  C  = 
Pcos  A  F  H.  But  the  cosine  A  F  H  is  numerically  equal  to 
A  F,  which  equals  the  projection  oi  F  H  upon  a  line  at  right 
angles  to  G  D.  Hence,  the  rule  for  finding  the  pressure 
exerted  by  a  fluid  in  any  direction  upon  a  plane  surface  is: 

Rule. —  TJic  pressure  exerted  by  a  fluid  in  any  direction 
upon  any  plane  surface  is  equal  to  the  zveigJit  of  a  prism  of 
tJie  fluid  zuhose  base  is  the  projection  of  the  surface  at  right 
angles  to  the  direction  considered^  and  ivJiose  height  is  the 
depth  of  the  center  of  gravity  of  the  surface  belozu  the  level 
of  the  liquid. 


985.    When  the  pressure  per  unit  of  area  is  so  great  that 
the  pressure  may  be  regarded  as  uniformly  distributed  over 
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the  area  of  the  surface  pressed  against,  the  preceding  rule 
holds  good  for  any  surface.  Consequently,  if  a  cylinder  is 
filled  with  water,  and  a  pressiu'e  is  ap- 
plied, the  pressure  upon  any  half  section 
of  the  cylinder,  as  ^i  CB  {Fig.  168),  tend- 
ing to  separate  one  half  from  the  other,  is 
equal  to  the  projected  area  of  the  half 
cylinder  {or  the  Inside  diameter  times  the 
length  of  the  cylinder),  multiplied  by  the  ^ 

depth  of  the  center  of  gravity  of  the  cylin-  ^'°  ^''^• 

der  {or  ^  d),  multiplied  by  the  iveight  of  a  cubic  iDiit  of 
water,  plus  the  diameter  of  the  shell  multiplied  by  the  pres- 
sure per  square  inch  multiplied  by  the  lengtJi  of  the  cyli)uler. 
If  d  =■  the  inside  diameter  in  inches  and  /=  the  length  of 
the  cylinder  in  inches,  the  pressure  due  to  the  weight  of  the 
water  (when  the  cylinder  is  horizontal  and  fitled  with  water) 

upon  the  half  cylinder  A  C  B  =  d  x  I  X  ^X  the  weight  of  a 

d' 
cubic  inch  of  water  =  /  x  -^  X  the  weiglit  of  a  cubic  inch  of 

water. 

The  pressure  due  to  an  additional  pressure  P^  pounds  per 
square  inch  =  I  x  d  X  B,.  Thus,  if  a  cylinder  GO  inches  long 
and  40  inches  in  diameter,  lying  horizontally,  is  filled  with 
water,  the  pressure  on  any  half  section,  as  A  C B,  due  to  the 
weight  of  the  Avater,  will  be  found  as  follows: 

GO  X  ^  X  .03017  =  1,73G.1G  pounds. 

If  there  were  an  additional  pressure  per  square  inch  of  50 
pounds,  the  total  pressure  would  be  60  X  -40  X  50  +  1,736.16 
=  121,736.16  pounds! 

If  the  cylinder  were  vertical  instead  of  horizontal,  the 
depth  of  the  center  of  gravity  would  evidently  be  ^  /  below 
the  surface,  and  the  pressure  tending  to  separate  one  half 
from  the  other,  due  to  the  weight  of  the  water,  would   be 

/  .  p 

dx  I  X  -^  X  weight  of  a  cubic  inch  of  water  —  dx  —  X  weight 

of  a  cubic  inch  of  water. 
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Any  additional  pressure  should  be  calculated  as  in  the 
previous  case. 

0S6.  Example. — What  would  be  the  pressure  due  to  the  weight 
of  the  water,  if  the  cylinder  in  the  last  example  were  vertical  ? 

Solution.—    40  x  ^  X  .03617  =  2,004.24  lb.     Ans. 

In  the  case  of  a  sphere,  the  projected  area  is  evidently  the 
area  of  a  circle  whose  diameter  is  the  same  as  the  diameter 
of  the  sphere.     Hence,  the  pressure  upon  a  hemisphere  due 

to  the  weight  of  the  water  will  be  d''  X  .7854  X  -r-  X  the 

d^ 
weight  of  a  cubic  inch  of  water  =  —  x  .7854  X  the  weight 

of  a  cubic  inch  of  water. 

The   pressure   upon  a  hemisphere  whose  diameter  is  20 

inches,    when  filled  with  water,   due  to  the  weight  of  the 

20' 
water  only,  will  be%-  X  .7854  X  .03617  =  113.63  pounds. 

For  an  additional  pressure  P  in  pounds  per  square 
inch,  the  pressure  on  the  hemisphere  due  to  this  will  be 
d'  X  .7854  x/l 

Example. — If  the  ends  of  the  vessel  shown  in  Fig.  167  make  right 
angles  with  the  bottom,  and  the  distance  between  them,  or  length  of 
the  vessel,  is  12  feet,  what  are  the  horizontal,  vertical,  and  perpendicular 
pressures  against  the  sides,  both  making  equal  angles  with  the 
bottom  ? 

Solution. — Apply  rule,  Art.  984.  In  finding  the  horizontal 
pressure,  the  di'reciioti  cojistdered  is  that  of  the  line  ED;  that  is, 
horizontal.  The  projected  area  of  the  surface  whose  edge  is  F  H 
projected  at  right  angles  to  E D  is  A  Hx  length  of  vessel  =  6  X  13  = 
72  sq.  ft.  Depth  of  center  of  gravity  =  6  -=-  2  =  3  ft.  Hence,  hori- 
zontal pressure  =  6  X  12  X  3  X  62.5  =  13,500  lb.     Ans. 

Note. — Wc  multiply  by  62.5,  because  all  dimensions  are  in  feet. 

In  a  similar  manner,  the  vertical  pressure  is  found.  Thus,  direction 
considered  is  that  of  the  line  G  D.  Projected  area  of  surface  FH, 
when  projected  at  right  angles  to  6^  />,  =  FA  X  length  of  vessel.     FA 

=  ?^  =  \\  ft.  Vertical  pressure  =  1^  X  12  X  3  X  62.5  =  3,375  lb.  Ans. 

To  find  the  perpendicular  pressure,  first  find  the  length  of  the  side 
FH.  FH-  |/6'^  4-  (Uy'  =  6.1847  ft.  Perpendicular  pressure  =  6.1847 
X  12  X  3  X  62.5  =  13,916  lb.,  nearly.     Ans. 
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Example. — A  sphere  having  a  diameter  of  30  inches  is  filled  with 
water,  and  subjected  to  an  additional  pressure  of  75  pounds  per  square 
inch ;  what  is  the  total  pressure  tending  to  separate  one  vertical  half- 
section  of  the  sphere  from  its  opposite  half  ? 

3Q3 

Solution. — The  pressure  due  to  the  weight  of  the  water  is  -g-  x 
.  7854  X.  03617  =  383. 5  lb. 

30-  X  .7854  X  75  =  53,014.5  lb.  =  additional  pressure. 

Total  pressure  tending  to  separate  any  two  halves  =  53,014.5  +  383.5 
=  53,398  lb.     Ans. 


BUOYANT  EFFECTS  OF  WATER. 

987.  In  Fig.  169  is  shown  a  6-inch  cube  entirely  sub- 
merged in  water.  The  lateral  pressures 
are  equal,  and  act  in  opposite  directions. 
The  upward  pressure  =  6  X  6  X  21  X 
.03617;  the  downward  pressure  =  6x6 
X  15  X  .03617,  and  the  difference  =6X6 
X  6  X  .03617  =  the  volume  of  the  cube  in 
cubic  inches  X  the  weight  of  1  cubic  inch 
of  water.  That  is,  the  upward  pressure 
exceeds  the  downward  pressure  by  the 
weight  of  a  volume  of  water  equal  to  the 

FIG.  169.  volume  of  the  body. 

This  excess  of  upward  pressure  over  the  downward  pres- 
sure acts  against  gravity ; 
consequently,  if  a  body 
be  immersed  in  a  jiind^ 
it  unit  lose  in  tveight 
an  amount  equal  to  tlie 
weight  of  the  fluid  it  dis- 
places. This  is  called  the 
principle  of  Archi- 
medes, because  it  was 
first  stated  by  him. 

988.  Archimedes' 
principle  may  be  experi- 
mentally demonstrated 
with  the  beam  scales,  as 
shown  in  Fig.  170.  fig.  i7o. 


376  HYDROMECHANICS. 

From  one  scale-pan,  suspend  a  hollow  cylinder  of  metal  t^ 
and  below  that  a  solid  cylinder  a  of  the  same  size  as  the  hol- 
low part  of  the  upper  cylinder.  Put  weights  in  the  other 
scale-pan  until  they  exactly  balance  the  two  cylinders.  If  a 
be  immersed  in  water,  the  scale-pan  containing  the  weights 
will  descend,  showing  that  a  has  lost  some  of  its  weight. 
Now,  fill  /  with  water,  and  the  volume  of  water  that  can  be 
poured  into  /  will  equal  that  displaced  by  a.  The  scale-pan 
that  contains  the  weights  will  gradually  rise  until  /  is  filled, 
when  the  scales  balance  again. 

989.  If  the  immersed  body  be  lighter  than  the  liquid, 
the  upward  pressure  will  cause  it  to  rise  and  extend  partly 
out  of  the  liquid,  until  the  weight  of  the  body  and  the  weight 
of  the  liquid  displaced  are  equal.  If  the  immersed  body  is 
heavier  than  the  liquid,  the  downward  pressure  plus  the 
weight  of  the  body  will  be  greater  than  the  upward  pressure, 
and  the  body  will  fall  downwards  until  it  touches  bottom  or 
meets  an  obstruction.  If  the  weights  of  equal  volumes  of 
the  liquid  and  the  body  are  equal,  the  body  will  remain  sta- 
tionary, and  be  in  equilibrium  in  any  position  or  at  any 
depth  beneath  the  surface  of  the  liquid. 

An  interesting  experiment  in  confirmation  of  the  above 
facts  may  be  performed  as  follows:  Drop  an  %%%  into  a  glass 
jar  filled  with  fresh  water.  The  mean  density  of  the  ^<g<g 
being  a  little  greater  than  that  of  water,  the  &g%  will  fall  to 
the  bottom  of  the  jar.  Now,  dissolve  salt  in  the  water, 
stirring  it  so  as  to  mix  the  fresh  and  salt  water.  The  salt 
water  will  presently  become  denser  than  the  &%%^  and  the 
^g'g  will  rise.  Now,  if  fresh  water  be  poured  in  until  the 
egg  and  water  have  the  same  density,  the  t.^^  will  remain 
stationary  in  any  position  that  it  may  be  placed  below  the 
surface  of  the  water.  

EXAMPLES  FOR   PRACTICE. 

1.  The  diameter  of  the  plunger  of  a  hydraulic  press  used  in  an 
engineering  establishment  is  12".  Water  is  forced  into  the  cylinder  of 
the  press  by  means  of  a  small  pump  having  a  plunger  whose  diameter 
is  f ",  and  stroke  is  4".  What  pressure  is  e.xerted  by  the  large  plunger, 
when  the  force  acting  on  the  small  plunger  is  125  pounds  ? 

Ans.  32,000  lb. 
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8"  ?    {I))  What  is  the  velocity  ratio  ?  \         Si'^)  ^i  i^^i'^ 


'i.  If  the  small  plunger,  in  the  last  example,  makes  96  working 
strokes  per  minute,  {a)  how  long  will  it  take  the  large  plunger  to  move 

j  {a)  5^  min 
\  {!>)  256  :  1. 

3.  A  vertical  pipe,  88  feet  high,  is  filled  with  water;  {a)  what  is  the 
pressure  on  bottom  ?  {d)  If  the  diameter  of  the  pipe  is  8",  what  is 
the  total  pressure  on  a  strip,  2^"  high,  whose  center  of  gravity  is  21 
feet  from  the  bottom  ?  (  {a)  38.2  lb.  per  sq.  in.,  nearlv 

](/;)  1.827.03  1b. 

4.  A  sphere,  16"  in  diameter,  is  submerged  in  water  with  its  center 
of  gravity  43  ft.  8"  below  the  surface.  What  is  {a)  the  total  lateral 
pressure?    {b)  the  total  pressure  ?  .        \{a)  7,620.8  lb. 

■  1  {b)  15,241.6  lb. 

SPECIFIC    GRAVITY. 

990.  In  Art.  963  it  was  stated  that  the  specific 
gravity  of  a  body  was  the  ratio  between  the  weight  of  the 
body  and  the  weight  of  an  equal  volume  of  water,  but  no 
methods  were  given  for  finding  this  ratio.  Some  of  these 
miethods  will  now  be  explained. 

991.  Archimedes'  principle  affords  an  easy  and  accurate 
method  of  finding  the  specific  gravity  of  solids  not  easily 
soluble  in  water.  Weigh  the  body  in  air;  then,  weigh  the 
body  in  water,  suspending  it  by  a  string,  and  attaching  the 
string  to  a  scale-pan  in  place  of  the  two  cylinders  shown 
in  Fig.  170.  The  difference  between  the  tzvo  iveigJits  will  be 
the  zueight  of  an  equal  volinne  of  %vater.  The  ratio  of  the 
tveigJit  in  air  to  the  difference  tJiiis  fotind  zuill  be  the  specific 
gravity.     The  abbreviation  for  specific  gravity  is  Sp.  Gr. 

Let  IF  be  the  Aveight  of  the  solid  in  air  and  W  the  weight 
in  water;  then,  IV  —  W  =  the  weight  of  a  volume  of  water 
equal  to  the  volume  of  the  solid,  and 

W 
^P-  ^^-  =  IV-  JV  ^^^-^ 

Example. — A  body  in  air  weighs  36^^  ounces  and  in  water  30  ounces: 
what  is  its  specific  gravity  ? 

Solution. — Substituting  in  formula  27, 

an  ^  36i-  361      ^_       . 

Sp-  Gr.  = -^^^— ^,  =  3g^33^  = -g^  =5.8.     Ans. 
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992.  If  the  body  be  lighter  than  water,  a  piece  of  iron 
or  other  heavy  substance  must  be  attached  to  it,  sufficiently 
heavy  to  sink  both.  TJien,  zvcigh  both  bodies  in  air  and  both 
in  ivatcr.  Weigh  both  separately  in  air,  and  weigh  the 
heavier  body  in  water.  Subtract  the  weights  of  the  bodies  in 
air  and  in  water,  and  the  result  zvill  be  the  weight  of  a 
volume  of  the  water  equal  to  the  volume  of  the  two  bodies. 
Find  the  difference  of  the  weights  of  the  heavy  body  in  air  and 
in  ivater,  and  the  result  zuill  be  the  weight  of  a  volume  of 
zvater  eqical  to  the  volume  of  the  heavy  body.  Subtract  this 
last  result  from  the  former,  and  the  result  zvill  be  the  weight 
of  a  volume  of  water  equal  to  the  volume  of  the  light  body. 
The  weight  of  the  light  body  in  air  divided  by  the  weight  of 
its  equal  volume  of  water  is  the  specific  gravity  of  the  light 
body. 

Let  W  —  weight  of  both  bodies  in  air; 

W'  =  weight  of  both  bodies  in  water; 

w    =  weight  of  light  body  in  air; 

IV^  =  weight  of  heavy  body  in  air; 

IV^  =  weight  of  heavy  body  in  water. 
Then,  the  specific  gravity  of  the  light  body  is  given  by 

SP-  Gr.  =  (^_  iY>^_^iY^_  14/ J  (28.) 

Example. — A  piece  of  cork  weighs  4.8  ounces  in  air.  A  piece  of  cast 
iron  weighs  36  ounces  in  air  and  31  ounces  in  water.  The  weight  of 
the  iron  and  cork  together  in  water  is  15.8  ounces;  what  is  the  specific 
gravity  of  the  cork  ?     Of  the  cast  iron  ? 

Solution. — Substituting  in  formula  28  the  values  given, 

w 4^8 -^  = 

Sp.  ^r.  _  ^  ^  _  ^,^  _  ^  ^^  _  j^^^^  _  ^^Q  g  _  jg  g^  _  ^3g  _  3j^       20 

.24,  the  specific  gravity  of  the  cork.     Ans. 

By  formula  27,  Sp.  Gr.  =  ^_  ^,  =  ^^  _  g^  =7.2,  the  specific 
gravity  of  the  iron.     Ans. 

993.     To  find  the  specific  gravity  of  a  liquid: 

Weigh  an  empty  flask;  fill  it  ivith  water,  then  weigh  it 

and  find  the  difference  between  the  tivo  results ;  this  will 

equal  the  weight  of  the  water.      Then,  weigh  the  flask  filled 

with  the  liquid,  and  subtract  the  weight  of  the  flask ;    the 
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result  is  the  weight  of  a  volume  of  the  liquid  equal  to  the 
volume  of  the  ivater.      The  weight  of  the  liquid  divided  by 
the  weight  of  the  water  is  the  specific  gravity  of  the  liquid. 
Let  W^=  the  weight  of  the  flask  and  liquid; 
W  =  the  weight  of  the  flask  and  water ; 
w  =  the  weight  of  the  flask. 

W—  w 
Sp.  Gr.  =  ;'       ^.  (29.) 

^  W   —  w  ' 


Then, 


Example. — If  the  weight  of  the  flask  is  8  ounces,  the  weight  when 
filled  with  water  is  33  ounces,  and  when  filled  with  alcohol  28  ounces, 
what  is  the  specific  gravity  of  the  alcohol  ? 

Solution. — Substituting  in  formula  29, 

IV-  iu        28-8 


Sp.  Gr.  = 


=  .8.     Ans. 


IV'-w       38-8 

994.  The  method  of  finding  the  specific  gravity  of 
gases  is  about  the  same  as  that  just  given  for  Hquids,  the 
air  being  pumped  out  of  the  flask  by  an  air  pump.  As 
there  are  great  difficulties  attending  the  operation,  the 
method  will  not  be  described. 

995.  Instruments  called  hydrometers  are  in  general 
use  for  determining  quickly  and  accurately  the  specific  grav- 
ities of  liquids  and  some  forms  of  solids.  They  are  of  two 
kinds — viz. : 

(1.)     Hydrometers  of  cotistant  weight,  as  Beautne's. 
(2.)     Hydrometers  of  const afit  volume,  as  Nicholson's. 

996.  A  hydrometer  of  constant  weight  is  shoAvn  in  Fig, 
171.  It  consists  of  a  glass  tube,  near  the  bottom 
of  which  are  two  bulbs.  The  lower  and  smaller 
bulb  is  loaded  with  mercury  or  shot,  so  as  to  cause 
the  instrument  to  remain  in  a  vertical  position 
when  placed  in  the  liquid.  The  upper  bulb  is 
filled  with  air,  and  its  volume  is  such  that  the 
whole  instrument  is  lighter  than  an  equal  volume 
of  water. 

The  point  to  which  the  hydrometer  sinks  when 
placed  in  water  is  usually  marked,  the  tube  being 
graduated  above  and  below  in  such  a  manner  that 
the  specific   gravity   of    the   liquid    can  be   read     fig.  171. 
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directly.  It  is  customary  to  have  two  instruments,  one  with 
the  zero  point  near  the  top  of  the  stem  for  use  in  Hquids 
heavier  than  water,  and  the  other  with  the  zero  point  near 
the  bulb  for  use  in  liquids  lighter  than  water. 

These  instruments  are  more  commonly  used  for  determin- 
ing the  degree  of  concentration  or  dilution  of  certain  liquids, 
as  acids,  alcohol,  milk,  solutions  of  sugar,  etc.,  rather  than 
their  actual  specific  gravities.  They  are  then  known  as 
acidomctcrs,  alcoholometers,  lactometers,  saccharometers,  etc. , 
according  to  the  use  to  which  they  are  put. 

997.  IViclioIson's  Hydrometer. — This  instrument  is 
shown  in  Fig.  172.  It  consists  of  a  holloAV  cylinder  carrying 
at  its  lower  end  a  basket  d,  heavy  enough  to  keep  the 
apparatus  upright  when  placed  in  water.     At  the  top  of  the 


Fig.  172. 


cylinder  is  a  vertical  rod,  to  which  is  attached  a  shallow  pan 
a  for  holding  weights,  etc.  The  cylinder  must  be  of  such 
size  that  the  apparatus  may  be  so  much  lighter  than  water 
that  a  certain  weight  fTmust  be  placed  in  the  pan  to  sink 
it  to  a  given  point  c  on  the  rod.  The  body  whose  specific 
gravity  it  is  desired  to  find  must  weigh  less  than  W.  It  is 
placed  in  the  pan  a,  and  enough  weight  w  is  added  to  sink 
the  point  c  to  the  water  level.  It  is  evident  that  the  weight 
of  the  given  body  is  IF—  zv.  The  body  is  now  removed 
from  the  pan  a  and  placed  in  the  basket  d,  an  additional 
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weight  being  added  to  sink  the  point  c  to  the  water  level. 
Represent  the  weight  now  in  the  pan  by  W .  The  differ- 
ence W  —  zv  is  the  weight  of  a  volume  of  water  equal  to 
the  volume  of  the  body.      Hence, 

W—  w 

Example. — The  weight  necessary  to  sink  the  hydrometer  to  the  point 

c  is  16  ounces;  tlie  weight  necessary  whan  the  body  is  in  the  pan  a  is  7.3 

ounces,  and  when  the  body  is  in  the  basket  d,  10  ounces;  what  is  the 

specific  gravity  of  the  body  ? 

o     ^  W-1U        16-7.3      8.7       „„„„      . 

Solution. — Sp.  Gr.  =  —rjy, =  --^ — =—  —  —^  =  3.222.    Ans. 

W  —  w       10  —  7.3       2.7 

998.  Archimedes'  principle,  gives  a  very  easy  and  accu- 
rate method  of  finding  the  volume  of  an  irregularly  shaped 
body.  Thus,  subtract  its  weight  in  water  from  its  weight 
in  air,  and  divide  by  .03G17;  the  result  will  be  in  cubic 
Inches,  or  divide  by  62.5  and  the  result  will  be'in  cubic  feet. 

If  the  specific  gravity  of  the  body  is  known,  its  cubical 
contents  can  be  found  by  dividing  its  weight  by  its  specific 
gravity,  and  then  dividing  again  by  either  .03617  or  62.5. 

Example. — A  certain  body  has  a  specific  gravity  of  4.38  and  weighs 
76  pounds;  how  many  cubic  inches  are  there  in  the  body  ? 

Solution.-     4^33^^^  =  479.72  cu.  in.     Ans. 

999.  Since  the  weight  of  a  cubic  foot  of  water  varies 
for  different  temperatures,  and  with  the  amount  of  impuri- 
ties it  contains,  it  is  necessary  to  have  some  standard  when 
getting  the  specific  gravity.  This  standard  is  pure  distilled 
water  at  its  maximum  density,  which  occurs  at  a  tempera- 
ture of  39.2°  Fahrenheit.  At  this  temperature  water 
weighs  62.425  pounds  per  cubic  foot;  but  for  ordinary  cal- 
culations it  is  customary  to  take  it  as  weighing  1,000  ounces, 
or  62.5  pounds,  per  cubic  foot. 


CAPILLARY    ATTRACTION. 

1000.  If  a  clean  glass  rod  be  placed  vertically  in  water, 
the  water  will  be  drawn  up  around  the  tube.  (See  a,  Fig. 
173.)     If  the  same  rod  be  placed  in  mercury,  the  liquid  wiU 

M.  E.    I.— 26 
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be  depressed  instead  of  raised.  On  examination,  it  will  be 
found  that  water  7vcts  the  glass,  while  vicrcjiry  docs  not.  If 
the  rod  be  greased  and  placed  in  water,  the  surface  of  the 
water  Will  be  depressed  about  the  rod.  If  a  clean  lead  or 
zinc  strip  be  placed  in  mercury,  the  surface  of  the  mercury- 
will  be  raised  about  the  strip. 

In  the  last  two  cases,  the  greased  rod  came  out  dry,  no 
water  adhering  to  it,  while  the  mercury  did  adhere  to  the 
lead  or  zinc  strip,  which  came  out  zvet. 

In  general,  all  liquids  that  zvill  wet  the  solids  placed  iji 
them  luill  be  lifted,  while  those  that  do  not  will  be  pushed 
down. 


Fig.  173. 

These  phenomena  are  called  capillary  attraction,  be- 
cause they  are  best  shown  in  very  fane  or  hair-like  tubes.  In 
Fig.  173,  (^  is  a  glass  tube  in  water,  and  c  is  a -glass  tube  in 
mercury.  The  surface  of  the  water  in  the  tube  b  is  concave, 
while  the  surface  of  the  mercury  in  the  tube  c,  is  convex. 

1001.  The  amount  which  a  liquid  will  ascend  or  be 
depressed,  varies  inversely  as  the  diameter  of  the  tube.  Thus, 
water  will  rise  twice  as  far  in  a  tube  -^^  of  an  inch  in  diameter 
as  in  one  -^-^  of  an  inch  in  diameter. 

1002.  There  are  many  illustrations  of  capillary  action. 
It  is  capillary  attraction  that  aids  the  ascent  of  sap  in  the 
pores  of  plants.  It  lifts  the  oil  between  the  fibers  of  a  lamp 
"wick  to  the  place  of  combustion.  It  enables  cloth  and 
sponges  to  take  up  moisture.  It  causes  blotting  paper  to 
absorb  ink  ;  but  when  paper  is  sized,  its  pores  arc  filled,  and 
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the  ink  dries  by  evaporation.  It  is  capable  of  exerting  great 
force,  as  is  shown  in  the  effects  produced  by  the  svvelHng  of 
wood  and  other  substances  when  kept  wet.  Dry  wooden 
wedges  driven  into  a  groove  cut  around  a  cyHnder  of  stone, 
and  occasionallv  wet,  will  cause  it  to  break  asunder.  As  the 
pores  between  the  fibers  of  a  rope  run  around  it  in  spiral 
lines,  the  swelling  produced  by  wetting  a  tight  rope  will 
cause  the  fibers  to  shorten,  and  to  contract  the  rope  with 
immense  force.  . . 

EXAMPLCS   FOR   PRACTICE. 

1.  If  a  certain  quantity  of  red  lead  weighs  5  pounds  in  air,  and  4.441 
pounds  in  water,  what  is  its  specific  gravity  ?  Ans.  8.94  +. 

2.  A  piece  of  iron  weighing  1  pound  in  air  and  .861  pound  in  water 

is  attached  to  a  piece  of  wood  weighing  1  pound  in  air.     When  both 

bodies  are   placed   in  water  they  weigh  .2  pound.     What  is  (a)  the 

specific  gravity  of  the  iron  ?     (U)  Of  the  wood  ?  \{a)  7.194. 

Ans.  -^  ^^^    gQ2^ 

3.  An  empty  flask  weighed  13  oz. ;  when  filled  with  water,  it  weighed 
22  oz.,  and  when  filled  with  sulphuric  acid,  29.56  oz.  What  was  the 
specific  gravity  of  the  acid  ?  Ans.  1.84. 

4.  How  many  cubic  feet  of  brick,  having  a  specific  gravity  of  1.9, 
are  required  to  weigh  260  pounds  ?  Ans.  2.19  cu.  ft.,  nearly 
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THE    MEAN    VELOCITY. 
1003.     Hydrokinetics,  also  called  hydrodynamics 

and  hydraulics,  treats  of  water  in  motion.  The  velocity 
is  not  the  same  at  all  points  of  the  flow,  unless  all  cross- 
sections  of  the  pipe,  or  Canal,  are  equal.  That  velocity,  which 
being  multiplied  by  the  area  of  the  cross-section  of  the  stream 
will  equal  the  total  quantity  discharged,  is  called  the  mean 
velocity. 

Let  Q  =  the    quantity    in    cubic    feet    which    passes   any 
section  in  1  second  ; 
A  =  the  area  of  the  section  in  square  feet ; 
Vjn  =■  the  mean  velocity  in  feet  per  second. 
Then,  Q  =  Av„,,       (31.) 


Q-- 

=  A  v„, , 

a 

•^m- 

'A' 

and  ^™=^-  ^32.) 
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Example. — The  area  of  a  certain  cross-section  of  a  stream  is  27.9 

square  inches;  the  mean  velocity  of  the  water  through  this  section  is 

51  feet  per  second;  what  is  the  quantity  discharged,  in  cubic  feet? 

27  9 
•    Solution.— (2  =  A  Vm  =  -ttj"  X  51  =  9.9  cu.  ft.  per  sec.     Ans. 

Note. — 1  square  foot  =  144  square  inches. 

Example. — In  the  last  example,  what  would  the  mean  velocity  have 
been  had  the  area  of  the  cross-section  been  36  square  inches,  to  dis- 
charge the  same  quantity  ? 


Solution. — Vm  =  -%  =  ^ 


9^ 
144 


9.9  X  144 
36 


=  39.6  ft.  per  sec.     Ans. 


VEIvOCITY    OF    EFFLUX. 

1004.  If  a  small  aperture  is  made  in  a  vessel  containing 
water,  the  velocity  with  which  the  water  issues-  from  the 
vessel  is  the  same  as  if  it  had  fallen  from  the  level  of  the 
surface  to  the  level  of  the  aperture,  all  resistances  being 
neglected.      This  velocity  is  called  the  velocity  of  efflux. 


m 


1005.  The  vertical  height 
of  the  level  surface  of  the  water 
abovethe  horizontal  linethrough 
the  center  of  the  aperture,  is 
called  the  head.  In  Fig.  174, 
a  is  the  head  for  the  aperture 
A;  b  IS  the  head  for  the  aper- 
ture B,  and  e  is  the  head  for  the 
aperture  C. 


•  vfP 

A  """' 
Fig.  174. 
the  velocity  of  efflux  in  feet  per  second ; 


Let  V 

h  =  the  head  in  feet  at  the  aperture  considered ; 

W=  the  weight  of  the  water  in  pounds  flowing  through 

this  aperture  per  second. 

Were  it  not  for  the  resistance  of  the  air,  friction,  and  the 

effect  of  the  falling  particles,  the  issuing  water  would  spout 

to  the  level  of  the  Avater  in   the  vessel  ;  that  is,  to  a  height 

equal  to  its  head.      The  kinetic  energy  of  the  issuing  water 

will  be  expressed  by 


2 


# 


The  work  it  can  do  will  be  W  h. 
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IV  v^ 
Since  the  kinetic  energy  equals  the  work,  — —  =  JV  //,  or 

Zf  =  4/  2  ^  I  I  ;  that  is,  tJie  velocity  of  efflux  is  the  same  as  if 
the  same  weight  of  water  had  fallen  through  a  height  equal 
to  its  head. 

Example. — A  small  orifice  is  made  in  a  pipe  50  feet  below  the  water 
level ;  what  is  the  velocity  of  the  issuing  water  ? 


Solution. — v  =  V'ig  /i  —  V'^X  33.16  X  50  =  56.7  ft.  per  sec.     Ans. 

1006.  From  the  above  formula,  as  in  the  laws  of  fall- 

v" 
iner  bodies,  h  =  -; — .      Here,  h  is  called  the  head  due  to  the  ve- 

locity  V.  Consequently,  if  the  velocity  of  efflux  is  known, 
the  head  can  be  found. 

Example. — An  issuing  jet  of  water  has  a  velocity  of  60  feet  i)er 
second ;  what  is  the  head  that  causes  it  to  flow  with  this  velocity  ? 

Solution. — h  =  ^ —  =  -^ rrrr^TT:  =  55.97  feet.     Ans. 

2  £"        »  X  o2.ib 

1007.  Suppose  that  a  tall  vessel  be  fitted  with  a  piston, 
and  that  it  has  an  orifice  near  the  bottom  fitted  with  a  stop- 
cock. If  an  additional  pressure  be  applied  to  the  piston,  it 
is  evident  that  the  velocity  of  efflux  will  be  increased. 

Let  /  be  the  pressure  per  unit  of  area  at  the  level  of  the 
water,  due  to  the  additional  pressure  on  the  piston.  If  the 
unit  of  area  is  one  square   inch,  the   height  of  a  column  of 

water  that  will  cause  a  pressure  equal  to  fi  is  —fr-r  feet. 

.434 

If  the  unit  of  area  is  1  square  foot,  the  height  of  a  column 

P 
of  water  is     ,  ,  feet.     Denote  this  height  corresponding  to 
G2.0  "  1-  » 

the  additional  pressure  by  h^.  The  original  head  of  the 
water  in  the  vessel  is  h;  hence,  //,  -\-  h  =  the  total  head,  and 
the  velocity  of  efflux,  when  the  cock  is  opened,  will  be 

V  =  4/2 -(/..  +  //).  (33.) 

1008.  The  total  head,  h^  4-  h,  is  called  the  equivalent 

liead,  and  must,  in  all  cases,  be  reduced  to  feet  before 
substituting  in  the  formula. 
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Example. — The  area  of  a  piston  fitting  a  vessel  filled  with  water  is 
27.36  square  inches.  The  total  pressure  on  the  piston  is  80  pounds; 
the  weight  of  the  piston  is  25  pounds,  and  the  head  of  the  water  at  the 
level  of  the  orifice  is  6  feet  10  inches;  what  is  the  velocity  of  the  efflux, 
assuming  that  there  are  no  resistances? 

Solution. — 80  +  25  =  105  lb.  =  the  total  pressure  on  the  upper  sur- 
105 


face  of  the  liquid 
3.8377 


27.36 


=3.8377  lb.  per  sq.  in. 


.434 


8.8426  feet  =  head  in  feet  due  to  the  pressure  of  105  pounds 


=  //,.     6  ft.  10  in.  =  6.8333  ft.  =  h. 


V  =  1/2^  (/5,  +  //)  =  '/2^  (8.8426  +  6.8333) 
31.75  ft.  per  sec.     Ans. 


4/2  X  32.16  X  15.6759  = 


1009.  When  water  issues  from  the  side  of  a  vessel,  it 
will  be  subjected  to  the  same  laws  that  govern  projectiles. 
The  range  may  be  calculated  in  the  same  manner  by  taking 
the  velocity  of  effiiix  as  the  initial  velocity  of  the  projectile. 


Fig.  ir.5. 

The  range  may  be  calculated  more  conveniently. by  the 
following  formula: 

R  =  4/077  (34.) 

in  which  R  is  the  range,  //  is  the  head,  or  equivalent  head,  at 
the  level  of  the  orifice,  and  y  is  the  vertical  height  of  the 
orifice  above  the  point  where  the  water  strikes,  all  dimen- 
sions being  in  feet.  In  Fig.  175,  the  upper  surface  of  the 
water  is  free.  For  the  orifice  E^  h  =  B  E  and  y  =  E  A;  for 
the  orifice  C,  /i  =  B  C  and  y  =  C  A. 
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The  greatest  range  is  obtained  when  h  =  y ;  that  is,  when 
the  orifice  is  half  way  between  the  upper  surface  of  the  water, 
and  the  level  of  the  place  where  the  stream  strikes.  If  two 
orifices  are  situated  equally  distant  from  the  middle  orifice, 
giving  the  greatest  range,  as  C  and  E  in  Fig.  175,  the 
ranges  of  the  water  issuing  from  them  will  be  equal. 

Example. — The  vertical  height  above  the  ground  of  the  surface  of 
the  water  in  a  vessel  is  12  feet.  If  an  orifice  is  situated  4  feet  from  the 
upper  surface,  what  is  the  range  ?  What  is  the  greatest  range  ?  Where 
is  the  other  point  of  equal  range  ? 

11.31  ft.,  nearly.     Ans. 
Ans. 


Solution. 


-7?  =  i/4  //_y  =  i/4  X  4  X  8  = 

12  feet. 


Greatest  range  =4/4x6x6 
6  —  4  =  2;  hence,  the  point  of  equal  range  is  6  +  2  =  8  feet  below  the 
surface  of  the  water. 
Proof.  — Range 

1010. 


|/4  //J  =  |/4  X  8  X  4  =  11.31  ft,  as  before, 

When  the  water  flows  through     f^ A^.- 

an  orifice  of  large  size  in  the  bottom  of  the 
vessel,  compared  with  the  area  of  the  base, 
a  different  rule  must  be  used  from  that 
given  above.  In  Fig.  176,  suppose  that  the 
area  of  the  orifice  in  the  bottom  of  the 
vessel  is  a^  and  that  the  area  of  the  bottom 
is  A  ;  then,  the  velocity  v  is  expressed  by 
the  formula 


V  — 


(35.) 


That  is,  the  velocity  of  efflux  from  the  bottom  of  a  vessel  in 
feet  per  second,  equals  the  square  root  of  2  g  times  the  head, 
divided  by  1  minus  the  ratio  of  the  square  of  the  area  of  the 
orifice  to  the  square  of  the  area  of  the  bottom. 

1011.  If  the  area  of  the  cross-section  of  the  base  is 
more  than  20  times  the  area  of  the  orifice,  use  the  formula 
V  =  \^%gh.     That  is, 

Rule. —  The  velocity  of  efflux  from  a  small  orifice,  when 
the  cross-sectional  area  of  the  vessel  is  equal  to,  or  more  than, 
twenty  times  the  area  of  the  orifice,  equals  the  square  root  of 
2  g  times  the  head. 
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1012.  Example. — A  vessel  has  a  rectangular  cross-section, 
11  X  1-1  inches,  and  the  upper  surface  of  the  water  is  14  feet  above  the 
bottom.  If  an  orifice  4  inches  square  is  made  in  the  bottom  of  the 
vessel,  what  is  the  velocity  of  efflux  ? 

Solution. — Area  of  the  cross-section  is  14  X  H  =  154  sq.  in.  Area 
of  orifice  is  4  X  4  =  16  sq.  in.  Since  154  -r-  16  =  9^,  the  area  of  the  base 
is  less  than  20  times  the  area  of  the  orifice;  hence,  using  formula  35, 


16  X  14 


/   3  ij- li     _       /2X  03.16  X 

-=Vr:"z:"'V  i-^ 


80.17  ft.  per  sec.     Ans. 


,P  '       154'^ 

Example. — If  the  orifice  had  been  2  inches  square  in  the  above 
example,  what  would  the  velocity  of  efflux  have  been  ?  Also,  if  it  had 
been  8  Indies  square  ? 

Solution. —  2  inches  X  3  inches  =  4  sq.  in.,  or  the  area  of  the  orifice. 
Since  154  -^  4  =  38i,  the  area  of  the  base  is  greater  than  20  times  the 
area  of  the  orifice;  hence,  using  rule.  Art.  lOll, 

V  —  \/2y7i  =  |/2  X  B2. 16  X  14  =  30.008  feet  per  second.     Ans. 

8  inches  X  8  inches  =  64  square  inches,  or  the  area  of  the  orifice  in 
the  second  case. 


A' 
ly,  33  feet  per  second.     Ans. 


16x14 


64'-' 
154^ 


=  32.99  feet  per  second;  practical- 


THE    CONTRACTED    VEIN. 
1013.     When  water  issues  from  an  orifice  in  a  thin  plate 
(see  Fig.  177),  or  from  a  square-edged*  orifice  (see  Fig.  178), 


Fig.  177.  Fig-  ^'^• 

the  stream  is  contracted  at  a  short  distance  from  the  orifice, 


*NoTE. — By   square -edged   orifice   is  meant  one  whose   edges  are 
neither  rounding  nor  tapering.    The  orifice  itself  may  have  any  shape. 
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and  expands  again  to  the  full  size  of  the  orifice.  The  point 
at  which  the  contraction  is  greatest  is  at  a  distance  from 
the  orifice  equal  to  about  one-half  of  the  diameter  of  the 
orifice.  In  consequence  of  this  contraction,  the  velocity  of 
efflux  is  slightly  reduced  from  the  theoretical  value,  and  the 
quantity  discharged  is  greatly  reduced.  This  contraction  is 
called  the  contracted  vein,  a  name  given  to  it  by  Sir 
Isaac  Newton. 

For  ordinary  purposes,  the  actual  velocity  of  efflux  may  be 
taken  as  98^  of  the  theoretical  values,  calculated  by  the 
preceding  rules. 

The  actual  velocity  of  efflux  from  a  small  square-edged 
orifice  is  expressed  by  the  formula 


z/=.98j/2^/^.  (36.) 

Example. — What  is  the  actual  velocity  of  discharge  from  a  small 
square-edged  orifice  in  the  side  of  a  vessel,  if  the  head  is  20  feet  ? 

SoLUTiox. — Applying  formula  36, 

V  =  .984/3^  =  .984/2x33.16x20  =  35.15  ft.  per  sec.     Ans. 


101 4.  The  diameter  of  the  contracted  vein  at  its 
smallest  section  is  about  .8  of  the  diameter  of  the  orifice, 
and  its  area  is  about  .8  X  .8  =  .04  of  the  area  of  the  orifice. 
In  Art.  1003,  it  was  stated  that  the  quantity  discharged 
in  cubic  feet  per  second  was  equal  to  the  area  of  the  section, 
multiplied  by  the  mean  velocity,  or  Q^=  A  v„^.  Now,  if  the 
theoretical  velocity  v  be  substituted  for  the  mean  velocity 
z/„„  the  formula  becomes  Q  =  At',  the  theoretical  value;  the 
actual  value  is  the  area  of  the  contracted  vein  multiplied  by 
the  actual  velocity  of  efflux,  or  Q  =  .Gi  A  x  .98  t/  =  .627  A  v; 
that  is,  the  actual  discharge  is  about  .027  of  the  theoreti- 
cal discharge.  This  number,  .027,  is  called  the  coeffi- 
cient of  efflux.  The  theoretical  velocity  is  the  velocity 
which  a  body  would  acquire  by  falling  in  a  vacuum  through  a 
height  equal  to  the  head. 

101 5.  The  coefficient  of  efflux  varies  somewhat  accord- 
ing to  the  head,  and  the  size  and  shape  of  the  orifice;  but 
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for  square-edged  orifices,  or  for  orifices  in  thin  plates,  its 
average  value  may  be  taken  as  .015.  Hence,  tJic  actual 
quantity  discharged  is  .615  times  the  tJieorctical  amount,  or 

Q^AWhAv.  (37.) 

Example. — The  theoretical  discharge  from  a  certain  vessel  is  12.4 
cubic  feet  per  minute:  what  is  the  amount  actually  discharged  per 
second  ? 

Solution. — Multiplying  the  theoretical  discharge  by  the  average 


coeflficient  of  efflux,  12.4  X -015  =  7,626  cu.   ft.  per  min. ; 
cu.  ft.  per  sec.     Ans. 


7.62C 
60 


=  .1271 


1016.  If  the  water  discharges  through  a  short  tube 
whose  length  is  from  \\  to  3  times  the  diameter  of  the  orifice 
(see  Fig.  179)  the  discharge  is  increased.  From  a  large 
number  of  experiments  made  by  different  persons,  the  co- 
efficient of   efflux  for  a  short  tube  may  be  taken  as  .815; 


Fig.  179. 

that  is,  the  actual  discharge  may  be  taken  as  .815  times  the 
theoretical  discharge  through  an  orifice  of  the  same  size. 
If  the  inside  edges  of  the  tube  are  well  rounded,  and  the 
tube  is  conical,  as  shown  in  Fig.  180,  there  will  be  no  con- 
traction, and  the  coefficient  of  efflux  may  be  taken  as 
.97 ,  that  is,  the  actual  discharge  through  a  tube  of  this 
form  is  .97  times  the  theoretical  discharge  through  an 
orifice  whose  area  is  the  same  as  the  area  of  the  end  of  the 
tube. 
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If  in  a  compound  mouthpiece  or  tube,  such  as  shown  in 
Fig.  181,  a  b,  the  narrowest  part,  be  taken  as  the  diameter 
of  the  orifice,  the  coefficient  of  efflux 
may  be  taken  as  1.5526;  that  is,  the 
actual  discharge  through  a  com- 
pound mouthpiece  of  this  shape  is 
1.5526  times  the  theoretical  discharge 
through  an  orifice  whose  area  is  the 
same  as  the  area  of  the  smallest  sec- 
tion of  the  mouthpiece. 

1017.  When  the  upper  surface 
of  the  water  remains  at  the  same 
height  above  the  orifice,  there  is  said  to  be  a  constant 
head.  The  velocity  of  efflux  varies  for  different  points 
in  the  orifice;  it  is  greater  at  the  bottom  of  the  orifice 
than  at  the  top,  since  the  head  is  greater  at  the  bottom  than 
at  the  top.  A  mean  velocity  may  be  obtained  by  dividing 
tJie  qitmitity  of  zvatcr  discharged  in  feet  per  second  by  the  area 

of  the  orifice,  or  e^,„  =  —-. 

The  theoretical  head  necessary  to  give  this  velocity  v„^  is 


Fig.  181. 


h  = 


v„ 


^g 


Since  the  actual  velocity  is  .98  of  the  theoretical 


velocity,  the  actual  head  is  h 


fe)^ 


%g 


V' 

1.04^. 


That  is,  the  actual  head  must  be  1.04  times  the  theoretical 
head  due  to  the  mean  velocity. 

Let  Q  =  theoretical  number  of  cubic  feet  discharged  per 
second; 
v^  =  theoretical  mean  velocity  through  orifice  in   feet 

per  second  =  (7  -^  y:J ; 
A  =  area  of  orifice  in  square  feet; 
h  =  theoretical  head  necessary  to  give  a  mean  velo- 
city v„r, 
Qa  =  actual    quantity    discharged    in    cubic    feet    per 
second. 
Then,  for  an  orifice  in  a  thin  plate,  or  a  square-edged  ori- 
fice (the  hole  itself  may  be  of  any  shape,  triangular,  square, 
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circular,  etc.,  but  the  edges  must  nf)t  be  rounded),  the  actual 
quantity  discharged  is 

Q,  =  .Glo  Q=  .015  A  v„,  =  .015  A  ^^^.  (38.) 

That  is,  tJie  actual  quantity  discharged  through  a  sqiiare- 
cdgcd  orifice  or  through  a  thin  plate  is  .615  times  the  theoret- 
ical discharge^  and  equals  .015  multiplied  by  the  area  of  the 
orifice.,  multiplied  by  the  mean  velocity,  or  equals  .  615  multi- 
plied by  the  area  of  the  orifice,  multiplied  by  the  square  root 
of  2  g  times  the  theoretical  head  corresponding  to  the  theoreti- 
cal mean  velocity. 

For  a  discharge  through  a  short  tube,  as  shown  in  Fig.  179, 

Q^=.S15  Q=.S15Av^  =  .815Ai/2g7r  (39.) 

For  a  discharge  through  a  mouthpiece,  as  shown  in  Fig.  180, 

Q,  =  .d7  Q=.97  A  v„,  =  .97  A  ^/¥gF.  (40.) 

For  a  discharge  through  the  compound  mouthpiece,  as 
shown  in  Fig.  181,  the  area  of  the  orifice  being  taken  as  the 
area  of  the  smallest  section, 

^„=  1.5520  ^=  1.5520  yiz;,„  =  1.5520  yi4/2^X  (41.) 

In  these  four  formulas,  it  is  taken  for  granted  that  there 
is  a  constant  head. 


1018.  The  weir  is  a  device  universally  used  for  meas- 
uring the  discharge  of  water.  It  is  a  rectangular  orifice 
through  which  the  water  flows. 

1019.  In  Fig.  182  is  rep- 
resented a  weir  in  which  the 
top  of  the  weir  (orifice)  is 
level  with  the  upper  surface 
of  the  Avater  flowing  through 
it.  By  means  of  higher  math- 
ematics it  has  been  found  that 
the  theoretical  mean  velocity 


Fig.  182. 


v^  is  equal  to  %^1gh. 


1020.     If  d:=  the  depth  of  the  opening  in  feet,  and  b  its 
breadth  in  feet,  the  area  of  the  opening  \i,  A  ^  d  X  b,  and  the 
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theoretical    discharge   is    Qz=  dy,  b  X  v,„=  dby.  \\/  "Igh  = 


^bd/% 


gd,  the  head  for  this  case  being  taken  as  d. 
The  actual  discharge  is 


^=.015  0= -615  x^bdV'2>gd  =  Alb\/'igd\  (42.) 

That  is,  the  actual  discharge  through  a  zueir  in  cubic  feet 
per  second  zvhose  top  is  on  a  level  zvith  the  upper  surface  of 
the  tvater,  is  equal  to  .J/.!  multiplied  by  the  breadth  of  the  weir, 
multiplied  by  the  square  root  of  2  g  times  the  cube  of  the  depth 
of  the  weir.     All  dimensions  are  to  be  taken  in  feet. 

Example. — A  weir  like  that  represented  in  Fig.  182  has  a  depth 
d—\%  inches  and  a  breadth  <5  =  30  inches;  what  is  the  actual  discharge 
per  minute  in  cubic  feet  ? 

Solution. — Applying  formula  42, 

30 


2a  =  .41^|/2^rt'3  =  .41Xi7)X  |/2x  32.16  X(i|)'  =  15.1  cu.  ft.  per 

sec,  or.  15.1  X  60  =  906  cu.  ft.  per  min.     Ans. 

To  obtain  the  mean  velocity  ?/,„,  divide  the  actual  discharge 
(which  may  be  calculated  by  the  last  rule)  by  the  area  of  the 
weir,  or  0         0 

"'~  A   ~  bd 

Example. — What  is  the  mean  velocity  in  feet  per  second  of  the 
water  in  the  last  example  ? 

Qa  15.1  15.1 


(43.) 


Solution. — Vn 


4.027  ft.  per  sec.     Ans. 


bd~  %ky.\\~  3.75 

1021.  It  should  be  kept  in  mind  that  a  weir  is  but  a 
rectangular  opening.  It  is  a  special  name  given  to  a  rec- 
tangular orifice.  Some  writers  use  the  term  rectangular 
notch,  instead  of  weir. 

1022.  In  Fig.  183  is 
represented  a  weir  whose 
top  is  below  the  level  of 
the  upper  surface  of  the 
water.  If  h^  is  the  depth 
in  feet  of  the  top  of  the 
weir  below  the  surface  of 
the  water,  and  Ji  is  the 
depth  in  feet  of  the  bot- 
tom of  the  weir  below  the  fjg.  iqp. 
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surface  of  the  water,   the  actual  discharge  Q^  in  cubic  feet 
per  second  is 

a  =  .41  di/2i  (i/F  -  i/F;).  (44.) 

That  is,  t/ie  actual  discharge  through  a  weir  whose  top  is  h^ 
feet,  and  ivJiose  bottom  is  It  feet  below  the  stir  face  of  the  water, 
equals  .Jf.1  times  the  breadth  of  the  zveir  multiplied  by  the 
square  root  of  2  g  times  the  difference  between  the  square  roots 
of  the  cubes  of  the  depth  of  the  bottom  of  the  weir  and  the 
depth  of  the  top  of  the  tveir. 

Example. — A  weir  like  that  shown  in  Fig.  183  has  a  depth  d=2 
feet  and  a  breath  b  =  ^  feet.  The  depth  of  the  top  below  the  sur- 
face of  the  water  is  5  feet ;  what  is  the  discharge  in  cubic  feet  per  min- 
ute? 

Solution. — Using  formula  44,  hi  —  5,  /^  =  5  +  2  =  7,  and 
Qa  =.  41  i>i/¥^  W^-  Vh^)  =  -41  X  3|/2x  33.16  (^/T's  _  |/5"«)  =  72.41 
cu.  ft.  per  sec.  =  72.41  X  60  =  4,344.6  cu.  ft.  per  min.     Ans. 

Example. — What  is  the  mean  velocity  in  the  last  example  ? 
Solution. — Using  formula  43, 

Vm  =  Yl^  P^  =  12.07  ft.  per  sec.     Ans. 


FLOW    OF    WATER    IN    PIPES. 

1023.  When  water  flows  from  one  reservoir  to  another 
through  a  pipe,  the  velocity  of  efflux  is  considerably  less 
than  the  theoretical  velocity  due  to  the  head.  This  loss  is 
due  to  several  causes,  but  is  principally  caused  by  the  fric- 
tion of  the  water  against  the  inside  surface  of  the  pipe. '  This 
friction  varies  directly  as  the  length  of  the  pipes,  and  in- 
versely as  the  diainetcr;  that  is,  the  friction  in  a  pipe  200  feet 
long  is  twice  as  much  as  in  a  pipe  100  feet  long,  and  the 
friction  in  a  pipe  4  inches  in  diameter  is  only  half  as  much 
as  in  a  pipe  2  inches  in  diameter,  the  velocity  remaining  the 
same  in  both  cases.  The  friction  also  varies  nearly  as  the 
square  of  the  velocity. 
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THE  MEAN   VELOCITY   OF  DISCHARGE. 

1024.     For  straight  cylindrical  pipes  of  uniform  diam- 
eter, 
Let  v,n  =  mean  velocity  of  discharge  in  feet  per  second ; 

h  =  total  head  in  feet  =  the  vertical  distance  between 
the  level  of  the  water  in  the  reservoir  and  the  point 
of  discharge ; 
/=  length  of  pipe  in  feet; 
d^=  diameter  of  pipe  in  inches; 
y=  coefficient  of  friction. 

Then,  v,,,  =  2.315^/— M_^.  (45.) 


That  is,  the  mean  velocity  of  discharge  equals  2.315  times 
the  square  root  of  the  head  in  feet,  multiplied  by  the  diameter 
in  inches,  divided  by  the  length  in  feet,  multiplied  by  the 
coefficient  of  friction,  plus  one-eighth  of  the  diameter  of  the 
pipe  in  inches. 

1025.  The  head  is  always  taken  as  the  vertical  dis- 
tance between  an  imaginary  line  through  the  point  of 
discharge  and  the  level  of  the  water  at  the  source,  or  point 
from  which  it  is  taken,  and  is  always  measured  in  feet.  It 
matters  not  how  long  the  pipe  is,  whether  vertical  or  in- 
clined, whether  straight  or  curved,  nor  whether  any  part  of 
the  pipe  goes  below  the  level  of  the  point  of  discharge  or 
not,  the  head  is  always  measured  as  stated  above. 

1  026.  Example. — What  is  the  mean  velocity  of  efflux  from  a 
6-inch  pipe,  5,780  feet  long,  if  the  head  is  170  feet  ?     Take/ =  .021. 


Solution.—  v,n  =  2.315  J — ^il_  =  2.315  iA 


170X6 


fl  +  \d  y    .021  x5,780  +  ix6 

=  6.69  ft.  per  sec.     Ans. 

1027.  When  the  pipe  is  very  long,  compared  with  the 
diameter,  as  in  the  above  example,  the  following  formula 
may  be  used: 


z/„  =2.315^^,  (46.) 


in  which  the  letters  have  the  same  meaning  as  in  the  preced- 
ing formula. 
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Example. — In  the  preceding  example,  calculate  the  value  of  Vm  by 
using  formula  46. 

Solution. — Substituting  the  values  given, 


Vr^  =  2.3154/^  =  2.315i/Z  ^"^^  ^  ^       =  6.71  ft.  per  sec.     Ans. 
y  fl  y   .021  X  5,780  ^ 

1028.  Formula  46  may  be  used  when  the  length  of 
the  pipe  exceeds  10,000  times  its  diameter,  since  the  differ- 
ence between  the  values  calculated  by  formulas  45  and  46 
then  becomes  quite  small. 


THE  ACTUAL  HEAD- 

1029.  The  actual  head  necessary  to  produce  a  certain 
velocity  v^  may  be  calculated  by  the  formula 

That  is,  tJie  total  head  in  feet  necessary  to  produce  a  velocity 
of  efflux  v^„  in  a  straight  cylindrical  pipe,  is  equal  to  the 
coefficient  of  friction  multiplied  by  the  length  of  the  pipe  in 
feet,  multiplied  by  the  square  of  the  mean  velocity  of  efflux  in 
feet  per  second,  divided  by  5.36  times  the  diameter  of  the  pipe 
in  incites,  plus  .0233  times  the  square  of  the  mean  velocity. 

Example. — A  7-inch  pipe  6,000  feet  long  is  required  to  deliver  water 
with  a  velocity  of  7  feet  per  second ;  what  must  be  the  necessary  head  ? 
Assume  f  =  .026. 

Solution. — Substituting  the  given  values  in  formula  47, 

,  =  Z^  +  .0233  .1  =  ■"^%^3';;y^    +  .0233  X  '.'  =  204.87      ft, 
nearly.     Ans. 

THE  QUANTITY   DISCHARGED  FROM   PIPES. 

1030.  The  formulas  just  given  are  made  use  of  in 
ascertaining  the  quantity  of  water  that  will  be  discharged 
from  a  pipe  in  a  given  time,  with  a  given  head.  This  is 
readily  found  by  means  of  formula  31 ,  (?  =  A'^',,,- 

Since  A  =  .7854  d''  =  area  of  the  inside  of  the  pipe,  the 
quantity  discharged  can  be  readily  calculated  as  soon  as  v^ 
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is  known.     This  method   gives  the  discharge   in   cubic  feet 

per  second,  when  the  diameter  d  is  taken  in  feet. 

One  cubic  foot  contains  7.48   gallons;  hence,  when  d  is 

taken  in  feet,  Q  =  .7854  d''v,„  x  7.48  gallons.      If  d  is  taken 

.     .     ,         ^      .7854  rt^' 
m  mches,  Q  —  ■ — — - —  v,„  x  7.48,  or 
144 

S  =  .0408^V„..  (48.) 

That  is,  ^/le  discJiarge  in  gallons  per  second  equals  .OJfOS 
times  the  square  of  the  diameter  of  the  pipe  in  inches,  multi- 
plied I)}'  the  mean  velocity  of  efflux  in  feet  per  second. 

Example. — What  is  the  discharge  in  gallons  per  minute  from  a 
6-inch  pipe,  if  the  mean  velocity  of  efflux  is  5.6  feet  per  second  ? 

Solution.— 2  =  .0408  d-Vm  =  -0408  X  36  X  5.6  =  8.225  gal.  per  sec, 
or,  8.225  X  60  =  493.5  gal.  per  min.     Ans. 

1031.  If  the  diameter  of  the  pipe  and  the  discharge 
are  known,  the  mean  velocity  can  be  readily  found  from  the 
formula 

24.51  S  ,„, 

"^'m  =  ^i-^.  (49.) 

That  is,  the  mean  velocity  of  discharge  equals  2Ji..51  times 
the  number  of  gallons  discharged  per  second,  divided  by  the 
square  of  the  diameter  of  the  pipe  in  inches. 

Example. — A  5-inch  pipe  is  discharging  360  gallons  per  minute; 
what  is  the  mean  velocity  of  efflux  ? 

OfiCi 

Solution. —  ^^  =  6  gal.  discharged  per  sec.    Applying  formula  49, 

24.51  X  O       24.51  X  6       „  „„„  ,  . 

Vm  — TT^^  = jr/^— =  5.882  ft.  per  sec.     Ans. 

a'  25 

1032.  If  the  head,  the  length  of  the  pipe,  and  the 
diameter  of  the  pipe,  are  given  to  find  the  discharge,  use  the 
formula 


G  =  . 09445  ^-y^^.  (SO.) 

That  is,  the  discharge  in  gallons  per  second  equals  .09^45 
times  the  square  of  the  diameter  of  the  pipe  in  inches,  multi- 
plied by  the  square  root  of  the  head  in  feet  times  the  diameter 

U.  E.    I.— 27 
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of  the  pipe  in  inches,  divided  by  the  coefficient  of  friction 
times  the  length  of  the  pipe  in  feet,  plus  one-eigJith  the 
diameter  of  the  pipe  in  inches. 

1033.  To  find  the  value  of  /,  calculate  7',„  by  formula 
46,  assuming  that  /=  .025,  and  get  the  final  value  of  / 
from  the  following  table: 

TABLE  18. 


Vm  — 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

f  = 

.0086 

.0527 

.0457 

.0415 

.0387 

.0365 

Vm  = 

0.7 

0.8 

0.9 

1 

u 

H 

/  = 

.0349 

.0336 

.0325 

.0315 

.0297 

.0284 

'Vm  = 

2 

3 

4 

6 

8 

12 

/= 

.0265 

.0243 

.0230 

.0214 

.0205 

.0193 

Note. — The  values  given  in  Table  18  are  calculated  by  the  formula 
/=. 014392 +  :^ipE. 

yvm 

Example. — The  length  of  a  pipe  is  6,270  feet,  its  diameter  is 
8  inches,  and  the  total  head  at  the  point  of  discharge  is  215  feet ;  how 
many  gallons  are  discharged  per  minute  ? 

Solution. — Using  formula  46, 

^Td      „  „_  ,  /      215x8 


,„  =  2.315|/^  =  2.3151 
For  t/, 


r     .025 


=  7.67  feet  per  second,  nearly. 


.025  X  6,270 
6,/  =  .0214,  and  for  7/,„  =  8,/  =  .0205.     .0214  -'.0205  = 
.0009  =  difference  for  a  difference  in  the  t/m's  of  8  —  6  =  2  ft.  per  sec. 

7.67  -  6  =  1.67.  Hence,  2  :  1.67::  .0009  :  jr,  or  .r  =  .0007515.  Using 
but  four  decimal  places  x  =  .0008.  Since  the  value  of /is  smaller  for 
Vm  =  8,  than  for  7/„,  —  6,  the  value  of  /  for  Vm  =  7.67  is  .0214  —  .0008  — 
.0206.     Hence,  using  formula  50, 


215  X  8 


e  =  .09445 rf. |/^,=  .09440  X  8'  ^/^  x  6,CT  +  i  x  8 
gal.  per  sec,  nearly,  =  21.98  x  60  =  1,318  gal.  per  min.     Ans. 


=  21.98 
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1034.  If  it  is  desired  to  find  the  head  necessary  to  give 
a  discharge  of  a  certain  number  of  gallons  per  second, 
through  a  pipe  whose  length  and  diameter  are  known,  cal- 
culate the  mean  velocity  of  efflux  by  using  formula  49. 
Find  the  value  of  f  from  the  table  corresponding  to  this 
value  of  7',„ ;  substitute  these  values  of  f  and  z',„  in  formula 
•47,  and  calculate  the  head. 

Example. — A  4-inch  pipe  2,000  feet  long  is  to  discharge  24,000  gal- 
lons of  water  per  hour ;  what  must  be  the  head  ? 

Solution. —  -^ — — -  =  6f  gal.  per  sec.     Using  formula  49, 

24.512       24.51x61      ,.„,^ 
v»^  =  — -^^-^  = j^ — -  =10.2  ft.  per  sec. 

In  the  table, /rr  .0205  for  v,n  =  8,  and  .0193  for  v„,  =  12. 

.0205  -  .0193  =  .0012  =  difference  for  a  difference  in  the  Vm's  of  12  - 
8  =  4  ft.  per  sec.  10.2-8  =  2.2.  Hence,  4  :  2.2  ::  .0012  :  .r,  or  Jir=  .00066 
=  .0007,  when  using  but  four  decimal  places.  Then,  .0205— .0007  = 
.0198=/ for  T/,„  =  10.2. 

Substituting  in  formula  47, 

/,=  Z£^  +  .0333  .„..  =    ■0"'8X  a  000X10.^'    ^  .0333  ^  ,0.2'  = 
0.6b  a  o.obX4 

194.6  ft.,  nearly.     Ans. 


TO  CALCULATE  THE  DIAMETER  OF  A  PIPE. 

1035.  There  is  no  simple  accurate  method  known  by 
which  the  diameter  of  a  pipe  may  be  calculated,  that  will 
give  the  exact  discharge  for  any  required  head  and  length. 
All  methods  are  approximations  at  best,  but  the  following, 
which  is  based  on  formula  50,  is  as  accurate  as  any,  and  is 
better  than  most  printed  formulas. 

Neglecting  the  fraction  ^  d,  in  formula  50,  and  solving 
for  d, 

h 
Assuming  that_/'=  .025,  for  a  trial  value,  the  above  equa- 
tion then  becomes 


^^/"i 


rf=  1.8291/ -T^.  (51.) 
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Formula  51)  may  also  be  written 

^=,.5rfM±TZ)Z.        (52.) 

1036.  By  aid  of  formulas  51  and  52,  the  diameter  of 
a  pipe  may  be  approximated  as  follows: 

Rule. — Find  the  value  of  d  by  formula  51;  substitute  this 
value  in  formula  49,  and  find  the  value  of  v,„.  Then,  find 
from  the  table  the  value  of  f  corresponding  to  this  value  of  v„^. 
Substitute  the  values  of  d  and  f,  just  found,  in  tlierigJit-Jiand 
member  of  formula  52,  and  solve  for  d ;  the  result  zvill  be  the 
diameter  of  the  pipe,  nearly  enough  for  all  practical  purposes. 

Example.— A  pipe  2.000  feet  long  is  required  to  discharge  24,000 
gallons  of  water  per  hour.  The  head  being  195  feet,  what  should  be 
the  diameter  of  the  pipe  ? 

Solution. — By  formula  51  (remembering  that  Q  is  gallons  per 
second). 


^=i.22<,,/!qpg=4ir+. 


Substituting  this  value  in  formula  49, 
24.51  X6f 


V„i  = 


—  9.352  feet  per  second. 


4.18-^ 

The  value  of  /  from  the  table  for  Vm  —  9.352,  is  .0201.  Substituting 
this  value  of/,  and  the  value  for  d,  found  above,  in  formula  52, 

Hence,  the  diameter  is  4".     Ans. 

1037.  If  this  value  were  again  substituted  in  formula 
49,  and  the  value  of  d  again  calculated  by  formula  52,  a  still 
closer  approximation  to  4"  would  be  obtained ;  but  such  re- 
finement is  unnecessary,  since  the  next  larger  size  o'f  pipe, 
as  made  by  the  manufacturers,  is  4i".  It  will  be  noticed 
that  this  example  is  the  reverse  of  that  in  Art.  1034.  For 
most  practical  calculations,  formula  51,  will  give  suffi- 
ciently exact  results. 

1038.  In  laying  pipes,  all  bends  and  elbows  should  be 
^voided  as  much   as   possible.     When  they   are  absolutely 
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necessary,  they  should  be  as  large  as  the  circumstances  will 
permit,  so  as  to  change  the  direction  gradually.  Sudden 
changes  in  direction  destroy  the  velocity  very  rapidly,  and, 
consequently,  reduce  the  discharge.  A  reduction  or  in- 
crease in  the  size  of  the  pipe,  owing  to  screwing  on  of  branch 
pipes,  smaller  or  larger  than  the  main  pipe,  also  reduces  the 
velocity. 


When  bends  are  neces- 
sary, it  is  better  to  round 
them  as  shown  in  Fig. 
184,  than  to  have  a  sharp 
bend  as  shown  in  Fig. 
185. 


Fig,  185. 


A  bend  at  right  angles,  as  shown  in  Fig.  18G,  is  very 
destructive  to  the  velocity.  A  rounded  elbow,  as  shown  in 
Fig.  187,  should  be  used,  and  the  radius  should  be  made  as 
large  as  possible. 


FIG.  186. 


Fig.  187. 


EXAMPLES  FOR  PRACTICE. 

1.     A  weir  whose  top  is  level  with  the  water  has  a  depth  of  13'  and 
a  breadth  of  20" ;  what  is  the  actual  discharge  per  minute  ? 

Ans.  370.8  cu.  ft. 
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2.  A  weir  whose  top  is  4  feet  below  the  surface  of  the  water,  is  32' 
broad  and  14'  deep;  what  is  the  actual  discharge  per  minute  ? 

Ans.  14,733.8  gal. 

3.  What  is  the  mean  velocity  of  efflux  from  a  5-inch  pipe,  2}  miles 
long,  under  a  head  of  65  feet  ?  Ans.  2.392  ft.  per  sec. 

4.  In  the  last  example,  what  is  the  discharge  in  gallons  per  minute  ? 

Ans.   146.39  gal.  per  min. 

5.  What  head  is  necessary  in  order  that  a  4-inch  pipe,  1,200  feet  long, 
may  discharge  10,800  gallons  of  water  per  hour  ?  Ans.  27.1  ft. 

6.  What  must  be  the  diameter  of  a  pipe  that  is  8,700  feet  long,  in 
order  that  it  may  discharge  90,000  gallons  of  water  per  hour  under  a 
head  of  180  feet.     Give  diameter  to  nearest  inch  next  larger  in  size. 

Ans.  10'. 


PNEUMATICS. 


PROPERTIES  OF  AIR  AND  GASES. 


1039.  Pneumatics  is  that  branch  of  Mechanics  which 
treats  of  the  properties  of  gases. 

1040.  The  most  striking 
feature  concerning  gases  is  that, 
110  matter  Jwiv  small  the  quan- 
tity may  be,  they  zuill  always 
fill  the  vessels  which  contain 
them.  If  a  bladder  or  football 
is  partly  filled  with  air  and 
placed  under  a  glass  jar  (called 
a  receiver),  from  which  the 
air  has  been  exhausted,  the 
bladder  or  football  will  immedi- 
ately expand,  as  shown  in  Fig. 
188.      The    force   which   a   gas  fig.  188. 

always  exerts  when  confined  in  a  limited  space,  H  called 
tension.  The  word  tension  in  this  case  means  p'^essure, 
and  is  only  used  in  this  sense  in  reference  to  gases 

1041.  As  zvater  is  the  most  common  type  of  fluids,  so 
air  is  the  most  common  type  of  gases.  It  was  supposed  by 
the  ancients  that  air  was  imponderable,  i.  e.,  that  it  weighed 
nothing,  and  it  was  not  until  about  the  year  1G50  that  it  was 
proven  that  air  really  had  weight.  A  cubic  inch  of  air, 
under  ordinary  conditions,  weighs  .31  grain,  nearly.  The 
ratio  of  the  weight  of  air  to  water  is  about]  ;  774;  that 
is,  air  is  only  ^j^  as  heavy  as  water.  In  Art.  989  it 
was  shown  that  if  a  body  was  immersed  in  water,  and 
weighed  less  than  the  volume  of  water  displac(^d,  the  body 
would  rise  and  extend  partly  out  of  the  water.     The  same 

For  iKitice  r)f  the  cop\'ri.i<ht,  see  pajje  inimediutely  follnwinjj  the  t'tle  page. 
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is  true  to  a  certain  extent  of  air.  If  a  vessel  made  of  light 
material  is  filled  with  a  gas  lighter  than  air,  so  that  the 
total  weight  of  the  vessel  and  gas  is  less  than  the  weight  of 
the  volume  of  air  which  they  displace,  the  vessel  will  rise. 
It  is  on  this  principle  that  balloons  are  made. 


1042.  Since  air  has  weight,  it  is 
evident  that  the  enormous  quantity 
of  air  that  constitutes  the  atmos- 
phere must  exert  a  considerable  pres- 
sure upon  the  earth.  This  is  easily 
proven  by  taking  a  long  glass  tube, 
closed  at  one  end,  and  filling  it  with 
mercury.  If  the  finger  is  placed  over 
the  open  end,  so  as  to  keep  the  mer- 
cury from  running  out,  and  the  tube 
is  inverted  and  placed  in  a  cup  of 
mercury,  as  shown  in  Fig.  189,  the 
mercury  will  fall,  then  rise,  and  after 
a  few  oscillations  will  come  to  rest  at 
a  height  above  the  top  of  the  mercury 
in  the  glass  equal  to  about  30  inches. 
This  height  will  always  be  the  same 
under  the  same  atmospheric  condi- 
tions (allowance  being  made  for  the 
effects  of  capillary  attraction).  Now, 
if  the  atmosphere  has  weight,  it  must 
press  upon  the  upper  surface  of  the 
mercury  in  the  glass  with  equal  in- 
tensity upon  every  square  unit,  ex- 
cept upon  that  part  of  the  surface  occupied  by  the  tube. 
According  to  Pascal's  law  (see  Art.  970),  this  pressure  is 
transmitted  in  all  directions.  There  being  nothing  in  the 
tube,  except  the  mercury,  to  counterbalance  the  upward  pres- 
sure of  the  air,  the  mercury  falls  in  the  tube  until  it  exerts  a 
downward  pressure  on  the  upper  surface  of  the  mercury  in 
the  cup  sufficiently  great  to  counterbalance  the  upward  pres- 
sure produced  by  the  atmosphere.     In  order  that  there  shall 
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be  equilibrium,  the  pressure  of  the  air  per  unit  of  area  on  the 
upper  surface  of  the  mercury  in  the  glass  must  equal  the 
pressure  (weight)  exerted  per  unit  of  area  by  the  mercury 
inside  of  the  tube.  Suppose  that  the  area  of  the  inside  of  the 
tube  is  one  square  inch  ;  then,  since  mercury  is  13.  G  times  as 
heavy  as  water,  the  weight  of  the  mercurial  column  is  .03617 
X  13.6  X  30  =  14.7574  pounds.  The  actual  height  of  the 
mercury  is  a  little  less  than  30  inches,  and  the  actual  weight 
of  a  cubic  inch  of  distilled  water  is  a  little  less  than  .03617 
pound.  When  these  considerations  are  taken  into  account, 
the  average  weight  of  the  mercurial  column  at  the  level  of 
the  sea  is  14.69  pounds,  or,  as  it  is  usually  expressed,  14.7 
pounds.  Since  this  weight,  exerted  upon  1  square  inch  of 
the  liquid  in  the  glass,  just  produced  equilibrium,  it  is  plain 
that  the  pressure  of  the  outside  air  is  14.7  pounds  upon  every 
square  inch  of  surface. 

1043.  Vacuum. — The  space  between  the  upper  end  of 
the  tube  and  the  upper  surface  of  the  mercury  is  called  a 
vacuum,  meaning  that  it  is  an  entirely  empty  space,  and 
does  not  contain  any  substance,  solid,  liquid,  or  gaseous.  If 
there  was  a  gas  of  some  kind  there,  no  matter  how  small  the 
quantity  might  be,  it  would  expand,  filling  the  space,  and 
its  tension  would  cause  the  column  of  mercury  to  fall  and 
become  shorter,  according  to  the  amount  of  gas  or  air  present. 
The  space  is  then  called  a  partial  vacuum.  If  the  mer- 
cury fell  1  inch,  so  that  the  column  was  only  29  inches  high, 
we  should  say,  in  ordinary  language,  that  there  were  SO  incJies 
of  vacuum.  If  it  fell  8  inches,  we  would  say  that  there  were 
22  inches  of  vacuum  ;•  if  it  fell  16  inches,  we  would  say  that 
there  were  14  inches  of  vacuum,  etc.  Hence,  when  the 
vacuum  gauge  of  a  condensing  engine  shows  26  inches  of 
vacuum,  there  is  enough  air  in  the  condenser  to  produce 

^30-26       ,  ,  „        4       ,  ,  ^       ,  „  „  , 

a  pressure  of — —  X  14.7  =  ^r-  X  14.7  =  1.96  pounds  per 

square  inch.  In  all  cases  where  the  mercurial  column  is 
used  to  measure  a  vacuum,  the  height  of  the  column  in 
inches  gives  the  number  of  inches  of  vacuum.     Thus,  if  the 
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column  were  5  inches  high,  or  the  vacuum  gauge  showed 
5  incnes,  the  vacuum  would  be  5  inches. 

If  the  tube  had  been  filled  with  water  instead  of  mercury, 
the  height  of  the  column  of  water  to  balance  the  pressure  of 
the  atmosphere  would  have  been  30  X  13.  G  =  408  inches  = 
34  feet.  This  means  that  if  a  tube  were  filled  with  water, 
inverted  and  placed  in  a  dish  of  water  in  a  manner  similar  to 
the  experiment  made  with  the  mercury,  that  the 
resulting  height  of  the  column  of  water  would  be 
34  feet. 

1044.  The  barometer  is  an  instrument 
used  for  measuring  the  pressure  of  the  atmos- 
phere. There  are  two  kinds  in  general  use — the 
mercurial  barometer  and  the  aneroid  barometer. 
The  mercurial  barometer  is  shown  in  Fig. 
190.  The  principle  is  the  same  as  in  the  case  of 
the  inverted  tube  shown  in  Fig.  189.  The  tube 
and  cup  at  the  bottom  are  protected  by  a  brass 
or  iron  casing.  At  the  top  of  the  tube  is  a  grad- 
uated scale  which  can  be  read  to  yuVo  ^^  ^^  inch, 
by  means  of  a  vernier.  Attached  to  the  casing 
is  an  accurate  thermometer  for  determining  the 
temperature  of  the  outside  air  at  the  time  the 
barometric  observation  is  taken.  This  is  neces- 
sary, since  mercury  expands  when  the,temperature 
is  increased,  and  contracts  when  the  temperature 
falls  ;  for  this  reason  a  standard  temperature  is 
assumed,  and  all  barometer  readings  are  reduced 
to  this  temperature.  This  standard  temperature 
is  usually  taken  at  32°  F.,  at  which  temperature 
the  height  of  the  mercvirial  column  is  30  inches. 
Another  correction  is  made  for  the  altitude  of  the 
place  above  sea  level,  and  a  third  correction  for 
the  effects  of  capillary  attraction. 

1045.  In    Fig.    191    is   shown   a   cut   of   an 
aneroid    barometer.      These    instruments    are 

u,^  10A     made   in    various   sizes,  from   the  size  of  a  large 

f  IG*    xUU* 
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watch  up  to  an  8  or  10  inch  face.  They  consist  of  a  cylin- 
drical box  of  metal,  with  a  top  of  thin,  elastic,  corrugated 
metal.  The  air  is  removed  from  the  box.  When  the  atmos- 
pheric pressure  increases,  the  top  is  pressed  inwards,  and 
when  it  is  diminished,  the  top  is  pressed  outwards  by  its 
own  elasticity,  aided  by  a  spring  beneath.  These  movements 
of  the  cover  are  transmitted  and  multiplied  by  a  combina- 
tion of  delicate  levers  which  act  upon  an  index  hand  and 


Fig.  191. 

cause  it  to  move  either  to  the  right  or  left  over  a  graduated 
scale.  These  barometers  are  self-correcting  (compensated) 
for  variations  in  temperature.  They  are  very  portable, 
occupying  but  a  small  space,  and  are  so  delicate  that  they 
are  said  to  show  a  difference  in  the  atmospheric  pressure 
when  transferred  from  the  table  to  the  floor.  They  must  be 
handled  with  care,  as  they  are  easily  injured.  The  mercurial 
barometer  is  the  standard. 
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1046.  With  air,  as  with  water,  the  lower  we  get,  the 
greater  the  pressure,  and  the  higher  we  get,  the  less  the 
pressure.  At  the  level  of  the  sea,  the  height  of  the  mer- 
curial column  is  about  IJO  inches;  at  5,000  feet  above  the 
sea,  it  is  24.7  inches;  at  10,000  feet  above  the  sea,  it  is  20.5 
inches;  at  15,000  feet  above  the  sea,  it  is  1G.9  inches;  at  3 
miles,  it  is  1G.4  inches,  and  at  G  miles  above  the  sea  level,  it 
is  8.9  inches. 

The  density  also  varies  with  the  altitude ;  that  is,  a  cubic 
foot  of  air  at  an  elevation  of  5,000  feet  above  the  sea  level 
will  not  weigh  as  much  as  a  cubic  foot  at  sea  level.  This  is 
proved  conclusively  by  the  fact  that  at  a  height  of  3|-  miles 
the  mercurial  column  measures  but  15  inches,  indicating 
that  half  the  weight  of  the  entire  atmosphere  is  below  that. 
It  is  known  that  the  height  of  the  earth's  atmosphere  is  at 
least  50  miles;  hence,  the  air  just  before  reaching  the  limit 
must  be  in  an  exceedingly  rarefied  state.  It  is  by  means  of 
barometers  that  great  heights  are  measured.  The  aneroid 
barometer  has  the  heights  marked  on  the  dial,  so  that  it  can 
be  read  directly.  With  the  mercurial  barometer,  the  heights 
must  be  calculated  from  the  reading. 

1 0-47.  The  atmospheric  pressure  is  everywhere  present, 
and  presses  all  objects  in  all  directions  Avith  equal  force.  If 
a  book  is  laid  upon  the  table,  the  air  presses  upon  it  in 
every  direction  with  an  equal  average  force  of  14. 7  pounds 
per  square  inch.  It  would  seem  as  though  it  would  take 
considerable  force  to  raise  a  book  from  the  table,  since,  if  the 
size  of  the  book  were  8  inches  by  5  inches,  the  pressure  upon 
it  is  8  X  5  X  14.7  =  588  pounds;  but  there  is  an  equal  pres- 
sure beneath  the  book  to  counteract  the  pressure  on  the  top. 
It  would  now  seem  as  though  it  would  require  a  great  force 
to  open  the  book,  since  there  are  two  pressures  of  588  pounds 
each,  acting  in  opposite  directions,  and  tending  to  crush  the 
book ;  so  it  would  but  for  the  fact  that  there  is  a  layer  of  air 
between  each  leaf  acting  upAvards  and  dowuAvards  with  a  pres- 
sure of  14.7  pounds  per  square  inch.  If  two  metal  plates  be 
made  as  perfectly  smooth  and  flat  as  it  is  possible  to  get 
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them,  and  the  edge  of  one  be  laid  upon  the  edge  of  the 
other,  so  that  one  may  be  slid  upon  the  other,  and  the  air 
thus  excluded,  it  will  take  an  immense  force,  compared  with 
the  weight  of  the  plates,  to  separate  them.  This  is  because 
the  full  pressure  of  14.7  pounds  per  square  inch  is  then 
exerted  upon  each  plate  with  no  counteracting  equal  pres- 
sure between  them. 

If  a  piece  of  flat  glass  be  laid  upon  a  flat  surface  that  has 
been  previously  moistened  with  water,  it  will  require  con- 
siderable force  to  separate  them;  this  is  because  the  water 
helps  to  fill  up  the  pores  in  the  flat  surface  and  glass,  and 
thus  creates  a  partial  vacuum  between  the  glass  and  the 
surface,  thereby  reducing  the  counter  pressure  beneath  the 
glass. 

1048.     Tension    of  Gases. — In    Fig.  189     the    space 

above  the  column  of  mercury  was  said  to  be  a  vacuum,  and 

that    if    any   gas  or  air   was  present,  it   w^ould  expand,  its 

tension    forcing    the    column    of    mercury  downwards.      If 

enough  gas  is  admitted  to  cause  the  mercury  to  stand  at 

14.7 
15  inches,  the  tension  of  the  gas  is  evidently  ■ — --  =  7. 35  pounds 

per  square  inch,  since  the  pressure  of  the  outside  air  of  14.7 
pounds  per  square  inch  only  balances  15  inches,  instead  of  30 
inches,  of  mercury;  that  is,  it  balances  only  half  as  much  as 
it  would  if  there  were  no  gas  in  the  tube ;  therefore,  the 
pressure  (tension)  of  the  gas  in  the  tube  is  7.35  pounds.  If 
more  gas  is  admitted  until  the  top  of  the  mercurial  column 
is  just  level  with  the  mercury  in  the  cup,  the  gas  in  the  tube 
has  then  a  tension  equal  to  the  outside  pressure  of  the 
atmosphere.  Suppose  that  the  bottom  of  the  tube  is  fitted 
with  a  piston,  and  that  the  total  length  of  the  inside  of  the 
tube  is  36  inches.  If  the  piston  be  shoved  upwards  so  that 
the  space  occupied  by  the  gas  is  18  inches  long,  instead  of  36 
inches,  the  temperature  remaining  the  same  as  before,  it 
will  be  found  that  the  tension  of  the  gas  within  the  tube  is 
29.4  pounds  per  square  inch.  It  will  be  noticed  that  the 
volume  occupied  by  the  gas  is  only  half  that  in  the  tube 
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before  the  piston  was  moved,  while  the  pressure  is  twice  as 

great,  since  14.7  X  2  =  29.4  pounds.     If  the  piston  be  shoved 

up,  so  that  the  space  occupied  by  the  gas  is  only  9  inches, 

instead   of   18   inches,  the  temperature  still   remaining  the 

same,  the  pressure  will  be  found  to  be  58.8  pounds  per  square 

inch.     The  volume  has  again  been  reduced  one-half,  and  the 

pressure    increased   2    times,  since  29.4x2  =  58.8   pounds. 

The  space  now  occupied  by  the  gas  is  9  inches  long,  whereas, 

before  the  piston  was  moved  it  was  36  inches  long  ;  as  the 

tube  Avas  assumed  to  be  of  uniform  diameter  throughout  its 

9 
length,  the  volume  is  now  —  =  i  of  its  original  volume,  and 

ov 

its  pressure  is  jj-p^  =  4  times  its  original  pressure.  More- 
over, if  the  temperature  of  the  confined  gas  remains  the 
same,  the  pressure  and  volume  will  always  vary  in  a  similar 
way.  The  law  which  states  these  effects  is  called  Mariotte's 
Law,  and  is  as  follows: 


> 


1049.  Mariotte's  Law. —  The  temperature  reinahiing 
the  same,  the  volume  of  a  given  quantity  of  gas  varies 
inversely  as  the  pressure. 

The  meaning  of  this  is  :  If  the  volume  of  the  gas  is 
diminished  to  \,  \,  \,  etc.,  of  its  former  volume,  the  tension 
will  be  increased  2,  3,  5,  etc.,  times,  or  if  the  outside  pres- 
sure be  increased  2,  3,  5,  etc.,  times,  the  volume  of  the  gas 
will  be  diminished  to  J-,  \,  \,  etc.,  of  its  original  volume,  the 
temperature  remaining  constant.  It  also  means  that  if  a 
gas  is  under  a  certain  pressure,  and  the  pressure  is  dimin- 
ished to  \,  I,  y^Q-,  etc. ,  of  its  original  pressure,  that  the  volume 
of  the  confined  gas  will  be  increased  2,  3,  10,  etc. ,  time's — its 
tension  decreasing  at  the  same  rate. 

Suppose  3  cubic  feet  of  air  to  be  under  a  pressure  of  60 
pounds  per  square  inch  in  a  cylinder  fitted  with  a  movable 
piston ;  then,  the  product  of  the  volume  and  pressure  is  3  X 
60  =  180.  Let  the  volume  be  increased  to  6  cubic  feet,  then 
the  pressure  will  be  30  pounds  per  square  inch,  and  30  X  6 
=  180,  as  before.     Let  the  volume  be  increased  to  24  cubic 
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•24 
feet,  It  IS  then  -—  =  8  times  its  original  volume,  and  the 
o 

pressure  is  ^  of  its  original  pressure,  or  GO  X  ^  =  7^  pounds, 

and  24  X  7|-  =  180,  as  in  the  two  preceding  cases.      It  will 

now  be  noticed  that  if  a  gas  be  enclosed  within  a  confined 

space,  and  allowed  to  expand  without  losing  any  heat,  tJie 

product  of  the  pressure,  and  the  corresponding  volume  for  one 

positiofi  of  tJie  piston,  is  the  same  as  for  any  other  position  of 

the  piston.     If  the  piston  were  to  compress  the  air,  the  same 

result  would  be  obtained. 

Let/    =  pressure  for  one  position  of  the  piston; 

/j  =  pressure  for  any  other  position  of  the  piston ; 

V    =  volume  corresponding  to  the  pressure/; 

z/j  =  volume  corresponding  to  the  pressure /j. 
Then,  pv=p^v^.  (53.) 

1050.  Knowing  the  volume  and  the  pressure  for  any 
position  of  the  piston,  and  the  volume  for  any  other  position, 
the  pressure  may  be  calculated,  or,  if  the  pressure  is  known 
for  any  other  position,  the  volume  may  be  calculated. 

Example. — If  1.875  cubic  feet  of  air  be  under  a  pressure  of  73 
pounds  per  square  inch  (a)  what  will  be  the  pressure  when  the  volume 
is  increased  to  2  cubic  feet  ?    (^)  to  3  cubic  feet  ?  (c)  to  9  cubic  feet  ?  ■ 

Solution. — Solving  formula  53,  for  pi,  the  unknown  pressure, 

,  ,       ,        pv       72  X  1.875       .^,  „  .         . 

(a)  px  =  -^-—  = j: =  67^  lb.  per  sq.  m.     Ans. 

/ix      J,        "^3  X  1.875        .^  ,,  .         , 

(b)  pi  = ^ =  45  lb.  per  sq.  m.     Ans. 

o 

,,        .         72X1.875        _,,  .  . 

((t)      pi  = ■  =  15  lb.  per  sq.  m.     Ans. 

Example. — Ten  cubic  feet  of  air  have  a  tension  of  o.G  pounds  per 
square  inch ;  {a)  what  is  the  volume  when  the  tension  is  4  pounds ; 
(d)  8  pounds  ?  (c)  25  pounds  ?  {d)  100  pounds  ? 

Solution. — Solving  formula  53,  for  z/i, 

f  ^  /-^       5.6X  10       .,  .         . 

(a)  z/,  =-^  r= -: ^  =  14  cu.  ft.     Ans. 

pi  4 

...  5.6  X  10      „ 

(<5)  z/i  = ^ —  =  7  cu.  ft.     Ans. 

o 

(c)  ^^^5.6x  1^^2.24cu.  ft.     Ans. 
{d)                      V,  =  ^^^^  =  .56  cu.  ft.     Ans. 
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1 05 1 .  Note. — There  are  two  ways  of  measuring  the  pressure  of 
a  gas  :  by  means  of  an  instrument  called  a  nianoiTieter,  and  by 
means  of  a  jrau^c.  The  manometer  generally  used  is  practically  the 
same  as  a  mercurial  barometer,  except  that  the  tube  is  much  longer, 
so  that  pressures  equal  to  several  atmospheres  may  be  measured,  and 
is  enlarged  and  bent  into  a  U  shape  at  the  lower  end ;  both  lower  and 
upper  ends  are  open,  the  lower  end  being  connected  to  the  vessel  con- 
taining the  gas  whose  pressure  it  is  desired  to  measure.  The  gauge 
is  so  common  that  no  description  of  it  will  be  given  here.  With  both 
the  manometer  described  above  and  the  gauge,  the  pressures  recorded 
are  the  amounts  by  which  they  exceed  the  atmospheric  pressure,  and 
are  called  the  jirauK*^  pressures.  To  find  the  real  pressure, 
called  the  absolute  pressure,  the  atmospheric  pressure  must  be 
added  to  the  gauge  pressure.  In  all  formulas  in  which  the  pressure  of 
a  gas  or  steam  is  used,  the  absolute  pressure  must  be  used,  unless  the 
gauge  pressure  is  distinctly  specified  as  being  the  proper  pressure  to 
use.  For  convenience,  all  pressures  given  in  Arts.  1039  to  1088, 
inclusive,  and  in  the  questions  referring  to  these  articles,  will  be 
absolute  pressures,  and  the  word  "absolute"  will  be  omitted  to  avoid 
its  constant  repetition. 

1052.  As  a  necessary  consequence  of  Mariotte's  law,  it 
may  be  stated  that  the  density  of  a  gas  varies  directly  as  the 
pressure,  and  inversely  as  the  volume ;  that  is,  the  density  in- 
creases as  the  pressure  increases,  and  decreases  as  the  volume 
increases. 

This  is  evident,  since  if  a  gas  has  a  tension  of  2  atmo- 
spheres, or  14.7  X  2  =  29.4  pounds  per  square  inch,  it  will 
weigh  twice  as  much  as  the  same  volume  would  if  the  ten- 
sion was  1  atmosphere,  or  14.7  pounds  per  square  inch.  For, 
let  the  volume  be  increased  until  it  is  twice  as  great  as  the 
original  volume,  the  tension  will  then  be  1  atmosphere.  The 
total  weight  of  the  gas  has  not  been  changed,  but  there  are 
now  2  cubic  feet  for  every  1  cubic  f(x)t  of  the  original 
volume,  and  the  weight  of  1  cubic  foot  now  is  only  half  as 
great  as  before.  Thus,  the  density  decreases  as  the  volume 
increases,  and  as  an  increase  of  pressure  causes  a  decrease 
of  volume,  the  density  increases  as  the  pressure  increases. 

Let  D  be  the  density  corresponding  to  the  pressure/  and 
volume  V,  and  D^  be  the  density  corresponding  to  the  pres- 
sure/, and  volume  v^\  then, 

P'.  D=p,'.  I\,  or pL\=p^D,  (54.) 

and        V  :  D^  =  v^  :  D,  or  v  D  =  v^  /?,.  (55.) 

Since  the  weight  is  proportional  to  the  density,  the 
weights  may  be  used  in  place  of  the  densities  in  formulas 
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54  and  55.  Thus,  let  IF  be  the  weight  of  a  cubic  foot  of 
air  or  other  gas,  whose  volume  is  z^  and  pressure  is  / ;  let 
TF,  be  the  weight  of  a  cubic  foot  when  the  volume  is  z\  and 
pressure  is/, ;  then, 

/,PV^=:p^W.  (56.) 

vW=z\lV^.  (57.) 

Example. — The  weight  of  1  cubic  foot  of  air  at  a  temperature  of 
60°  F.,  and  under  a  pressure  of  one  atmosphere  (14.7  pounds  per  square 
inch),  is  .0763  pound;  what  would  be  the  weight  per  cubic  foot  if  the 
volume  were  compressed  until  the  tension  was  5  atmospheres,  the  tem- 
perature still  being  60°  F.  ? 

Solution. — Applying  formula  56,/  IVi  =/,  IV,  or  1  X  Wi  =  5  X 
.0763.     Hence,    W^  =  .3815  lb.  per  cu.  ft.     Ans. 

Example. — If  in  the  last  example  the  air  had  expanded  until  the 
tension  was  5  pounds  per  square  inch,  what  would  have  been  its  weight 
per  cubic  foot  ? 

Solution. — Applying  formula  56, /  TF,  =/,  VV.  ■  Here/  =  14.7,/, 

=:5  and    ?'F=.0763.     Hence,  14.7  X  TF,  ==  5  X  .0763,  or    lVi-:^^= 

.02595  lb.  per  cu.  ft.     Ans. 

Example. — If  6.75  cubic  feet  of  air,  at  a  temperature  of  60°  F.,  and  a 
pressure  of  one  atmosphere,  are  compressed  to  2.25  cubic  feet  (the  tem- 
perature still  remaining  60°  F.),  what  is  the  Aveight  of  a  cubic  foot  of 
the  compressed  air  ? 

Solution. — Applying  formula  57,  v  W=z  Vi  Wi,  or  6.75  X  .076?  = 
2.25  X  IVi ;  hence,   JF,  =  ^""^^'^^^'^  =  -2289  lb.  per  cu.  ft.     Ans. 

1053.  In  all  that  has  been  said  before,  it  has  been 
stated  that  the  temperature  was  constant ;  the  reason  for 
this  will  now  be  explained.  Suppose  five  cubic  feet  of  air  to 
be  confined  in  a  cylinder  placed  in  a  vacuum,  so  that  there 
will  be  no  pressure  due  to  the  atmosphere,  and  suppose  the 
cylinder  to  be  fitted  with  a  piston  weighing  say  100  pounds, 
and  having  an  area  of  10  square  inches.     The  tension  of  the 

gas  will  be— — —  =  10  pounds  per  square  inch.      Suppose  that 

the  temperature  of  the  air  is  32°  F. ,  and  that  it  is  heated 
until  the  temperature  is  33°  F.,  i.  e.,  the  temperature  is 
1°,  it  will  be  found  that  the  piston  has  risen  a  certain  amount, 
and,    consequently,    the    volume    has    increased,    while    the 

M.  E.    I.—28 
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pressure  is  the  same  as  before,  or  10  pounds  per  square  inch. 
If  more  heat  is  applied  until  the  temperature  of  the  gas  is 
34°  F.,  it  will  be  found  that  the  piston  has  again  risen,  and 
the  volume  again  increased,  while  the  pressure  still  remains 
the  same.  It  will  be  found  that  for  every  increase  of  tem- 
perature there  will  be  a  corresponding  increase  of  volume. 
The  law  which  expresses  this  change,  is  called  Gay-Lussac's 
Lazv,  and  is  as  follows: 

105-1.  Gay-Lussac's  Law. — If  the  pressure  remains 
constant,  every  increase  of  temperature  of  1°  F.  produces  iii  a 
given  quantity  of  gas  an  expansion  of  -jJ-g-  of  its  volume  at 
32""  F. 

If  the  pressure  remains  constant,  it  will  also  be  found  that 
every  decrease  of  temperature  of  1°  F.,  will  cause  a  decrease 
of  -^Y  of  the  volume  at  33°  F. 
Let  V  =  original  volume  of  gas; 
v^  =  final  volume  of  gas; 

/   =  temperature  corresponding  to  volume  v, 
/,  =  temperature  corresponding  to  volume  v^. 

''.-'(^>      ^'^-^ 

That  is,  the  volume  of  gas  after  heating  {or  coolitig)  equals 
the  original  volume,  multiplied  by  J^60,  plus  the  final  tem- 
perature, divided  by  J^60,  plus  the  original  temperature. 

Example. —  5  cubic  feet  of  air  at  a  temperature  of  45°,  are  heated 
under  constant  pressure  up  to  177° ;  what  is  its  volume  ? 

Solution. — Applying  formula  58, 

/460  +  /A         /460+177\       .  „._        ^^       . 

1()55.  Suppose  that  a  certain  volume  of  gas  is  confined 
in  a  vessel  so  that  it  cannot  expand;  in  other  words,  sup- 
pose that  the  piston  of  the  cylinder  before  mentioned  to  be 
fastened  so  that  it  cannot  move.  Let  a  gauge  be  placed  on 
the  cylinder  so  that  the  tension  of  the  confined  gas  can  be 
registered.  If  the  gas  is  heated,  it  will  be  found  that  for 
every  increase  of  temperature  of  1°  F.,  there  will  be  a  cor- 
responding  increase  of   -^^   of    the  tension.     Thai  is,    the 
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volume  remaining  constant,  the  tension  increases  ^^^  of  the 
original  tension  for  every  degree  rise  of  temperature. 

Let/  =  the  original  tension; 

t   =  the  corresponding  temperature; 

/j  =  final  tension; 

t^  =  final  temperature. 

Tl^».  A=/(i^).  (59.) 

That  is,  if  a  certain  quantity  of  gas  be  heated  {or  cooled') 
from  t°  to  /j°,  the  voliivie  remaitiing  constant,  the  resulting 
tension  p^  will  be  equal  to  the  original  tension,  uiultiplied 
by  Jf-dO,  plus  the  final  temperature,  divided  by  Jf.60,  plus  the 
original  temperature. 

Example. — If  a  certain  quantity  of  air  is  heated  under  constant  vol- 
ume from  45'  to  177°,  what  is  the  resulting  tension,  the  original  tension 
being  14.7  pounds  per  square  inch  ? 

Solution. — Applying  formula  59, 

.MGO  +  ZiX       .,^/460  4-177\       .or^^on,  •         a 

1056.  According  to  the  modern  and  now  generally- 
accepted  theory  of  heat,  the  atoms  and  molecules  of  all 
bodies  are  in  an  incessant  state  of  vibration.  The  vibratory 
movement  in  the  liquids  is  faster  than  in  the  solids,  and  in 
the  gases,  faster  than  in  either  of  the  other  two.  Any 
increase  of  heat  increases  the  vibrations,  and  a  decrease  of 
heat  decreases  them.  From  experiments  and  calculations 
based  upon  higher  mathematics,  it  has  been  concluded  that 
at  460°  below  zero,  on  the  Fahrenheit  scale,  all  these  vibra- 
tions cease.  This  point  is  called  the  absolute  zero,  and 
ail  temperatures  reckoned  from  this  point  are  called  the 
absolute  temperatures.  The  point  of  absolute  zero  has 
never  been  reached,  the  lowest  recorded  temperature  being 
about  393°  F.  below  zero,  but,  nevertheless,  it  has  a  mean- 
ing, and  is  used  in  many  formulas,  being  nearly  always 
denoted  by  T,  The  ordinary  temperatures  are  denoted  by 
t.  When  the  word  temperature  alone  is  used,  the  meaning 
is  the  same  as  ordinarily  used,  but  when  absolute  tempera- 
ture is  specified,  460°  F.  must  be  added  to  the  temperature. 
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The  absolute  temperature  corresponding  to  213"  F.  is 
460  +  213  =  672°  F,  If  the  absolute  temperature  is  given, 
the  ordinary  temperature  may  be  found  by  subtracting  460 
from  the  absolute  temperature.  Thus,  the  absolute  tem- 
perature being  520°  F.,  what  is  the  temperature  ? 

520°  -  460°  =  60°. 
Let/  =  pressure  in  pounds  per  square  inch; 
K=  volume  of  air  in  cubic  feet; 
2"=  absolute  temperature; 
IV  =  weight  in  pounds. 
Then,  pV=  .37052  T.         (60.) 

That  is,  ///^  pressure  in  pounds  per  square  inch,  multiplied 
by  the  volume  of  the  air  in  cubic  feet,  equals  .87052  times  the 
absolute  temperature  corresponding  to  the  pressure  p  and 
volume  V. 

In  this  formula,  the  weight  of  the  air  is  1  pound. 

Example. — The  pressure  upon  9  cubic  feet  of  air  weighing  1  pound 

is  20  pounds  per  square  inch ;  what  is  the  temperature  ? 

Solution.  —  Applying  formula   60,  p  r=. 37053  T,   or  20x9  = 

180 
.37052  T;  hence,  T=   „°,„  =  485.8°,  nearly.     485.8°  -  460  =  25.8°,  the 

temperature.     Ans. 

Example. — What  is  the  volume  of  1  pound  of  air  whose  temperature 
is  60°  F.  under  a  pressure  of  one  atmosphere  ? 

Solution. — Applying  formula  60,  p  F=. 37052  T.     Substituting, 

14.7  X  F  =.  37053  X  (460 +  60)  =  .37052X520,   or    y  ^  i2J}!^^^^±:}i  ^ 

13.107  cubic  feet.     Ans. 

1057.     If  the  weight  of  the  air  be  greater  or  less  than  1 
pound,  the  following  formula  must  be  used: 
/r=  .37052  WT.         (61.) 

That  is,  the  pressure  in  pounds  per  square  inch,  multiplied 
by  the  volume  in  cubic  feet,  equals  .87052  times  the  weight  in 
pounds  multiplied  by  the  absolute  temperature. 

Example. —  3  cubic  feet  of  air  weighing  .35  pound,  are  under  a  pres- 
sure of  48  pounds  per  square  inch ;  what  is  the  temperature  of  the  air  ? 
Solution. — Applying  formula  61 ,  /  F=  .37052  WT.    Substituting, 

48  X  3  =  .37053  X  .35  X  r,  or  T=  ^^sa^^K.SS  =  l'"0.4°.  Then, 
1.110.4°  -  460°  =  650.4°.     Ans. 
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Example. — What  is  the  weight  of  1  cubic  foot  of  air  at  a  tempera^ 
ture  of  32°,  and  under  a  pressure  of  one  atmosphere  ? 

Solution. — Applying  formula  61 ,  /  F=  .37052  WT.  Substituting, 
14.7  X  1  =  .37053  X  (460  +  32)  X  l-V,  or 

^^  =  or-Jf^  .r.o  =  •  0806382  lb.     Ans. 
.370o2  X492 

If  the  pressure  be  taken  as  14.69856  pounds  per  square  inch,  and  the 

absolute  zero  as  459.4%  instead  of  460"  below  zero,  and  if  .370514  be 

used,  instead  of  .37052,  more  exact  values,  the  weight  of  1  cubic  foot 

^^"^^  ^"  .370514X491.4  =  '^^^'^  ^^^  ^"^"^^- 

Example. — What  is  the  exact  volume  of  1  pound  of  air  at  a  temper- 
ature of  32°,  and  at  a  pressure  of  one  atmosphere  ?  Take  absolute  zero 
at  459.4,  and  the  pressure  as  14.69856  pounds  per  square  inch. 

Solution.—    /  F=  .370514  fFr,    or    14.69856  X  K=  .370514  X  1  X 

(459.4  +  32).      F=  ^^^5?HA^  =  12.387  cu.  ft.     Ans. 

14.d98oo 

1058.  If  in  the  formula /F=  .37052  W T,  both  sides  of 
the  equation  be  divided  by   T  (which,  of  course,  does  not 

alter  the  equality),  there  results  the  expression  -^  =  .37052 

W.     Let  /j,  F,  and  T^  represent  the  pressure,  volume  and 
temperature  of  the  same  weight  of  air  in  another  state'; 

then, /,K,  =  .  37052  PFr^.     Dividing  both  sides  by   T^, -^^ 

pV         P  V 
=  .  37052  P'F.     Therefore,  since -^^  and^Mr^  are  equal  to  the 

same  thing  (i.  e.,. 37052 TF),  they  are  equal  to  each  other, 
and 

-y^—    -J^  (62.) 

1 

This  very  important  formula  is  the  complete  expression 
of  Gay-Lussac's  law,  and  is  true  for  any  of  the  so-called  per- 
manent gases.  It  was  from  this  formula  that  formulas  58 
and  59  were  derived.     Thus,  let  the  pressure  be  constant ; 

then,  p  ^/.,    and  -^  =  -^,  or    T,  = -^  =  ^(460^^)- 

o-        .  pV 

Similarly,  letting  the  volume  be  constant,  V=^  F"„  and '^ 
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=  ^,  or  /,  =  ^  =  p{-^J^(jirj)-      ^°'  ^^^°y  ^y  letting  the 

temperature  be  constant,   T=  T^  and  "^  ='^^,  or /F= 
/,  F,,  which  is  the  same  as  formula  53. 

1 059.  In  formulas  53,  62,  63,  and  64,  it  matters  not 
with  Avhat  units  the  pressures  and  volumes  are  measured, 
except  that  they  must  be  the  same  throughout  the  same 
example,  and  the  pressures  must  always  be  absohite  pressures. 


EXAMPLES    FOR    PRACTICE. 

1.  A  vessel  contains  25  cubic  feet  of  gas  at  a  pressure  of  18  pounds 
per  square  inch;  if  125  cubic  feet  of  gas  having  the  same  pressure  are 
forced  into  the  vessel,  what  will  be  the  resulting  pressure? 

Ans.  108  lb.  per  sq.  in. 

2.  A  pound  of  air  has  a  temperature  of  126%  and  a  pressure  of  1 
atmosphere;  what  volume  does  it  occupy?  Ans.   14.77  cu.  ft. 

3.  The  volume  of  steam  in  the  cylinder  of  a  steam  engine  at  cut-off 
is  1.35  cubic  foot,  and  the  pressure  is  85  pounds  per  square  inch;  if  the 
pressure  at  the  end  of  the  stroke  is  25  pounds  per  square  inch,  what  is 
the  new  volume?  Ans.  4.59  cu.  ft. 

4.  A  certain  quantity  of  air  has  a  volume  of  26.7  cubic  feet,  a  pres- 
sure of  19.3  pounds  per  square  inch,  and  a  temperature  of  42";  what  is 
the  weight?  ,  Ans.  2.77  lb. 

5.  A  receiver  contains  180  cubic  feet  of  gas  at  a  pressure  of  20 
pounds  per  square  inch;  if  a  vessel  holding  12  cubic  feet,  to  be  filled 
from  the  receiver  until  its  pressure  is  20  pounds  per  square  inch,  what 
will  be  the  pressure  in  the  receiver?  Ans.  \%\  lb.  per  sq.  in. 

6.  10  cubic  feet  of  air  having  a  pressure  of  22  pounds  per  square 
inch,  and  a  temperature  of  75°,  are  heated  until  the  temperature  is  300°; 
the  volume  remaining  the  same,  what  is  the  new  pressure? 

Ans.  31.25  lb.  per  sq.  in. 

7.  If  a  spherical  shell  whose  outside  diameter  is  18  inches,  has  a  part 
of  the  air  v/ithin  it  removed  until  the  pressure  is  5  pounds  per  square 
inch,  what  is  the  total  pressure  due  to  the  atmosphere  tending  to  crush 
the  shell?  Ans.  9,873.421b. 

THE    MIXING    OF    GASES. 
1060.     If  two  liquids  which  do  not  act  chemically  upon 
each  other  are  mixed  together  and  allowed  to  stand,   it  will 
be  found  that  after  a  time  the  two  liquids  have  separated. 
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and  that  the  heavier  has  fallen  to  the  bottom.  If  two  equal 
vessels,  containing  gases  of  different  densities,  be  put  in  com- 
munication with  each  other,  they  will  be  found  to  have 
mixed  in  equal  proportions  after  a  short  time.  If  one  vessel 
be  higher  than  the  other,  and  the  heavier  gas  be  in  the 
lower  vessel,  the  same  result  will  occur.  The  greater  the 
difference  of  the  densities  of  the  two  gases,  the  quicker  they 
will  mix.  It  is  assumed  that  no  chemical  action  takes  place 
between  the  two  gases.  When  the  two  gases  have  the  same 
temperature  and  pressure,  the  pressure  of  the  mixture  will 
be  the  same ;  this  is  evident,  since  the  total  volume  has  not 
been  changed,  and  unless  the  volume  or  temperature 
changes,  the  pressure  cannot  change.  This  property  of  the 
mixing  of  gases  is  a  very  valuable  one,  since,  if  they  acted 
like  liquids,  carbonic  acid  gas  (the  result  of  combustion), 
which  is  2|-  times  as  heavy  as  air,  would  remain  next  to  the 
earth,  instead  of  dispersing  into  the  atmosphere,  the  result 
being  that  no  animal  life  could  exist. 

1061.  Mixtures  of  Equal  Volumes  of  Gases 
Having  Unequal  Pressures. — If  two  gases  Jiaving  equal 
volumes  and  temperatures,  but  different  pressures,  be  mixed 
171  a  vessel  ivhose  volume  equals  one  of  the  equal  volumes  of 
the  gas,  the  pressure  of  the  mixture  zvill  be  equal  to  the  sum 
of  the  tzvo  pressures,  provided  that  the  temperature  remains 
the  same  as  before. 

Example. — Two  vessels  containing  3  cubic  feet  of  gas,  each  at  a 
temperature  of  60',  and  subjected  to  pressures  of  40  pounds  and  25 
pounds  per  square  inch,  respectively,  are  placed  in  communication 
with  each  other,  and  all  the  gas  is  compressed  into  one  vessel.  If  the 
temperature  of  the  mixture  is  also  60%  what  is  the  pressure  ? 

Solution. — According  to  the  rule  just  given,  the  pressure  will  be 
40  +  25  =  65  pounds  per  square  inch.  This  may  be  proven  by  applica- 
tions of  Mariotte's  law;  thus,  compress  the  gas  whose  pressure  is  25 
pounds  per  square  inch  until  its  pressure  is  40  pounds;  its  volume  may 
be  found  thus:  pv  =  pxVx,  or  25  X  3  =  40  X''^;  whence,  7/ =  1.875 
cubic  feet.  Let  communication  be  established  between  the  two 
vessels,  the  pressure  will  evidently  be  40  pounds  and  the  total  volume 
3  4- 1.875  =  4.875  cubic  feet.  If  this  be  compressed  until  the  volume  is 
3  cubic  feet,  the  temperature  remaining  at  60°  throughout  the  whole 
operation,  the  final  pressure  may  be  found  by  formula  53,  _^  v  =Pi  z/,. 
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40  X  4  875 

Thus,  40  X  4.875  =p\  X  ^,  and  /i  = -^ =  65  pounds  per  square 

o 

inch,  as  before. 

10B2.  Mixture  of  T"\vo  Gases  Having  Unequal 
Volumes  and  Pressures. 

Let  V  and  /  be  the  volume  and  pressure,  respectively,  of 
one  of  the  gases. 

Let  v^  and  p^  be  the  volume  and  pressure,  respectively,  of 
the  other  gas. 

Let  V  and  P  be  the  volume  and  pressure,  respectively,  of 
the  mixture.     Then,  if  the  temperature  remains  the  same. 

VP=vp^vJ^.      •    (63.) 
That  is,  if  the  temperature  is  constant,   the  volume  after 
mixture,  multiplied  by  the  resulting  pressure,  equals  the  vol- 
ume of  one  gas  before  viixture  multiplied  by  its  pressure,  plus 
the  volume  of  the  other  gas  multiplied  by  its  pressure. 

Example. — Two  gases  of  the  same  temperature,  having  volumes  of 
7  cubic  feet  and  4|  cubic  feet,  and  whose  pressures  are  27  pounds  and 
18  pounds  per  square  inch,  respectively,  are  mixed  together  in  a  vessel 
whose  volume  is  10  cubic  feet.  The  temperature  of  the  two  gases  and 
of  the  mixture  being  60°  F.,  what  is  the  resulting  jjressure  ? 

Solution. — Applying  formula  63,  P  V  —  pv  +  piVi,  or  P  X  10  = 

-loq  _i    ui 
27  X  7  +  4i  X  18.     Hence,  P  ^        "T       =  27  lb.  per  sq.  in.     Ans. 

1063.  Mixture  of  Two  Volumes  of  Air  Having 
Unequal  Pressures,  Volumes,  and  Temperatures. 

If  a  body  of  air  having  a  temperature  /,,  a  pressure  /,, 
and  a  volume  v^  be  mixed  with  another  volume  of  air  having 
a  temperature  t„,  a  pressure  p^,  and  a  volume  v^,  to  form  a 
volume  V  having  a  pressure  F  and  a  temperature  /,  then, 
either  the  new  temperature  /,  the  new  volume  V,  or  the  new 
pressure  P  may  be  found,  if  the  other  two  quantities  are 
known,  by  the  following  formula,  in  which  T^,  T^,  and  7"  are 
the  absolute  temperatures  corresponding  to  /,,  /„  and  /: 

/'r=[A!l  +  A!l]r.  (64.) 
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Example. — Five  cubic  feet  of  air  having  a  tension  of  30  pounds  per 
square  inch,  and  a  temperature  of  80°  F.,  are  required  to  be  compressed 
together  with  11  cubic  feet  of  air  having  a  tension  of  21  pounds  per 
square  inch,  and  a  temperature  of  45°  F.,  in  a  vessel  whose  cubical 
contents  are  8  cubic  feet.  The  new  pressure  is  required  to  be  45 
pounds  per  square  inch.     What  is  the  temperature  of  the  mixture  ? 

Solution. — Substituting  in  formula  64, 

^'"^  ^  ^ = [^y^+%05^^]  ^  ^'  °'"  ^^^ = • '^^^  ^-  ^^''''^'  ^ " 

^^^    -  489.66°,  nearly,  and  /  =  29.66°.     Ans. 


.7353 


EXAMPLES  FOR   PRACTICE. 

1.  Two  vessels  contain  air  at  pressures  of  60  and  83  pounds  per 
square  inch.  The  volume  of  each  vessel  is  8.47  cubic  feet.  If  all  of 
the  air  in  both  vessels  is  removed  to  another  vessel,  and  the  new 
pressure  is  100  pounds  per  square  inch,  what  is  the  volume  of  the 
vessel,  the  temperature  being  the  same  throughout  ? 

Ans.  12.11  cu.  ft. 

2.  A  vessel  contains  11.83  cubic  feet  of  air  at  a  pressure  of  33.3 
pounds  per  square  inch.  It  is  desired  to  increase  the  pressure  to 
40  pounds  per  square  inch  by  supplying  air  from  a  second  vessel  which 
contains  19.6  cubic  feet  of  air  at  a  pressure  of  60  pounds  per  square 
inch.  What  will  be  the  pressure  in  the  second  vessel  after  the  pressure 
in  the  first  has  been  raised  to  40  pounds  per  square  inch  ? 

Ans.  55.96  lb.  per  sq.  in.' 

3.  If  4.8  cubic  feet  of  air  having  a  tension  of  53  pounds  per  square 
inch  and  a  temperature  of  170°  are  mixed  with  13  cubic  feet  having  a 
tension  of  78  pounds  per  square  inch  and  a  temperature  of  265°,  what 
must  be  the  volume  of  the  vessel  containing  the  mixture  in  order  that 
the  tension  of  the  mixture  may  be  30  pounds  per  square  inch  and  the 
temperature  80°  ?  Ans.  82.31  cu.  ft. 

PNEUMATIC  MACHINES. 


THE    AIR    PUMP. 

1064.  The  air  pump  is  an  instrument  for  removing 
air  from  an  enclosed  space.  A  section  of  the  principal  parts 
is  shown  in  Fig.  192,  and  the  complete  instrument  in  Fig. 
103.  The  closed  vessel  R  is  called  the  receiver,  and  the 
space  which  it  encloses  is  that  from  which  it  is  desired  to  re- 
move the  air.     The  receiver  is  usually  made  of  glass,  and 
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the  edges  are  ground  so  as  to  be  perfectly  air-tight.     When 
made  in  the  form  shown,  it  is  called  a  bell  jar  receiver. 


Fig.  193. 
The  receiver  rests  upon  a  horizontal  plate  in  the  center  of 
which  is  an  opening  communicating  with  the  pump  cylinder 

C  by  means  of  a  bent 
tube  /.  The  pump  pis- 
ton fits  the  cylinder  ac- 
curately, and  has  a  valve 
V  opening  upwards. 
At  the  junction  of  the 
tube  with  the  cylinder 
is  another  valve  f'also 
opening  upwards.  When 
the  piston  is  raised  the 
valve  V  closes,  and, 
since  no  air  can  get  into 
the  cylinder  from  above, 
the  piston  leaves  a  vac- 
uum behind  it.  The 
pressure  on  top  of  V 
being  now  removed,  the 
tension  of  the  air  in  the 
Fig.  193.  receiver  R  causes  V  to 

rise;  the  air  in  the  receiver  then  expands  and  occupies  the 
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space  displaced  by  the  piston,  the  space  in  the  tube  /  and  in 
the  receiver  i?.  The  piston  is  now  pushed  down,  the  valve  V 
closes,  the  valve  V  opens,  and  the  air  in  C  escapes.  The 
lower  valve  Fis  sometimes  supported,  as  shown  in  Fig.  192, 
by  a  metal  rod  passing  through  the  piston  and  fitting  it  some- 
what tightly.  When  the  piston  is  raised  or  lowered,  this  rod 
moves  with  it.  A  button  near  the  upper  end  of  the  rod  con- 
fines its  motion  to  within  very  narrow  limits,  the  piston 
sliding  upon  the  rod  during  the  greater  part  of  the  journey. 

1065.  Degrees  and  Limits  of  Exhaustion. — Sup- 
pose that  the  volume  of  7?  and  /  together  is  four  times  that 
of  C,  and  that  there  are,  say,  200  grains  of  air  in  J^  and  /,  and 
50  grains  in  C,  when  the  piston  is  at  the  top  of  the  cylinder. 
At  the  end  of  the  first  stroke,  when  the  piston  is  again  at 
the  top,  50  grains  of  air  in  the  cylinder  C  will  have  been  re- 
moved, and  the  200  grains  in  R  and  /  will  occupy  the  spaces 
R,  /,  and  C.  The  ratio  between  the  sum  of  the  spaces  R  and 
/  and  the  total  space  R-{-t -\-Cis  ^',  hence,  200  X -f  =  160 
grains  =  the  weight  of  air  in  R  and  /  after  the  first  stroke. 
After  the  second  stroke,  the  weight  of  the  air  in  R  and  / 
would  be  (200  x  -f  X  i  =200  X  (|)'  =  200  X  if  =  128  grains. 
At  the  end  of  the  third  stroke,  the  weight  would  be  [200  X 
(I)']  X  i  =  200  X  ay  =  200  X  tVt  =  ^02 A  grains.  At  the 
end  of  71  strokes,  the  weight  would  be  200  X  (|)".  It  is 
evident  that  it  is  impossible  to  remove  all  of  the  air  that  is 
contained  in  R  and  t  by  this  method.  It  requires  an  exceed- 
ingly good  air  pump  to  reduce  the  tension  of  the  air  in  R  to 
-gJg-  of  an  inch  of  mercury.  When  the  air  has  become  so 
rarefied  as  this,  the  valve  V  will  not  lift,  and,  consequently, 
no  more  air  can  be  exhausted. 

1066.  Sprengel's  Air  Pump. — In  Fig.  19-i,  <r  <-/  is  a 
glass  tube  longer  than  30  inches,  open  at  both  ends,  and 
connected  by  means  of  India  rubber  tubing  with  a  funnel 
A  filled  with  mercury  and  supported  by  a  stand.  Mercury 
is  allowed  to  fall  into  this  tube  at  a  rate  regulated  by  a  clamp 
at  c.     The  lower  end  of  the  tube  c  d  fits  in  the  flask  B^  which 
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has  a  spout  at  the  side  a  little  higher  than  the  lower  end  of 
c  d;  the  upper  part  has  a  branch  at  x  to  which  a  receiver 
R  can  be  tightly   fixed.     When    the    clamp  at  c  is  opened 

the  first  portions  of  the 
mercury  which  run  out 
close  the  tube  and  prevent 
air  from  entering  from 
below.  These  drops  of 
mercury  act  like  little  pis- 
tons, carrying  the  air  in 
front  of  them  and  forcing 
it  out  through  the  bot- 
tom of  the  tube.  The  air 
in  R  expands  to  fill  the 
tube  every  time  that  a 
drop  of  mercury  falls,  thus 
creating  a  partial  vacuum 
in  R,  which  becomes  more 
nearly  complete  as  the 
process  goes  on.  The  es- 
caping mercury  falls  into 
the  dish  H,  from  which  it 
can  be  poured  back  into  the 
funnel  from  time  to  time. 
As  the  exhaustion  from  R 
goes  on,  the  mercury  rises 
in  the  tube  c  d  until,  when 
the  exhaustion  is  complete, 
it  forms  a  continuous  col- 
umn 30  inches  high;  in 
other  words,  it  is  a  barom- 
eter, whose  Torricellian 
Fig-  194.  vacuum  is  the' receiver  R. 

This  instrument  necessarily  requires  a  great  deal  of  time  for 
its  operation,  but  the  results  are  very  complete,  a  vacuum  of 
^__  of  an  inch  of  mercury  being  sometimes  obtained.  By 
use  of  chemicals  in  addition  to  the  above,  a  vacuum  of 
^  g  „^^  ^  0  of  an  inch  of  mercury  has  been  obtained. 
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1067.  Note. — A  theoretically  perfect    vacuum    is    sometimes 
called  a  Torricellian  vacuum. 

1068.  Magdeburg  Hemispheres. — By  means  of 
the  two  hemispheres  shown  in  Fig.  195,  it  can  be  proven 
that  the  atmosphere  presses  upon  a  body  equally  in  all  direc- 
tions. They  were  invented  by  Otto  Von  Guericke,  of 
Magdeburg,  and  are  called  the  Magde- 
burg liemisplieres.  One  of  the  hem- 
ispheres is  provided  with  a  stop-cock,  by 
which  it  can  be  screwed  on  to  an  air 
pump.  The  edges  fit  accurately  and  are 
well  greased,  so  as  to  be  air-tight.  As 
long  as  the  hemispheres  contain  air,  they 
can  be  separated  with  ease ;  but  when  the 
air  in  the  interior  is  pumped  out  by 
means  of  an  air  pump,  they  can  be  sepa- 
rated only  with  great  difficulty.  The 
force  required  to  separate  them  will  be 
equal  to  the  area  of  the  largest  circle  of 
the  hemisphere  (projected  area)  in  square 
inches,  multiplied  by  14. 7  pounds. 

This  force  will  be  the  same  in  whatever 
position    the    hemisphere    may   be    held, 
thus  proving  that  the  pressure  of  air  upon  it  is  the  same  in 
all  directions. 


Fig.  195. 


1069.  The  W^eight  Lifter.— The  pressure  of  the 
atmosphere  is  very  clearly  shown  by  means  of  an  apparatus 
like  that  illustrated  in  Fig.  19(3.  Here,  a  cylinder  fitted 
with  a  piston  is  held  in  suspension  by  a  chain.  At  the  top  of 
the  cylinder  is  a  plug  A,  which  can  be  taken  out.  This 
plug  is  removed,  the  piston  pushed  up  (the  force  necessary 
being  equal  to  the  weight  of  the  piston  and  rod  B)  until 
it  touches  the  cylinder  head.  The  plug  is  then  screwed  in, 
and  the  piston  will  remain  at  the  top  until  a  weight  has  been 
hung  on  the  rod  equal  to  the  area  of  the  piston,  multiplied 
by  14.7  pounds,  less  the  weight  of  the  piston  and  rod.  If 
a  force  was  applied  to  the  rod  sufficiently  great  to  force  the 
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j)ist'>ii  (lowinv.'ir'K,  it  wmuM  raise  any  ■woip^ht  less  tlian  the 
a!)"\e  to  tlieti'p  of  tin;  cylinder.  Suppose  the  weight  to 
l)c  I'enioved,  and  the  j)iston  to  Ix:  siip[)orted,  say  midway 
of  llu-  leny-th  of  the  cylinder.  Let  tlie  \A\vj;  be  removed  and 
air  admitted  above  the  piston,  then  screw  the  pluj^  back 
into  its  ])lace;  if  the  jiiston  be  shoved  upwards,  the  farther 
up  it  goes,  the  greater  will  be  the  force 
necessary  to  push  it,  on  account  of  the  com- 
pression of  the  air.  If  the  piston  is  oi 
large  diameter,  it  will  also  recpiire  a  great 
force:  to  pull  it  out  of  the  cvlinder,  as  a  little 

f fHiir I'M  '''"i^'<^l'^i'''i^-''""i  "^^'ill  show.      I-'or  example,  let 

^      '"""   '  '  ^  the  diameter  of  the  piston  be  :i()  inches,  the 

length  of  the  cylinder  :}(;  inches,  ])lus  the 
thickness  of  the  piston,  and  the  weight  of 
the  piston  and  rod  100  pounds.  If  the  pis- 
ton is  in  the  middle  of  the  cylindm",  there 
will  be  IS  inches  of  s{)ace  above  it,  and  is 
inches  of  space  below  it.  The  area  of  the 
piston  is  "^'o^  X  .TSol  =  :!bbli;  square  inches, 
antl  the  atmospheric  pressiu'e  uj)on  it  is 
;)14.1()  X  14. T  =  -l-,liis  pounds,  nearly.  In 
order  to  shove  the  })iston  upwards  9  inches, 
the  pressure  upon  it  must  be  twice  as  great, 
or  II. :.':;(!  pounds,  and  to  this  must  be  added 
the  weight  '  )f  the  piston  and  rod,  ov 
'j,-i:U>  -]-  100  =  !),:;:;(;  pounds.  The  force 
necessarv  to  cause  the  piston  to  move  up- 
wards ;»  inches  would  then  be  !t,:};5(!  —  4,018 
—  4,?  IS  |jounds.  Xow,  suppose  the  piston 
1  III.  I'.n;.  to  bi;  moved  downwards  until  it  is  just  on  the 

point  of  being  puilled  out  of  the  c-ylinder.  The  volume 
:il)ove  it  will  then  be  twice  as  great  as  l)efore,  and  the  pres- 
sure one-half  as  great,  or  l,rdS -f- 2  =  2,:)0'.)  jiounds.  The 
total  upward  ])ressure  will  be  the  pressure  of  the  atmosphere 
less  the  weight  of  the  piston  and  rod,  or  4, (IIS  —  100  =  4..")bS 
l)oun(ls,  and  the  force  necessary  to  pull  it  downwards  to  this 
point  will  be  4,518  —  '^,;>0!»  —  ■•2,20'.)  pounds. 
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1070.  The  Baroscope. — The  buoyant  effect  of  air  is 
very  clearly  shown  by  means  of  an  instrument  called  the 
baroscope,  shown  in  Fig.  197. 
It  consists  of  a  scale  beam,  from 
one  extremity  of  which  is  sus- 
pended a  small  weight,  and  from 
the  other  a  hollow  copper  sphere. 
In  air  they  exactly  balance  each 
other ;  but  when  placed  under  the 
receiver  of  an  air  pump  and  the 
air  exhausted,  the  sphere  sinks, 
showing  that  it  is  really  heavier 
than  the  small  weight.  Before 
the  air  is  exhausted,  each  body 
is  buoyed  up  by  the  weight  of 
the  air  it  displaces,  and  since  the  fig.  197. 

sphere  displaces  the  most  air,  it  loses  more  weight  by  reason 
of  this  displacement  than  the  small  weight.  Suppose  that 
the  volume  of  the  sphere  exceeds  that  of  the  weight  by  10 
cubic  inches;  the  weight  of  this  volume  of  air  is  3.1  grains. 
If  this  weight  be  added  to  the  small  weight,  it  will  overbal- 
ance the  sphere  in  air,  but  will  exactly  balance  it  in  a 
vacuum. 


AIR    COMPRESSORS. 

1071.  For  many  purposes  compressed  air  is  preferable 
to  steam  or  other  gas  for  use  as  a  motive  power.  In  such 
cases  air  compressors  are  used  to  compress  the  air.  These 
are  made  in  many  forms,  but  the  most  common  one  is  to 
place  a  cylinder,  called  the  air  cylinder^  in  front  of  the  cross- 
head  of  a  steam  engine,  so  that  the  piston  of  the  air  cylinder 
can  be  driven  by  attaching  its  piston  rod  to  the  cross-head, 
in  a  manner  similar  to  a  steam  pump.  A  cross-section  of 
the  air  cylinder  of  a  compressor  of  this  kind  is  shown  in  Fig. 
198,  in  which  A  is  the  piston  and  B  is  the  piston  rod,  driven 
by  the  cross-head  of  a  steam  engine  not  shown  in  the  figure. 
Both  ends  of  the  lower  half  of  the  cylinder  are  fitted  with 
inlet   valves   D  and  U ,  which  allow   the   air   to  enter  the 
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cylinder,  and  both  ends  of  the  upper  half  are  fitted  with 
discharge  valves  F  and  /' ',  which  allow  the  air  to  escape 
from  the  cylinder  after  it  has  been  compressed  to  the 
required  pressure. 

Suppose  the  piston  A  to  be  moving  in  the  direction  of  the 
arrow ;  then  the  inlet  valves  D  in  the  left-hand  end  of  the 
cylinder  from  which  the  piston  is  moving  will  be  forced 
inwards  by  the  pressure  of   the    atmosphere,  which    over- 


FiG.  198. 

comes  the  resistance  of  the  light  spring  C,  thus  arllowing 
the  air  to  flow  in  and  fill  the  cylinder.  On  the  other  side  of 
the  piston,  the  air  is  being  compressed,  and,  consequently, 
it  acts  with  the  springs  5  to  force  the  inlet  valves  D'  in  the 
right-hand  end  of  the  cylinder  to  their  seats.  In  the  right- 
hand  end  of  the  cylinder,  the  discharge  valves  F'  are 
opened  when  the  pressure  of  the  air  in  the  cylinder  is  great 
enough  to  overcome  the  resistance  of  the  light  springs  E 
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and  the  tension  of  the  air  in  the  passages  leading  to  the 
discharge  pipe  H,  and  the  discharge  valves  F  are  pressed 
against  their  seats  by  the  springs  E  and  the  tension  of  the 
air  in  the  passages.  Suppose  it  is  desired  to  compress  the 
air  to  59  pounds  per  square  inch,  and  we  wish  to  find  at  what 
point  of  the  stroke  the  discharge  valves  will  open.  Now, 
59  pounds  per  square  inch  equals  a  pressure  of  4  atmospheres, 
very  nearly;  hence,  Avhen  the  pressure  in  the  cylinder  be- 
comes great  enough  to  force  air  out  through  the  discharge 
valves,  the  volume  must  be  one-quarter  of  the  volume  at 
atmospheric  pressure,  or  the  valves  will  open  when  the  pis- 
ton has  traveled  three-quarters  of  its  stroke,  provided  the 
air  be  compressed  at  constant  temperature. 

The  air,  after  being  discharged  from  the  cylinder,  passes 
out  through  the  delivery  pipe  i/,  and  from  thence  is  con- 
veyed to  its  destination.  It  was  shown  in  the  early  part  of 
this  paper  that  when  air  or  any  other  gas  was  compressed 
its  temperature  was  increased.  For  high  pressures  this  in- 
crease of  temperature  becomes  a  serious  consideration,  for 
two  reasons:  1st.  "When  the  air  is  discharged  at  a  high 
temperature,  the  pressure  falls  considerably  when  it  has 
cooled  down  to  its  normal  temperature,  and  this  represents 
a  serious  loss  in  the  economical  working  of  the  machine. 
2d.  The  alternate  heating  and  cooling  of  the  compressor 
cylinder  by  the  hot  and  cold  air  is  very  destructive  to  it, 
and  increases  the  wear  to  a  great  extent.  To  prevent  the 
air  from  heating,  cooling  devices  are  resorted  to,  the  most 
common  one  being  the  so-called  w^ater  jacket.  This  is 
effected  in  the  following  manner:  The  cylinder  walls  are 
hollow,  as  shown  in  the  cut;  the  cold  water  enters  this 
hollow  space  in  the  cylinder  wall  through  the  pipe  K  K^  and 
flows  around  the  cylinder,  finally  passing  out  through  the 
discharge  pipe  L.  The  water  tends  to  keep  the  cylinder 
walls  cold,  and  these  cool  the  air  as  it  is  compressed. 

1072.     The     Cartesian     Diver.  —  The     instrument 

shown  in  Fig.  199,  called  the  cartesian  diver,  illustrates 
the  elasticity  of  air  and  the  transference  of  pressure  in  all 
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directions  in  water.     It  consists  of  a  glass  jar  filled  with 
water,  having  a  rubber  bulb  at  the  top  filled  with  air.     The 

image    in  the  jar  is  made  of  glass   and 
is  hollow,  the  weight  being  less  than  an 
equal  volume  of  water,  so  that  it  will 
float  at  the  top  of  the  jar.     The  tail  of 
the  image  has  a   hole  in  it,   the  water 
being    prevented    from    getting    inside 
of  the  image  by  the  tension  of   the  air 
within  it.     If  the  bulb  be  squeezed,  the 
air  in  it  will  be  forced  out,   creating' a 
pressure   upon  the  water  which,    being 
transferred  in  all  directions,  causes  the 
water  to  flow  into 
the  tail  of  the  im- 
age, compressing 
the  air  inside,  and 
thus  causing  it  to 
fall  to  the  bottom 
of  the  jar.   When 
the    bulb    is    re- 
leased,    the 


Fig.  199.  flows  back  into  it ; 

the  pressure  upon  the  water  is  re- 
moved, the  air  within  the  image  ex- 
pands ;  the  image,  again  becoming 
lighter  than  water,  rises  to  the  top 
of  the  jar. 

1073.    Hero's  Fountain.— He- 
ro's fountain  derives  its  name  from 
its     inventor.    Hero,    who     lived    at 
Alexandria  120  B.  C.    It  is  shown  in 
Fig.  200.      It  depends  for  its  opera- 
tion upon  the  elastic  properties 
of  air.    It  consists  of  a  brass  dish 
Ay  and  two  glass  globes  B  and 
C.  The  dish  communicates  with 
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the  lower  part  of  the  globe  C  by  a  long  tube  D,  and  another 
tube  £  connects  the  two  globes.  A  third  tube  passes 
through  the  dish  A  to  the  lower  part  of  the  globe  B.  This 
last  tube  being  taken  out,  the  globe  B  is  partially  filled 
with  water;  the  tube  is  then  replaced  and  water  is  poured 
into  the  dish.  The  water  flows  through  the  tube  D  into  the 
lower  globe,  and  expels  the  air,  which  is  forced  into  the  up- 
per globe.  The  air  thus  compressed  acts  upon  the  water 
and  makes  it  jet  out  through  the  shortest  tube,  as  repre- 
sented in  the  figure.  Were  it  not  for  the  resistance  of  the 
atmosphere  and  friction,  the  water  would  rise  to  a  height 
above  the  water  in  the  dish  equal  to  the  difference  of  the 
level  of  the  water  in  the  two  globes. 


THE  SIPHON. 
1074.  The  action  of  the  siphon  illustrates  the  effect 
of  atmospheric  pressure.  It  is  simply  a  bent  tube  of 
unequal  branches,  open  at  both  ends,  and  is  used  to  convey 
a  liquid  from  a  higher  point  to 
a  lower,  over  an  intermediate 
point  higher  than  either.  In 
Fig.  201,  A  and  B  are  two  ves- 
sels, B  being  lower  than  A,  and 
^  ^  ^  is  the  bent  tube  or  si- 
phon. Suppose  this  tube  to  be 
filled  with  water  and  placed  in 
the  vessels,  as  shown,  with  the 
short  branch  A  C  in  the  vessel 
A.  The  water  will  flow  from 
the  vessel  A  into  B,  so  long  as 
the  level  of  the  water  in  B  is 
below  the  level  of  the  water  in 
A,  and  the  level  of  the  water  in 
A  is  above  the  lower  end  of  the 
tube  A    C.      The  atmospheric  fig.  201. 

pressure  upon  the  surfaces  of  A  and  B  tends  to  force  the 
water  up  the  tubes  A  C  and  B  C.  When  the  siphon  is  filled 
with  water,  each  of  these  pressures  is  counteracted  in  part  by 
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the  pressure  of  the  water  in  that  branch  of  the  siphon  which 
is  immersed  in  the  water  upon  which  ihc  jjressure  is  exerted. 
The  atmospheric  pressure  opposed  to  the  weight  of  the 
longer  column  of  water  will,  therefore,  be  more  resisted 
than  that  opposed  to  the  weight  of  the  shorter  column ;  con- 
sequently, the  pressure  exerted  upon  the  shorter  column 
will  be  greater  than  that  upon  the  longer  column,  and  this 
excess  pressure  will  produce  motion. 

Let  A  =  the  area  of  the  tube  in  square  inches. 

/i  =^  £)  C  ^^  the  vertical  distance  in  inches  between  the 
surface  of  the  water  in  B  and  the  highest 
point  of  the  center  line  of  the  tube. 
/i  =  E  C  ^=  the  distance  in  inches  between  the  surface 
of  the  water  in  A  and  the  highest  point  of 
the  center  line  of  the  tube. 

The  weight  of  the  water  in  the  short  column  is  .03017  A  /i^, 
and  the  resultant  atmospheric  pressure,  tending  to  force  the 
water  up  the  short  column,  is  14.7  X  A  —  .03G17  A  h^. 
The  weight  of  the  water  in  the  long  column  is  .03617  A  h, 
and  the  resultant  atmospheric  pressure,  tending  to  force 
the  water  up  the  long  column,  is  14.7  A  —  .03617  A  h. 
The  difference  between  these  two  is  (14.7  A  —  .03617 y^  //,) 
-  (14. 7 y^  -  .03617  A  h)  =  .03617  A{h  -  //,).  But  h  -  h^ 
=  E  D  —  the  difference  between  the  levels  of  the  water  in 
the  two  vessels.  To  find  the  discharge  from  a  siphon,  use 
the  difference  h  —  h^,  reduced  to  feet,  as  the  head,  and  the  total 
length  of  the  siphon  between  the  two  water  levels,  as  the 
length  of  the  pipe ;  the  discharge  may  then  be  calculated  by 
formula  50,  Art.  1032. 

It  will  be  noticed  that  the  short  column  must  not  be 
higher  than  34  feet  for  water,  or  the  siphon  will  net  work, 
since  the  pressure  of  the  atmosphere  will  not  support  a 
column  of  water  that  is  higher  than  34  feet;  28  feet  is  con- 
sidered to  be  the  greatest  height  for  which  a  siphon  will 
work  well. 

1075.  Intermittent  Si>rings. — Sometimes  a  spring 
is  observed  to  flow  for  a  time  and  then  cease ;  then,  after  an 
interval,  to  flow  again  for  a  time.     The  generally  accei;)ted 
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explanation  of  this  is  that  there  is  an  underground  reservoir 
fed  with  water  through  fissures  in  the  earth,  as  shown  in 
Fig.  202.  The  outlet  for  the  water  is  shaped  like  a  siphon, 
as  shown.  When  the  water  in  the  reservoir  reaches  the  same 
height  as  the  highest  point  of  outlet,  it  flows  out  until  the 


Fig.  202. 
level  of  the  water  in  the  reservoir  falls  below  the  mouth  of 
the  siphon,  the  water  flowing  out  of  the  reservoir  faster  than 
it  is  supplied  to  it.  This  flow  then  ceases  until  the  water  in 
the  reservoir  has  again  reached  the  level  of  the  highest  point 
of  the  siphon. 


THE  INJECTOR. 

1076.  A  section  of  an  injector  is  shown  in  Fig.  203. 
There  are  many  different  kinds  of  these  instruments,  but  the 
principle  is  the  same  in  all.  When  they  are  used  for  lifting 
water  from  a  point  below  the  discharge  orifice  and  forcing  it 
into  the  boiler  of  a  steam  engine  or  locomotive,  they  depend 
for  their  lifting  action  upon  the  creation  of  a  partial  vacuum 
by  the  action  of  steam.  In  the  injector  shown  in  Fig.  203, 
F  is  the  connection  for  the  steam  pipe  from  the  boiler,  P  is 
the  connection  for  the  pipe  from  the  water  supply,  N  is  the 
connection  to  which  the  discharge  pipe  leading  to  the  boiler 
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is  attached,  and  the  waste  water  and  steam  are  discharged 
through  the  overflow  nozzle  O. 

The  method  of  operation  is  as  follows:  The  valve  B  is 
first  opened  by  turning  the  wheel  JF;  the  primer  valve  R\s 
then  opened  by  the  handle  y,  thus  permitting  steam  to  flow 
through  the  passage  E  and  a  connection,  not  shown  in  the 
figure,  to  the  nozzle  n.  From  n  the  jet  of  steam  rushes  out 
through  O.  A  passage  connects  the  chamber  surrounding 
ti  with  the  space  above  the  valve  L.  The  jet  of  steam  from 
ti  out  through  O  carries  with   it   the  air  in  the  chamber  to 
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Fig.  203. 


which  O  is  connected,  thus  forming  a  partial  vacuum  in 
the  space  above  L ;  the  air  in  the  passages  D^  C,  G,  H,  K, 
7\  and  in  the  water  pipe  connected  at  P  is  thus  drawn  out 
through  the  valve  L,  and  a  partial  vacuvim  is  formed,  which 
permits  the  pressure  of  the  atmosphere  to  force  water 
through  P  until  it  finally  fills  the  passages  and  flows  out 
through  L  and  the  overflow  nozzle  O.  As  soon  as  water 
appears  at  O,  the  valve  R  is  closed  and  the  main  steam 
valve  A  is  opened  by  the  wheel  S,  thus  admitting  steam 
to  the  passages  C,  //,  K.  This  steam  draws  water  from  G 
through  the  opening  surrounding  H  and  discharges  it 
through  K  with   such   a   high   velocity  that   it  rushes  past 
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the    opening    T   into    the    nozzle  M   and    thence    into  the 
boiler.  

THE    LOCOMOTIVE    BLAST. 

1077.  Fig.  204  shows  the  front  end  of  a  locomotive. 
E  is  the  exhaust  pipe,  the  center  of  which  is  directly  in  line 
with  the  center  of  the  smokestack  5".  7",  T  are  the  tubes 
through  Avhich  the  hot  furnace  gases  are  discharged.      The 


Fig.  204. 
exhaust  steam  has  a  pressure  of  about  two  pounds  above  the 
atmosphere,  and  rushes  through  the  exhaust  pipe  E  and  up 
the  smokestack  S  with  a  very  high  velocity,  taking  the  air 
out  with  it,  and  producing  a  partial  vacuum  in  the  space  in 
front  of  the  tubes.  No  air  can  get  in  this  space  except 
through  the  grates  of  the  fire-box;  consequently,  this  partial 
vacuum  created  in  front  of  the  tubes  as  described  causes  an 
influx  of  air  through  the  grate,  and  produces  the  forced 
draft,  or  blast.  The  faster  the  engine  runs,  the  greater 
the  quantity  of  air  drawn  through  the  grate. 
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PUMPS. 
1078.  The  Suction  Pump. — A  section  of  an  ordi- 
nary suction  pump  is  shown  in  Fig.  205.  Suppose  the  piston 
to  be  at  the  bottom  of  the  cylinder  and  to  be  just  on  the 
point  of  moving  upwards  in  the  direction  of  the  arrow.  As 
the  piston  rises  it  leaves  a  vacuum  behind  it,  and  the  atmos- 
pheric pressure  upon  the  surface  of  the  Avater  in  the  well 
causes  it  to  rise  in  the  pipe  P,  for  the  same  reason  that  the 
mercury  rises  in  the  barometer  tube.     The  water  rushes  up 
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Fig.  205. 

the  pipe  and  lifts  the  valve  V,  filling  the  empty  space  in  the 
cylinder  B  displaced  by  the  piston.  When  the  piston  has 
reached  the  end  of  its  stroke,  the  water  entirely  fills  the 
space  between  the  bottom  of  the  piston  and  the  bottom  of 
the  cylinder  and  also  the  pipe  P.  The  instant  that  the  piston 
begins  its  down  stroke,  the  water  in  the  chamber  B  tends  to 
fall  back  into  the  well,  and  its  weight  forces  the  valve  V  to  its 
seat,  thus  preventing  any  downward  flow  of  the  water.  The 
piston  now  tends  to  compress  the  water  in  the  chamber  J>, 
but  this  is  prevented  through  the  opening  of  the  valves  u,  u 
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in  the  piston.  When  the  piston  has  reached  the  end  of  its 
downward  stroke,  the  weight  of  the  water  above  closes  the 
valves  11,  n.  All  the  water  resting  on  the  top  of  the  piston  is 
then  lifted  with  the  piston  on  its  upward  stroke,  and  dis- 
charged through  the  spout  A,  the  valve  V  again  opening, 
and  the  water  filling  the  space  below  the  piston  as  before. 

It  is  evident  that  the  distance  between  the  valve  V  and 
the  surface  of  the  water  in  the  well  must  not  exceed  34  feet, 
the  highest  column  of  water  which  the  pressure  of  the  atmos- 
phere will  sustain,  since  otherwise  the  water  in  the  pipe 
would  not  reach  to  the  height  of  the  valve  V.  In  practice 
this-  distance  should  not  exceed  28  feet.  This  is  due  to  the 
fact  that  there  is  a  little  air  left  betAveen  the  bottom  of  the 
piston  and  the  bottom  of  the  cylinder,  a  little  air  leaks 
through  the  valves  which  are  not  perfectly  air-tight,  and  a 
pressure  is  needed  to  raise  the  valve  against  its  weight, 
which,  of  course,  acts  downwards.  There  are  many  vari- 
eties of  the  suction  pump,  differing  principally  in  the  valves 
and  piston,  but  the  principle  is  the  same  in  all. 


1079.  Tlie  Lifting  Pump.— A 
section  of  a  lifting  pump  is  shown 
in  Fig.  20G.  These  pumps  are  used 
when  water  is  to  be  raised  to  greater 
heights  than  can  be  done  with  the  or- 
dinary suction  pump.  As  will  be  per- 
ceived, it  is  essentially  the  same  as  the 
pump  previously  described,  except 
that  the  spout  is  fitted  with  a  cock 
and  has  a  pipe  attached  to  it,  leading 
to  the  point  of  discharge.  If  it  is  de- 
sired to  discharge  the  water  at  the 
spout,  the  cock  inay  be  opened ;  other- 
wise, the  cock  is  closed,  and  the  water 
is  lifted  by  the  piston  up  through  the 
pipe  P'  to  the  point  of  discharge,  the 
valve  c  preventing  it  from  falling  back 
into    the    pump,    and   the    valve     V 


Fig.  206. 
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prcvfiitinof  the  watfr  in  the  pump  from  falling  back  into 
llic.  well.  It  is  not  necessary  that  there 
should  ])e  a  second  piju;  /'',  as  sliown  iii  the 
li.H'ure,  for  the  pipe  7'  may  he  eontinued 
straii^ht  upwards,  as  shown  in  Yl'j;.  207. 


I  OSO.  In  the  figure  is  shown  a  section  of 
a  liflint;'  pump  for  raisin;^  water  from  great 
depths,  as  from  the  bottom  of  mines  to  the 
surface.  'I'his  |)umi)  consists  of  a  series  of 
pipes  connected  together,  of  which  the  lower 
end  only  is  shown  in  the  cut.  That  part  of 
the  j)ipe  included  l)etween  the  letters yi  and 
/>'  forms  the  pump  cylinder  in  which  the 
piston  /'  works.  That  })art  of  the  pipe 
above  the  highest  point  of  the  ])iston  travel, 
through  which  the  water  is  discharged,  is 
called  the  delivery  i>ij>»^'  'I'^^l  the  part 
below  the  lowest  jjoint  of  the  piston  travel 
is  calK'd  tlic  suction  pipe.  The  lower  end 
of  tlie  suction  pipe  is  expanded,  and  has  a 
numl)er  of  small  holes  in  it,  to  keej)  out  the 
solid  matter.  C  is  a  i)late  covering  an  o])en- 
ing,  and  Avhich  may  be  removed  to  allow  the 
suction  valve  to  be  repaired.  ,  7^  is  a  plate 
covering  a  similar  opening  through  which 
the  piston  and  i)iston  valves  may  be  re- 
paired. The  ])iston  rod,  or  rather  the  piston 
stem,  is  made  of  wrought  iron,  inserted 
with  wood,  and  connected  with  the  piston. 
The  only  limit  to  the  height  to  which  a 
piuiip  of  this  kiml  can  raise  water  is  the 
strength  of  the  ])iston  rod.  Lifting  pumps 
of  this  kind  are  used  to  raise  water  from 
great  depths  to  the  earth's  siu'face ;  hence, 
a  verv  long  piston  rod  is  necessary.  In  the 
lifting  pumj)  shown  in  Fig.  '20i'>  the  water  is 
raised  from   a   point  a  few   feet   below  the 
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earth's  surface  to  a  point  considerably  higher.  This  re- 
quires the  piston  rod  to  move  through  a  stuffing-box,  as 
shown  at  S,  and  also  necessitates  the  rod  being  round,  in 
order  that  the  water  may  not  leak  out. 

1081.  Force  Pumps. — The  force  pump  differs  from 
the  lifting  pump  in  several  important  particulars,  but 
chiefly  in  the  fact  that  the  piston  is  solid;  that  is,  it  has  no 
valves.  A  section  of  a  sjiction  and  force  pump  is  shown  in 
Fig.  308.  The  water  is  drawn  up  the  suction  pipe  as  before, 
when  the  piston  rises;  but  when  the  piston  reverses,  the 
pressure  on  the  water  caused  by  the  descent  of  the  piston 


Fig.  208. 

opens  the  valve  V  and  forces  the  water  up  the  delivery  pipe 
P'.  •  When  the  piston  again  begins  its  upward  movement, 
the  valve  V  is  closed  by  the  pressure  of  the  water  above  it, 
and  the  valve  Fis  opened  by  the  pressure  of  the  atmosphere 
on  the  water  below  it,  as  in  the  previous  cases.  For  an 
arrangement  of  this  kind,  it  is  not  necessary  to  have  a  stuff- 
ing-box. The  water  may  be  forced  to  almost  any  desired 
height.  The  force  pump  differs  again  from  the  lifting  pump 
in  respect  to  its  piston  rod,  which  should  not  be  longer  than 
is  absolutely  necessary  in  order  to  prevent  it  from  buckling^ 
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while  ill  tlio  liftini;'  pump  the  Icnif-th  of  tlu;  piston  rod  is  n 
matter  <>f  indilTcreiuc. 

1()<S2.      Plinijjjcr  I'uiiips.' — \\"' '>rre  pumps  are  used 

to  eoiivev  water  lo  ^reat  lieii;hts,  ;,.  ^  .ssure  of  tb.e  water 
in  tile  evlindcr  Ix^'coines  so  tireat  that  it  l^eeomes  extremely 
difheult  to  keep  the  water  from  leakint;-  past  tin:  piston,  and 
the  eonstant  repairiivj;'  of  the  ])iston  j)aekinL(  becomes  a 
nuisance.      To  obviate  this  difhculty  the  })iston  is  made  very 

lonti;,  as  shown  in  Vv^.  "ioii,  and  is 
then  called  a  pliintrcr.  The  suc- 
tion valve  in  this  case  consists  of 
two  clack  valves  incdined  to  eacdi 
other  and  resting;  uj)on  a  s(|uare 
pin  ./;  they  are  prevented  from 
llyiny;  back  tori  far  duriin;"  the  up 
stroke  of  the  plun_u,'t'r  by  the  two 
uprights  /,  /.  J)uriny;  the  down 
stroke  of  the  plunger  the  valves  at 
./  are  closed  and  the  delivery 
valve  at  />'  is  open.  A  little  air  is 
always  carried  into  the  cylinder  ol 
a  i)ump  with  the  entering  of  the 
water.  In  force  pinnps  this  fact 
becomes  a  serious  consideration, 
siiKH'.  after  re])eated. strokes,  the 
air  accumulates,  and  duriiig  the 
down  stroke  of  the  plunger  it  is 
compressed.  .Vfter  a  time  it 
I'll..  x!o;i.  would  become  sufiieiently  com- 
pressed to  entirely  ])rcvent  the  water  from  entering  through 
the  suction  valve,  the  pi-essui"e  on  the  toj)  of  the  valve  being 
greater  than  that  of  the  atmos])here  below.  In  the  pump 
shown  in  tlu;  figure,  the  plunger  is  a  trith-  smaller  than  the 
c\-lindei',  and  the  air  collects  around  the  ]ilunger  ])elow  the 
sturrnigd)ox.  To  ri'Uiove  this  air  a  nariMW  passage  C  ,  shown 
by  the  dotted  lines,  that  can  be  closed  at  its  upper  (muI  l)y 
the  cock  J),  connects  the  interior  of  the  immp  with  the 
atmosphere  when  the  cock  is  open.      It    is  evident  that  this 
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cock  must  not  be  opened,  except  during  the  down  stroke  of 
the  plunger ;  for,  if  it  were  open  during  the  up  stroke,  the 
pressure  below  the  plunger  being  less  than  the  pressure  of 
the  atmosphere  above,  the  air  would  rush  in  instead  of  being 
expelled. 

1083.  Double-Acting  Pumps. — In  the  pumps  pre- 
viously descrbed,  the  discharge  was  intermittent;  that  is, 
the  pump  could  only  discharge  when  the  piston  was  moving 
in  one  direction.  In  some  cases  it  is  necessary  that  there 
should  be  a  continuous  discharge ;  in  all  cases  it  takes  more 


Fig.  210. 

power  to  run  the  pump  with  an  intermittent  discharge,  as  a 
little  consideration  will  show.  If  the  height  that  the  water 
is  to  be  raised  is  considerable,  its  weight  will  be  very  great, 
and  the  entire  mass  must  be  put  in  motion  during  one  stroke 
of  the  piston. 

In  order  to  obtain  the  advantage  of  a  more  continuous  dis- 
charge,   double-acting  pumps  are  used.      Fig.  210  shows  a 
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part  sectional  view  of  such  a  pump.  Two  pistons  a  and  b 
are  used,  which  are  operated  by  one  handle  c  in  the  manner 
shown.  The  pump  has  one  suction  pipe  s  and  one  discharge 
pipe  d.  The  cylinders  c  and  y  are  separated  by  a  diaphragm 
g,  so  that  they  cannot  communicate  with  each  other  above 
the  pistons.  In  the  figure,  the  handle  c  is  moving  to  the 
right,  the  piston  a  upwards,  and  the  piston  b  downwards. 
As  the  piston  a  moves  upwards,  it  lifts  the  water  above  it 
and  causes  it  to  flow  through  the  delivery  valve  Ji  into  the 
discharge  pipe  d.  This  upward  movement  of  the  piston 
creates  a  partial  vacuum  below  it  in  the  cylinder  r,  and 
causes  the  water  to  rush  up  the  suction  pipe  s  into  the  cyl- 
inder, as  shown  by  the  arrows.  In  the  cylinder/",  the  down- 
ward movement  of  the  piston  b  raises  the  piston  valve  v^  and 
the  weight  of  the  water  on  the  suction  valve  i  keeps  it  closed. 
When  the  handle  c  has  completed  its  movement  to  the  right 
and  begins  its  return,  all  of  the  valves  on  the  right-hand  side 
open  except  v^  and  those  on  the  left-hand  side  close  except 
t\  water  is  then  discharged  into  the  delivery  pipe  by  the 
cylinder/",  and  only  at  the  instant  of  reversal  is  the  flow  into 
the  delivery  pipe  d  stopped. 

108-4.  Air  Cliambers. — In  order  to  obtain  a  continu- 
ous flow  of  water  in  the  delivery  pipe,  with  as  nearly  a  uniform 
velocity  as  possible,  an  air  chamber  is  usually  placed  on 
the  delivery  pipe  of  force  pumps  as  near  to  the  pump  cyl- 
inder as  the  construction  of  the  machine  will  allow.  The 
air  chambers  are  usually  pear-shaped,  Avith  the  small  end 
connected  to  the  pipe.  They  are  filled  with  air  which  the 
water  compresses  during  the  discharge.  During  the  suction, 
the  air  thus  compressed  expands  and  acts  as  an  accele'rating 
force  upon  the  moving  column  of  water,  a  force  which 
diminishes  Avith  the  expansion  of  the  air,  and  helps  to  keep 
the  velocity  of  the  moving  column  more  nearly  uniform. 
An  air  chamber  is  sometimes  placed  upon  the  suction  pipe. 
These  air  chambers  not  only  tend  to  promote  a  imiform  dis- 
charge, but  they  also  equalize  the  stresses  upon  the  pump, 
and  prevent  shocks  due  tQ  the  incompressibility  of  water. 
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They  serve  the  same  purpose  in  pumps  that  a  fly-wheel  does 
to  the  steam  engine.  Unless  the  pump  moves  very  slowly, 
it  is  absolutely  necessary  to  have  an  air  chamber  on  the 
delivery  pipe. 

1085.  Steam  Pumps. — Steam  pumps  are  force 
pumps  operated  by  steam  acting  upon  the  piston  of  a  steam 
engine,  directly  connected  to  the  pump,  and  in  many  cases 
cast  with  the  pump.  A  section  of  a  double-acting  steam 
pump  showing  the  steam  and  water  cylinders,  with  other 
details,  is  illustrated  in  Fig.  211.     Here  6^  is  a  steam  piston, 


Fig.  211. 

and  R  the  piston  rod,  which  is  secured  at  its  other  end  tc 
the  plunger  P.  i^  is  a  partition  cast  with  the  cylinder, 
which  prevents  the  water  in  the  left-hand  half  from  com- 
municating with  that  in  the  right-hand  half  of  the  cylinder. 
Suppose  the  piston  to  be  moving  in  the  direction  of  the 
arrow.  The  volume  of  the  left-hand  half  of  the  pump  cylin- 
der will  be  increased  by  an  amount  equal  to  the  area  of  the 
circumference  of  the  plunger,  multiplied  by  the  length  of 
the  stroke,  and  the  volume  of  the  right-hand  half  of  the  cylin- 
der will  be  diminished  by  a  like  amount.     In  consequence 
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of  this,  a  volume  of  water  in  the  right-hand  half  of  the 
cylinder  equal  to  the  volume  displaced  by  the  plunger  in  its 
forward  movement  will  be  forced  through  the  valves  V\  V 
into  the  air  chamber  A,  through  the  orifice  D,  and  then  dis- 
charged through  the  delivery  pipe  //.  By  reason  of  the 
partial  vacuum  in  the  left-hand  half  of  the  pump  cylinder, 
owing  to  this  movement  of  the  plunger,  the  water  will  be 
drawn  from  the  reservoir  through  the  suction  pipe  C  into 
the  chamber  K,  K,  lifting  the  valves  S\  S\  and  filling  the 
space  displaced  by  the  plunger.  During  the  return  stroke 
the  water  will  l)e  drawn  through  the  valves  S,  S  into  the 
right-hand  half  of  the  pump  cylinder,  and  discharged 
through  the  valves  V,  V  in  the  left-hand  half.  Each  one  of 
the  four  suction  and  four  discharge  valves  is  kept  to  its  seat, 
when  not  working,  by  light  springs,  as  shown. 

There  are  many  varieties  and  makes  of  steam  pumps,  the 
majority  of  which  are  double-acting.  In  many  cases  two 
steam  pumps  are  placed  side  by  side,  having  a  common 
delivery  pipe.  This  arrangement  is  called  a  duplex  pump. 
It  is  usual  to  so  set  the  steam  pistons  of  duplex  pumps  that 
when  one  is  completing  the  stroke  the  other  is  in  the  middle 
of  its  stroke.  A  double-acting  duplex  pump  made  to  run  in 
this  manner,  and  having  an  air  chamber  of  sufficient  size, 
will  deliver  Avatcr  with  nearly  a  uniform  velocity. 

In  mine  pumps  for  forcing  water  to  great  heights,  the 
plungers  are  made  solid,  and  in  most  cases  exitended  through 
the  pump  cylinder.  In  many  steam  pumps  pistons  are  used 
instead  of  plungers,  but  when  very  heavy  duty  is  required 
plungers  are  preferred. 

1086.  Centrifugal  Pumps. — Next  to  the  direct-act- 
ing steam  pump,  the  centrifugal  pump  is  the  most  valu- 
able instrument  for  raising  water  to  great  heights  that  has 
yet  been  described.  As  the  name  denotes,  the  effects  pro- 
duced by  centrifugal  force  are  made  use  of.  Fig.  212  repre- 
sents one  with  half  of  the  casing  removed.  The  hub  5  is 
hollow,  and  is  connected  directly  to  the  suction  pipe. 
The  curved  arms  a,  called  vanes  or  wings,  are  revolved 
with  a  high  velocity  in  the  direction  of  the  arrow,  and  the 
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air  enclosed  between  them  is  driven  out  through  the  dis- 
charge passage  and  delivery  pipe  D  D.  This  creates  a  par- 
tial vacuum  in  the  casing  and  suction  pipe,  and  causes  the 
water  to  flow  in  through  S.  This  water  is  also  made  to 
revolve  with  the  vanes,  and,  of  course,  with  the  same  velocity. 
The  centrifugal  force  of  the  revolving  water  causes  it  to  fly 
outwards  towards  the  end  of  the  vanes,  and  becomes 
greater  the  farther  away  it  gets  from  the  center.  This 
causes  it  to  leave  the  vanes,  and  finally  to  leave  the  pump 
by  means  of  the  discharge  passage  and  delivery  pipe  D  D. 
The  height  to  which  the  water  can  be  forced  depends  upon 
the  velocity  of  the  revolving  vanes.  In  the  construction 
of  the  centrifugal  pump,  particular  care  is  required  in 
giving  thecorrect  form 
to  the  vanes;  the  effi- 
ciency of  the  machine 
depends  greatly  upon 
this  point  being  at- 
tended to.  What  is 
required  is  to  raise  the 
water,  and  the  energy 
used  to  drive  the  pump 
should  be  devoted  as 
far  as  possible  to  this 
one  purpose.  The 
water  when  it  is  raised 

should     be     delivered  Fig.  212. 

with  as  little  velocity  as  possible,  for  any  velocity  which 
the  water  then  possesses,  has  been  produced  at  the  expense 
of  the  energy  used  to  drive  the  pump.  The  form  of  the 
vanes  is  such  that  the  water  is  delivered  at  the  desired 
height  with  the  least  expenditure  of  energy. 

The  number  of  vanes  depends  upon  the  size  and  capacity 
of  the  pump.  It  will  be  noticed  that,  in  the  pump  shown  in 
the  figure,  the  vanes  have  sharp  edges  near  the  hub.  The 
object  of  this  is  to  provide  for  a  free  ingress  of  the  water, 
and  also  to  cut  any  foreign  substance  that  may  enter  the 
pump  and  prevent  it  from  working  properly, 

U.  E.    I.—$o 
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Almost  any  liquid  can  be  raised  with  these  pumps,  but 
when  used  for  pumping  chemicals,  the  casing  and  vanes  are 
made  of  materials  that  the  chemicals  will  not  affect. 

1087.  Tlie  Hydraulic  Ram. — The  construction  of  a 
hydraulic  ram  is  shown  in  Fig.  213.  This  machine  is  used 
for  raising  water  from  a  point  below  the  level  of  the  water 
in  a  spring  or  reservoir  to  a  point  considerably  higher,  with 
no  power  other  than  that  afforded  by  the  inertia  of  a  moving 
column  of  water.  In  the  figure,  a  is  a.  pipe  called  the  drive  pipe, 
connecting  the  ram  with  the  reservoir;  the  valve  b  slides 
freely  in  a  guide,  and  is  provided  with  lock-nuts  to  regulate 
the  distance  that  the  valve  can  fall  below  its  seat.     When 


Fig.  213. 
the  water  is  first  turned  on  by  opening  the  valve  ii,  the  valve 
b  is  already  opened,  and  the  water  flows  out  through  c,  as 
shown.  As  the  discharge  continues,  the  velocity  of  the 
water  in  the  drive  pipe  will  increase  until  the  upward  pres- 
sure against  the  valve  b  is  sufficient  to  force  the  valve  to  its 
seat.  The  actual  closing  of  the  valve  takes  place  very  sud- 
denly, and  the  momentum  of  the  column  of  water,  whicn 
was  moving  with  an  increasing  velocity  through  the  drive 
pipe  a,  will  very  rapidly  force  some  water  through  the  valve 
d  into  the  air-chamber  f.  Immediately  after  this,  a  rebound 
takes  place,  and  for  a  short  interval  of  time  the  water  flow«? 
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back  up  the  drive  pipe  a  and  tends  to  form  a  vacuum  under 
the  air  chamber  valve  d\  this  opens  the  snifter  valve  g  and 
admits  a  little  air,  which  accumulates  under  the  valve  d  and 
is  forced  into  the  air  chamber  with  the  next  shock.  This  air 
keeps  the  air  chamber  constantly  charged;  otherwise,  the 
water,  being  under  a  greater  pressure  in  the  air  chamber  than 
it  is  in  the  reservoir,  would  soon  absorb  the  air  in  the  cham- 
ber and  the  ram  would  cease  to  work  until  the  chamber  was 
recharged  with  air.  The  rebound  also  takes  the  pressure 
off  the  under  side  of  valve  b  and  causes  it  to  drop,  and  the 
above-described  operations  are  repeated.  The  delivery  pipe 
is  shown  at  r  ;  a  steady  flow  of  water  is  maintained  through  it 
by  the  pressure  of  the  air  in  the  chamber/";  this  air  also  acts 
as  a  cushion  when  valve  b  suddenly  closes,  and  prevents  un- 
due shock  to  the  parts  of  the  ram. 

The  height  to  which  water  can  be  raised  by 'the  hydraulic 
ram  depends  upon  the  weight  of  the  valve  b  and  the  velocity 
of  the  water  in  a. 

1088.     Power  Necessary  to  W^ork  a  Pump  : 

Rule  I. — In  all  pumps  ^  luhcther  lifting,  force,  steam,  siiigle- 
or  dotible-acting,  or  centrifugal,  the  number  of  foot-pounds  of 
poiver  needed  to  work  the  pump  is  equal  to  the  weight  of  the 
tvater  in  pounds,  multiplied  by  the  vertical  distance  in  feet  be- 
tween the  level  of  the  water  hi  the  well,  or  source,  and  the 
point  of  discharge,  phis  the  work  necessary  to  overcome  the 
friction  and  other  resistances. 

Rule  II. —  The  work  done  in  one  stroke  of  a  pump  is  equal 
to  the  zveight  of  a  volume  of  zuater  equal  to  the  volume  dis- 
placed by  the  piston  during  the  stroke,  multiplied  by  the  total 
vertical  distance  in  feet  through  ivhich  the  zvater  is  to  be 
raised,  plus  the  work  necessary  to  overcome  the  resistances. 

A  little  consideration  will  make  Rule  II  evident.  Suppose 
that  the  height  of  the  suction  is  25  feet ;  that  the  vertical 
distance  between  the  suction  valve  and  the  point  of  dis- 
charge is  100  feet ;  that  the  stroke  of  the  piston  is  15  inches, 
and  that  its  diameter  is  10  inches.  Let  the  diameters  of  the 
suction    pipe    and   delivery  pipe   be  4    inches    each.     The 
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volume  displaced  by  the  pump  piston  or  plunger  in  one  stroke 
equals  — =  .08177  cubic  foot.    The  weight  of 

1,7/io 

an  equal  volume  of  water  =  .08177  X  62.5  =  42. 61003  pounds. 
Now,  in  order  to  discharge  this  water,  all  of  the  water  in 
the  suction  and  delivery  pipes  had  to  be  moved  through  a 
certain  distance  in  feet  equal  to  .08177  divided  by  the  area 
of  the  pipes  in  square  feet. 

Four  inches  =  ^  of  a  foot.     {\Y  x  .7854  =  'l^pL  -  .0872f 

square  foot.     .  08177  ~  .  0872|-  =  7. 8125  feet. 

The  weight  of  the  water  in  the  delivery  pipe  is  (^)'  X 
.7854  X  100  X  62.5  =  545.42  pounds. 

The  weight  of  the  water  in  the  suction  pipe  is  (^)'  X  .7854 
X  25  X  02.5  =  130.35  pounds. 

545.42  +  130.35  =  081.77  pounds  =r  the  total  weight  of 
water  moved  in  one  stroke.  The  distance  that  it  is  moved  in 
one  stroke  is  7.8125  feet.  Hence,  the  number  of  foot- 
pounds necessary  for  one  stroke  is  081. 77  X  7.8125  =  5,320.33 
foot-pounds.  Had  this  result  been  obtained  by  Rule  II,  the 
process  would  have  been  as  follows:  The  weight  of  the  water 
displaced  by  the  piston  in  one  stroke  was  found  to  be  42. 01003 
pounds.  42.61x125  =  5,320.33  pounds,  which  is  exactly 
the  same  as  the  result  obtained  by  the  previous  method,  and 
is  a  great  deal  shorter. 

Example. — What  must  be  the  necessary  horsepower  of  a  double-act- 
ing steam  pump  if  the  vertical  distance  between  the  point  of  discharge 
and  the  point  of  suction  is  96  feet  ?  The  diameter  of  the  pump  cylin- 
der is  8  inches,  the  stroke  is  10  inches,  and  the  number  of  strokes  per 
minute  is  120.     Allow  25^  for  friction,  etc. 

Solution. — Since  the  pump  is  double-acting,  it  raises  a  quantity  of 
water  equal  to  the  volume  displaced  by  the  plunger  at  every  stroke. 
The  weight  of  the  volume  of  water  displaced  in  one  stroke  =  {^^  X 
.7854  X  \%  X  63.5  =  18.18  pounds,  nearly. 

18.18  X  06  X  120  =  209,433.6  foot-pounds  per  minute. 

Since  25^  is  to  be  allowed  for  friction,  the  actual  number  of  foot- 
pounds   per    minute  =  209,433.6  -h  .75  =  279,244.8     foot-pounds    per 

minute. 

279  244  8 
One  horsepower  =  33,000  foot-pounds  per  minute ;  hence,        '      ' 

=  8.462  H.  P.,  nearly.     Ans. 


HEAT. 

THE  PROPERTIES,  SOURCES,  AND 
MEASUREMENT  OF  HEAT. 

1089.  Tlie  Nature  of  Heat. — As  to  the  exact  nature 
of  heat,  scientists  differ,  but  all  modern  thinkers  and  inves- 
tigators agree  that  Jicat  is  a  form  of  energy^  and  that  it  is  a 
kind  of  motion.  It  is  not  purposed  here  to  enter  into  the 
different  theories  regarding  heat,  but  as  much  of  the  gen- 
erally accepted  theory  will  be  given  as  will  be  necessary  to 
make  clear  the  principles  which  are  to  follow.     ' 

In  Art.  831  it  was  stated  that  bodies  were  composed  of 
molecules.  Notwithstanding  the  extreme  minuteness  of  the 
molecules,  they  play  a  very  important  part  in  the  modern 
theory  of  heat.  Each  molecule  attracts  the  molecules  sur- 
rounding it  in  a  manner  similar  to  the  attraction  between 
the  earth  and  bodies  near  its  surface,  only  with  an  immensely ' 
greater  force  in  proportion  to  their  sizes.  Without  going 
into  any  theory  regarding  the  precise  nature  of  heat,  it  will 
be  taken  for  granted  that  each  and  every  molecule  has  a 
rapid  vibratory  motion  to  and  fro,  and  that  the  molecules 
are  kept  from  getting  beyond  a  certain  distance  from  one 
another  by  the  attractive  force  between  them.  This  at- 
tractive force  is  called  coliesion ;  without  it,  everything 
throughout  the  universe  would  crumble  instantly  into  the 
finest  dust. 

In  Art.  846  it  was  stated  that  the  molecules  were  sup- 
posed to  be  round ;  it  is  likewise  supposed  that  they  are  at  a 
considerable  distance  apart,  compared  with  the  diameter  of 
the  molecule.  When  heat  is  applied  to  a  body  the  number 
of  these  vibrations  is  greatly  increased,  proportional  to  the 
amount  of  heat  suppliea.  In  consequence  of  this  increase, 
the  distance  through  which  a  molecule  moves  is  increased. 

For  notice  of  the  copyright,  see  page  immediately  following-  the  title  page. 
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and  the  force  of  cohesion  which  binds  them  together  is  less- 
ened. If  enough  heat  is  added  to  a  soHd,  the  force  of  co- 
hesion is  so  far  overcome  that  the  body  melts.  If  more  heat 
is  supplied  in  sufficient  quantity,  the  melted  body  becomes  a 
vapor,  and  so  long  as  it  i.i  kept  at  this  temperature  the 
force  of  cohesion  has  no  effect,  in  consequence  of  the  num- 
ber of  vibrations  having  been  so  far  increased  and  the  dis- 
tance between  any  two  molecules  having  become  too  great 
for  the  force  of  cohesion  to  act.  If  the  vapor  be  cooled,  the 
number  of  vibrations  will  decrease,  and  also  the  distance 
between  any  two  molecules ;  the  force  of  cohesion  begins  to 
act,  and  the  body  becomes  a  liquid.  If  cooled  further,  and  a 
sufficient  quantity  of  heat  is  removed — in  other  words,  if  the 
number  of  vibrations  is  so  far  decreased  that  the  molecules 
are  comparatively  near  together — the  body  becomes  a  solid 
and  remains  so  until  the  temperature  is  again  increased  to 
the  melting  point. 

1090.  If  a  body  is  heated  and  brought  near  the  hand, 
the  sensation  of  warmth  is  felt ;  if  heat  be  removed  from 
this  same  body,  and  it  is  again  brought  near  the  hand,  the 
sensation  of  cold  is  felt.  The  heat  which  thus  manifests 
itself  is  called  sensible  heat,  because  any  change  from  any 
state  to  a  hotter  or  colder  state  is  indicated  at  once  by  the 
sense  of  feeling,  or  by  the  aid  of  instruments  called  tlier- 
mometers.  The  more  sensible  heat  a  body  possesses,  the 
hotter  it  is;  the  more  sensible  heat  that  i.i  taken  away  from 
it,  the  colder  it  is.  

THERMOMETERS. 

1091.  The  different  states  that  a  body  is  in  according 
to  the  amount  of  sensible  heat  it  possesses  are  indicated  by 
the  word  temperature,  and  by  comparison  with  some 
other  body  having  the  same  amount  of  sensible  heat.  Thus, 
a  piece  of  iron  having  exactly  the  same  amount  of  sensible 
heat  as  a  piece  of  melting  ice,  is  said  to  have  t/ie  tcinpcrat2ire 
of  melting  ice.  If  a  piece  of  lead  has  the  same  amount  of 
sensible  heat  as  a  kettle  of  boiling  water,  it  is  said  to  have 
the  temperature  of  boiling  water,  etc. 
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1092.  Owing  to  the  imperfection  of  our  senses,  it  is 
impossible  to  determine  by  their  aid,  with  any  degree  of  ac- 
curacy, the  temperature  of  different  bodies;  hence,  for  this 
purpose,  thermometers  are  used.  In  these  instruments  the 
effects  of  heat  upon  bodies  are  made  use  of  in  obtaining 
the  temperature,  the  most  common  method  being  to  utilize  the 
expansive  effect  of  heat  upon  liquids.  Liquids  are  used  for 
ordinary  purposes  in  place  of  solids  or  gases,  because  in  the 
first  the  expansion  is  too  small,  and  in  the  second  too  great. 
Mercury  and  alcohol  are  the  only  liquids  used — the  former 
because  it  boils  only  at  a  very  high  temperature,  and  the 
latter  because  it  does  not  solidify  at  the  greatest  known  cold 
produced  by  ordinary  ineans. 
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1093.  In  Fig.  214  is  shown  a  mercurial  ther- 
mometer  with  two  sets  of  graduations  on  it.  The 
one  on  the  left,  marked  F,  is  the  Fahrenheit 
thermometer,  so  named  after  its  inventor,  and 
is  the  one  commonly  used  in  this  country  and  in 
England ;  the  one  on  the  right,  marked  C^  is  the 
Centigrade  thermometer,  and  is  used  by 
scientists  throughout  the  world,  on  account  of 
the  graduations  being  better  adapted  for  calcula- 
tions. As  will  be  seen,  the  instrument  consists  of 
a  glass  tube  having  a  bulb  at  one  end  and  closed 
at  the  other,  so  as  to  keep  the  air  out.  Before 
closing  the  upper  end,  the  tube  is  partially  filled 
with  mercury,  and  the  air  above  it  is  driven  out 
by  heating  the  mercury  to  near  its  boiling  point, 
when  the  tube  above  the  mercury  will  be  filled 
with  mercurial  vapor.  It  is  now  sealed,  and,  on 
cooling,  the  vapor  condenses  and  a  vacuum  re- 
sults. The  expansion  or  contraction  of  the  mer- 
cury, by  applying  or  withdrawing  heat  from  the 
body  with  which  the  bulb  is  in  contact,  causes  the 
highest  point  of  the  mercury  column  to  rise  or 
fall,  and,  since  for  equal  changes  of  temperature 
the  mercury  rises  or   falls  equal   distances,    this 
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instrument,  when  properly  made  and  graduated,  indicates 
any  change  in  temperature  with  great  accuracy. 

1094.  For  a  good  thermometer,  the  inside  diameter 
should  be  the  same  throughout  its  length.  In  order  to 
graduate  the  thermometer,  it  is  placed  in  melting  ice,  and 
the  point  to  which  the  mercurial  column  falls  is  marked 
freezing.  It  is  then  placed  in  the  steam  rising  from  water 
boiling  in  an  open  vessel,  and  the  point  to  which  the  mer- 
curial column  rises  is  marked  boiling. 

1 095.  There  are  now  two  fixed  points,  the  freezing  point 
and  the  boiling  point.  If  it  is  desired  to  make  a  Fahrenheit 
thermometer,  the  distance  between  these  two  fixed  points  is 
divided  into  180  parts,  called  degrees.  The  freezing  point 
is  marked  32°,  and  the  boiling  point  212°.  Thirty-two  parts 
are  marked  off  from  the  freezing  point  downwards,  and  the 
last  one  is  marked  0°,  or  zero.  The  graduations  are  carried 
above  the  boiling  point  and  below  the  zero  point  as  far  as 
desired.  This  thermometer  was  invented  in  1714,  and  was 
the  first  to  come  into  general  use. 

1096.  In  graduating  a  Centigrade  thermometer,  the 
freezing  point  is  marked  0°,  or  zero,  and  the  boiling  point 
100° ;  the  distance  between  the  freezing  and  boiling  points 
is  divided  into  100  equal  parts;  these  equal  divisions  are 
carried  as  far  below  the  freezing  point  and  above  the  boiling 
point  as  desired.  The  reason  that  Fahrenheit  placed  the 
zero  point  on  his  thermometer  32°  below  freezing  Avas  because 
that  was  the  lowest  temperature  he  could  obtain,  and  he 
supposed  that  it  was  impossible  to  obtain  a  lower  one. 
Where  there  is  any  doubt  as  to  the  thermometer  used,  the 
first  letter  of  the  name  is  placed  after  the  degree  of  temper- 
ature. For  example,  183°  F.  means  183°  above  zero  on  the 
Fahrenheit  instrument;  183°  C.  would  mean  183°  above  zero 
on  the  Centigrade  instrument. 

1097.  In  Russia  and  a  few  other  countries  another  in- 
strument is  used,  called  the  Reaumur  ;  the  freezing  point 
is  marked  0°,  or  zero,  and  the  boiling  point  80°,  the  space 
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between  these  two  points  being  divided  into  80  equal  parts; 
183°  R.  would  mean  183°  on  the  Reaumur  thermometer. 

1098.  Of  these  three  thermometers,  the  Centigrade  is 
used  the  most;  but,  since  the  Fahrenheit  instrument  is  the 
one  in  general  use  in  this  country,  all  temperatures  given 
here  will  be  understood  to  be  in  Fahrenheit  degrees, 
unless  otherwise  stated.  In  order  to  distinguish  the  tem- 
peratures below  the  zero  point  from  those  above,  the  sign  of 
subtraction  is  placed  before  the  figures,  indicating  the  num- 
ber of  degrees  below  zero.  Thus,  —  18°  C.  would  mean 
that  the  temperature  was  18°  below  the  zero  point  on  the 
Centigrade  thermometer;  —  25.4°  F.  would  mean  25.4° 
below  zero  on  the  Fahrenheit  thermometer.  As  was  stated 
in  Art.  1O50,  the  point  of  absolute  zero,  or  —  4G0°  F., 
is  the  point  at  which  all  vibratory  motion  of  -the  molecules 
ceases.  It  is  supposed  that,  at  this  temperature,  and  under 
a  heavy  pressure  so  as  to  bring  the  molecules  close  enough 
together,  even  hydrogen  would  be  solidified.  The  absolute 
zero  on  the  Centigrade  scale  is  —  273^°  C. 

1099.  The  absolute  temperature  is  the  teinpera- 
ture  measured  above  the  point  of  absolute  zero.  Hence,  on 
the  Fahrenheit  scale,  the  absolute  temperature  T  is  460°  +  t° 
when  /  =  the  ordinary  temperature,  and  is  above  zero.  If 
t°  is  below  zero,  its  value  is  negative,  and  the  absolute  tem- 
perature ris  460°  +  (-  /°)  =  400°  -  /°. 

Throughout  the  remainder  of  this  volume,  where  temper- 
atures are  mentioned,  /  will  denote  the  ordinary  temperature 
indicated  by  the  thermometer,  and  T  the  absolute  tem- 
perature. 

Example. — ^What  are  the  absolute  temperatures  of  212°,  32°,  and 
—  39.2"? 

Solution. — Since  no  scale  is  specified,  the  Fahrenheit  is  the  one 
intended  to  be  used. 

460°  +  212'  =T-  672°.  Ans. 
460°  +  32°  =:  r=  492°.  Ans. 
460°-  39.2°  =  T=  420.8°.     Ans. 
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1100.  The  absolute  temperature  on  the  Centigrade 
scale  is  r=  273,^-°  +  t°  when  /°  is  above  zero,  or  r=  273^° 
—  f  when  /"  is  below  zero. 

Example. — What  are  the  absolute  temperatures  corresponding  to 
100°,  4°.  and  -40'  C? 

Solution.— 273r  +  100°  =  T=  373^°  C. 
273^°+  4°=  7^=277^°  C. 
273i°  -    40°  =  r=  233i°  C. 

1101.  It  is  frequently  necessary  to  change  from  one 
scale  to  the  other.  For  example,  what  would  80°  C.  be  on 
the  Fahrenheit  scale? 

Since  the  number  of  degrees  between  the  freezing  point 
and  boiling  point  on  the  Centigrade  scale  is  100,  and  on  the 
Fahrenheit  180,  it  is  evident  that  if  /^=  the  number  of 
degrees  Fahrenheit,  and  C  =  the  number  of  degrees  Centi- 
grade, that 

F\  C:::180  :  100,  ox  F=\%%  C=\C. 
Also,  C=\^F=%  F.     Therefore, 

1102.  To  change  Centigrade  temperatures  into  their 
corresponding  Fahrenheit  values: 

Rule. — Multiply  the  temperature  Centigrade  by  -f,  and 
add  32'^;  the  result  will  be  the  temperature  Fahrenheit. 

1103.  To  change  Fahrenheit  temperatures  into  their 
corresponding  Centigrade  values: 

Rule. — Subtract  32°  from  the  temperature  Fahrenheit^ 
and  viultiply  by  f,  and  the  result  will  be  the  temperature 
Centigrade. 

1104.  Expressing  these  two  rules  by  means  of  formu- 
las, let  4  =  temperature  Centigrade,  and  tf  =  temperature 
Fahrenheit.     Then, 

^/  =  |4+32°,  (65.) 

and /,  =  (/^  -  32°)  |.  (66.) 

Example.— Change  («)  100°  C,  {lA  4°  C,  and  {c)  —40°  C.  into  Fahren- 
heit temperatures. 

Solution.— (rt)  />  =  ^  /<,  +  32  =  f  x  100  +  32  =  212°  F.     Ans. 
(J))  //  =  I  X  4  +  32  =  89. 2°  F.     Ans. 
{c)  //  =  I  X  -40  +  32  =  -40°  F.     Ans. 
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Example.— Change  (a)  GO"  K,  {l>)  32°  K.  and  (c)  -20°  K  into  their 
corresponding  Centigrade  temperatures. 

Solution.— (rt)  /,-  =(//  -  32)  f  =  (60  -  32)  |  =  15|°  C.     Ans. 

(d)  /c  =(32  -  32)  f  =  0=  C.     Ans. 

(f)  /o  =(-20  -  32)  f  =  -28f  C.     Ans. 

1 105.  Since  mercury  freezes  at  —37.84°  F.  (this  corre- 
sponds  to  —38.8°  C),  some  other  means  must  be  had  to 
obtain  temperatures  below  this  point.  For  this  purpose 
alcohol  is  used  in  place  of  mercury.  This  liquid  has  never 
been  frozen  until  very  recently,  and  then  only  at  an  ex- 
tremely low  temperature.  Since  alcohol  vaporizes  at  173° 
F.,  the  boiling  point  of  water  cannot  be  marked  on  the 
alcohol  thermometer  by  heating  it  to  that  point.  The  freez- 
ing point  is  determined  as  for  mercury.  An  alcohol  and  a 
mercurial  thermometer  are  placed  in  a  vessel  containing  hot 
water  or  other  liquid,  and  the  point  to  which  the  alcohol 
column  rises  is  marked.  Suppose  that  the  point  to  which 
the  mercury  column  rises  is  marked  132°,  then  the  distance 
between  the  point  marked  and  the  freezing  point  would  be 
divided  into  132  —  32  =  100  equal  parts,  and  each  one  of 
these  parts  would  correspond  to  one  degree  on  the  mercurial 
thermometer.  These  equal  divisions  are  then  carried  below 
the  zero  point  as  far  as  it  is  desired. 

1106.  There  are  many  other  kinds  of  thermometers, 
some  of  which  depend  upon  the  expansion  and  contraction 
of  different  metals  and  gases  when  heated  and  cooled.  For 
temperatures  above  662°  F.,  the  point  at  which  mercury 
vaporizes,  other  means  are  employed  to  obtain  the  temper- 
atures. 

EXPAXSIOX    OF   BODIES. 

1107.  The  volume  of  anybody,  solid,  liquid,  or  gas- 
eous, is  always  changed  if  the  temperature  is  changed ;  near- 
ly all  of  them  expand  when  heated,  and  contract  when 
cooled.  In  solids,  which  have  definite  figures,  the  expansion 
may  be  considered  in  three  ways,  according  to  the  con- 
ditions :    1st. — The  expansion  in  one  direction,  as  the  elonga- 
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tion  of  an  iron  bar;  this  is  called  linear  expansion. 
2d. — Surface  expansion,  where  the  area  is  increased. 
3d. — Cubical  expansion,  where  the  increase  in  the  whole 
volume  is  considered. 


1 108.  In  Fig.  215  is  shown  an  apparatus  for  exhibiting 
the  linear  expansion  of  a  solid  body.  A  metal  rod  A  is  fixed 
at  one   end   by   a  screw  B,    the    other  end   passing  freely 


Fig.  215. 

through  the  eye  C,  held  in  the  post,  and  pressing  against  the 
short  arm  of  the  indicator  F.  The  rod  is  heated  as  shown, 
and  its  elongation  causes  the  indicator  to  move  along  the 
arc  D  E. 

1109.  An  illustration  of  surface  expansion  is  afforded 
nearly  every  day  in  machine  shops,  particularly  in  locomo- 
tive shops,  where  piston  rods,  crank-pins,  etc.,  are  "shrunk 
in  "  and  tires  shrunk  on  their  centers.  In  shrinking  on  a 
tire,  it  is  bored  a  little  smaller  than  the  wheel  center.  The 
tire  is  then  heated  until  the  area  of  its  circumference  is 
expanded  enough  to  allow  it  to  slide  over  the  wheel  center. 
It  is  then  cooled  with  cold  water,  Avhen  it  contracts,  tending 
to  regain  its  original  area,  but  is  prevented  by  reason  of  the 
wheel  center  being  a  trifle  larger.  This  causes  the  tire  to 
hug  the  center  with  immense  force  and  prevents  it  from 
coming  off. 


1 1  lO.     Cubic  expansion  may  be  illustrated  by  means  of 

This  consists  of  a  brass  ball  a.  Fig. 


a  Gravesandes'  ring. 
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216,  which  at  ordinary  temperatures  passes  freely  through 
the  ring  w,  of  very  nearly  the  same  diameter.     When  the 


Fig.  216. 
ball  is  heated,  it  expands  so  much  that  it  will  no  longer  pass 
through  the  ring. 

1111.  The  expansion  of  liquids  is  clearly  shown  in  the 
mercurial  and  alcohol  thermometers.  The  expansion  of 
gases  was  treated  on  to  some  extent  in  pneumatics. 


COEFFICIENT    OF    EXPANSION. 

1112.  Suppose  that  the  temperature  of  the  metal  rod, 
shown  in  Fig.  215,  was  32°  F.  before  heating,  and  exactly  10 
feet  long;  that  after  the  temperature  had  been  raised  1'',  or 
to  33°,  the  bar  was  10  ft.  +  T^orii^-  ^o^^g-  The  linear  expan- 
sion would  then  be  (10  ft.  +  yyVo"  i^^-)  "~  10  ^^-  =  i  io  o  ^^-i 
and  the  ratio  between  this  expansion  and  the  original  length 
of  the  bar  would  be 

y^i^:  10X12,  or  ^gooxiso:  1,  or  .00000G944  : 1. 

For  every  increase  of  temperature  of  1°  this  rod  would 
elongate  .00000G941  of  its  length.  This  number  .000006914, 
Avhich  equals  the  expansion  of  the  rod  for  one  degree  rise  of 
temperature  divided  by  the  original  length,  is  called  the 
coefficient  of  linear  expansion.  Had  the  tempera- 
ture of  the  rod  been  increased  100°  instead  of  1°,  the  amount 
of  elongation  would  have  been  .000006944  X  100  =  .0006944, 
of  its  length,  or  .0006944  X  120  =  .083328",  or  ^V'.  Table 
19   contains  the   coefficients  of  expansion  for  a  number  of 
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solids,  mercury,  and  alcohol,  and  the  average  cubical  expan- 
sion of  gases.  No  liquids  are  given  except  mercury  and 
alcohol,  for  the  reason  that  the  coefficient  of  expansion  for 
liquids  is  different  for  different  temperatures. 

TABLE   19. 


Name  of  Substance. 

Linear 
Expansion. 

Surface 
Expansion. 

Cubic 
Expansion. 

Cast  Iron 

.00000617 
.00000955 
.00001037 
.O000OG90 
.00000G8G 
. 00000599 
.00000702 
.00001G34 
.00001410 
. 00003334 
.00019259 

.00001234 
.00001910 
.00002074 
.00001390 
.00001372 
.00001198 
.00001404 
.000032G8 
.00002820 
.0000GGG8 
.00038518 

.00001850 

Copper 

Brass 

.00002 8 G4 
.00003112 

Silver 

.00002070 

Bar  Iron 

.00002058 

Steel  (untempered). .  .  . 

Steel  (tempered) 

Zinc 

.00001798 
.00002106 
.00004903 

Tin 

.00004229 

Mercury 

Alcohol 

.00010010 
.00057778 

Gases 

.00203252 

1113.     Let  L  =  length  of  any  body ; 

/  =  amount  of  expansion  or  contraction  due 

to  heating  or  cooling  the  body ; 
A  =  area  of  any  section  of  the  body; 
a  =  increase  or  decrease  of  area  of  the  same 

section  after  heating  or  cooling  the  body ; 
V=  volume  of  the  |3ody; 
V  =  increase  or  decrease  in  volume  .due  to 

heating  or  cooling  the  body; 
C^=  coefficient   of     expansion    taken    from 

column  1,  Table  19; 
C^=  coefficient      taken      from     column     2, 

Table  19; 
C^=  coefficient      taken       from     column     3, 

Table  19; 
/  =  difference    in    degrees   of   temperature 
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between  the  original  temperature  and 
the  temperature  of  the    body    after  it 
has  been  heated  or  cooled. 
Then,  /=Z  (f, /.  (67.) 

a  =  A  C,  t.  (68.) 

V  =  V  C,  t.  (69.) 

Example. — How  much  will  a  bar  of  untempered  steel,  14  ft.  long, 
expand  if  its  temperature  is  raised  80°  ? 

Solution. — Since  only  one  dimension  is  given,  that  of  length,  linear 
expansion  only  can  be  considered.  From  Table  19  the  coefficient  of 
linear  expansion  per  unit  of  length  for  a  rise  in  temperature  of  1°  is 
found  to  be  .00000599  for  untempered  steel.  Hence,  using  formula 
67,  /=ZC/,  and  substituting  14  X -00000599  X  80  =  .0067088  ft.,  or 
.0067088  X  13  =  .0805056  in. 

This  seems  to  be  a  very  small  amount,  but  in  engineering 
constructions,  where  long  pieces  are  rigidly  connected,  it 
must  be  taken  into  account.  If  the  cross-Section  of  the 
above  bar  were  2  in.  square,  and  the  bar  was  fitted  tightly 
between  two  supports,  an  expansion  of  the  above  amount 
would  exert  a  pressure  against  the  supports  of  about  58,000 
pounds. 

Suppose  that  an  iron  rod  1^  inches  in  diameter  and  100 
feet  long  was  used  as  a  tie-rod  in  constructing  a  bridge'; 
that  it  was  put  in  place  and  securely  fastened  to  two  rigid 
supports  during  a  Avarm  day  in  summer  when  the  tempera- 
ture in  the  sunlight  was,  say,  110".  On  a  cold  day  in  win- 
ter, when  the  thermometer  registered  zero,  the  amount  that 
the  bar  would  tend  to  shorten,  owing  to  this  change  in  tem- 
perature, would  be,  substituting  these  values  in  formula  67, 

.00000686  X  100  X  110  =  .07546  ft.  =  .90552  in. 
If  this  rod  were  rigidly  secured,  so  that  it  could  neither 
stretch  nor  shorten,  it  would  then  exert  a  pull  on  the  sup- 
ports of  about  33,400  pounds. 

Example. — The  wheel  center  of  a  locomotive  driver  is  turned  to 
exactly  50"  in  diameter.  If  the  steel  tire  be  bored  49.94"  in  diameter, 
to  what  temperature  must  the  tire  be  raised  in  order  that  it  may  be 
easily  shoved  over  the  center  ?  Assume  that  the  diameter  of  the  tire 
is  expanded  to  y^Vrr  ^f  an  inch  larger  than  the  center,  and  that  the 
original  temperature  is  60°. 
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Solution. — For  this  case  formula  68  may  be  used.     The  original 

diameter  of  the  tire  is  49.94  in.,  and  it  is  to  be  increased  to  50.001". 

The   area  of  a  circle  49.94"  in  diameter  is  1, 958. 79  sq.  in.;  area  of 

a  circle  50.001"  in  diameter  is  1,963.58  sq.  in.     The  difference  between 

them  is  1,963.58  —  1,958.79  =  4.79  sq.  in.  =  a  in  formula  68.     Hence, 

since   Cj  =  .00001198,   and  y^  =  1,958.79,  substitute  these  values  in  a 

=  ACaf,   and  4.79  =  1,958.79  X  .00001198  X  /  =  .023466  /.     Therefore, 

4  79 
/  =    ^^^3^^.^.  =  204.125°,  and  204.125'  +  CO''  =  264.125\     Ans. 

Note. — Owing  to  the  form  of  the  equation  here  denoted  by  formula 
68,  and  to  the  manner  in  which  the  coefficients  C2  were  determined, 
this  example  may  be  more  easily  solved  by  means  of  formula  67. 
Thus,  regard  the  diameter  as  a  linear  dimension  and  apply  formula 
67.  Increase  in  diameter  =  1  =  50.001  —  49.94  =  .061".  L  =  49.94 
and  G  =  .00000599.     Substituting  .061  =  49.94  X  .00000599  X  A   or  /  = 

49.94  x''o0000599  =  ^O^'^^''  ^"^  '''''"  +  '''  =  ''''''•     ^"^- 

The  slight  difference  in  the  two  results  is  immaterial,  and  was  to 
have  been  expected. 

ExA.MPLE. — What  is  the  decrease  in  volume  of  a  copper  cylinder  30" 
long  and  22"  in  diameter  if  cooled  from  212°  to  0°,  the  measurement 
being  taken  at  a  temperature  of  70'  ? 

Solution. — 212°  —  70°  =  142°  =  the  increase  in  temperature  above 
70°.     Use  formula  69,  z/  =  VCsi. 

r=  222  X  ,7854  X  30  =  11,404  cu.  in. 

V  =  11,404  X  .00002864  X  142  =  46.38  cu.  in. 

11,404  +  46.38  =  11,450.38  cu.  in.  =  the  volume  at  212°. 

70°  —  0°  =  70°  —  the  difference  in  temperature. 

V  =  11,404  X  .00002864  X  70  =  22.86  cu.  in.,  nearly. 

46.38  +  22.86  =  69.24  cu.  in.     Ans. 

The  bars  of  a  furnace  must  not  be  fitted  tightly  at  their 
extremities,  but  must  be  free  at  one  end;  otherwise,  in  ex- 
panding they  would  split  the  masonry. 

In  laying  the  rails  on  railways,  a  small  space  is  left  between 
the  successive  rails;  for,  if  they  touched,  the  force  of  ex- 
pansion would  cause  them  to  curve  or  to  break  the  chairs. 
Water-pipes  are  fitted  to  one  another  by  means  of  telescope 
joints,  Avhich  allow  room  for  expansion ;  so,  also,  are  steam 
pipes,  by  means  of  the  so-called  expansion  joints.  If  a  glass 
vessel  is  heated  or  cooled  too  rapidly,  it  cracks,  especially  if 
it  is  thick;  the  reason  for  this  is  that,  since  glass  is  a  poor 
conductor  of  heat,  the  sides  become  unequally  heated,  and, 
consequently,  imequally  expanded,  which  causes  a  fracture. 
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1114.  It  will  be  found,  upon  trial,  that  the  three  preced- 
ing formulas  will  not  work  back;  i.  e.,  if  the  length  of  a 
bar,  after  it  has  been  heated,  be  found  by  formula  67,  and 
an  attempt  be  made  to  reduce  the  bar  to  its  original  length 
by  again  applying  formula  67,  and  substituting  for  t  the  same 
value  as  in  the  first  case,  the  value  obtained  for  /  will  be 
slightly  different  in  the  two  cases.  The  difference,  however, 
is  so  slight  that  it  is  neglected  in  practice.  If,  however,  the 
student  desires  to  obtain  exactly  the  same  result  in  both 
cases,  he  must  use  the  following  more  cumbersome  formula, 
in  which  ^',,  /„,  /,,  /„,  arc,  respectively,  the  original  and  final 
temperatures,  the  original  and  final  lengths,  and  C^  has  the 
same  value  as  in  formula  (37  : 

^"Ll  +  6;   (^-32)J'--  ^^^-^ 

This  formula  is  always  used  when  calculating  the  expan- 
sion of  gases  by  substituting  V^ ,  V„,  and  -— —  for  / ,  /    and 

C^ ,  respectively.  The  results  obtained  will  be  exactly  the 
same  as  those  obtained  by  formula  58,  Art.  1054.  For, 
substituting  the  values  as  directed,  the  formula  becomes 

492  ^-  /   -  :32 


V. 


492 


492 


X  F. 


492 
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1115.  Although,  as  stated  before,  solids  and  liquids 
expand  very  nearly  uniformly  throughout  all  ranges  of 
temperature,  water  is  a  marked  exception  to  the  general 
rule.  If  water  is  cooled  down  from  its  boiling  point,  it  con- 
tinually contracts  until  it  reaches  39.2°  F.,  when  it  begins 
to  expand,  until  it  freezes  at  32°  F.  On  the  other  hand,  if 
water  at  32°  F.  is  heated,  it  contracts  until  it  reaches  39.3° 
F.,  when  it  commences  to  expand.  Therefore,  the  density 
of  water  is  greatest  where  this  change  occurs.  The  im- 
portance of  this  exception  is  seen  in  the  fact  that  ice  forms 

M.  E.    I.— 31 
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on  the  surface  of  water,  since  it  is  lighter  than  the  warmer 
body  of  water  lying  at  varying  depths  below  it.  Were  it 
not  for  this  fact,  all  the  large  bodies  of  water  would  freeze 
solid,  and  would  so  affect  the  climate  of  the  earth  that  it 
would  be  uninhabitable.  The  coefficient  of  expansion  of 
water  is  such  a  very  changeable  quantity  (varying  with  the 
temperature)  that  a  special  table  is  necessary. 

1116.  The  effect  of  heat  upon  the  expansion  of  gases 
was  treated  of  in  Arts.  1056,etc.,  and  will  not  be  repeated 
here.  It  should  be  stated,  however,  that  the  constant 
.37052,  used  in  formulas  60  and  61,  Arts.  1056  and 
1057,  has  that  value  only  for  air.  For  other  gases  it 
varies.  If  the  value  of  this  constant  for  any  gas  be  repre- 
sented by  R^  formula  61,  Art.  1057,  becomes 
pV=RWT.  (71.) 

The  value  of  R  for  several  gases  is  given  in  Table  20. 

TABLE   20. 


Gas. 


Air 

Oxygen.  . 
Nitrogen  . 
Hydrogen 


Volume  of 
One  Pound 

at 
.32"  F.  and  a 
Pension  of  1 
Atmosphere 

(14.7  lb. 
per  sq.  in.). 


12.388 
11.2050 
12.7226 
178.891 


Weight  of 
One  Cu.  Ft. 

at 

32'  F.  and  a 
Tension  of  1 
Atmosphere 

(14.7  lb. 
per  sq.  in.). 


.08073  1b. 
.08925  1b. 
.0786  lb. 
.00559  1b. 


R. 


.37052 

.33552 

.38143 

5.3494G 


Example. — What  is  the  volume  of  3  ounces  of  hydrogen  gas  having 
a  tension  of  20  pounds  per  square  inch  and  a  temperature  of  80°  ? 

Solution. — 3  ounces  =  -^^  of  a  pound.    Since  t  =  80°,  T—  460  +  80  = 
540°.    7?  =  5. 34946  from  Table  30.      Hence,  by  formula  71,  ;!>  K=i^  ?i^7; 

or    20  K  =  5. 34946  XtjX  540  =  541. 6328,    and     F='^^J=^  =  27.08164 

cu.  ft. ;  say,  27.082  cu.  ft.     Ans. 


20 
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Example. — Whatisthe  weight  of  10  cu.  ft.  of  oxygen  having  a  tension 
of  one  atmosphere  and  a  temperature  of  60"  ? 

Solution.— By  formula  71,/   V-J?  [FT,  or  10  X  14.7  =  .33552  X 
IV  X  520.     Hence,  147  =  174.4704  IV, 

and  IV  =  ,,f^'l^.  =  .84255  lb.     Ans. 
1^4.4704 

In   Table   19   the  coefficient  of  expansion  for  gases    was 

given  as  .00203252;  this  is  the  fraction  -^  reduced   to  a 

decimal.     This  value  of  the  coefficient  of  expansion  is  very 

nearly  the  same  for  all  gases,  particularly  so  for  those  which 

are  very  difficult  to  liquefy. 


EXAMPLES   FOR  PRACTICE. 

1.  What  are  the  absolute  temperatures  corresponding  to  (a)  120°  R., 
(i)  120°  C,  and  (c)  120°  F.  ?  (  (a)  838f°  R. 

Ans.  \   {b)  393^°  C. 
•     (  {c)   580"  F. 

2.  Change  —  10'  R.  to  the  corresponding  Fahrenheit  and  Centigrade 
readings.  Ans.  9^°  F. ;  -  12^°  C. 

3.  {a)  How  much  will  an  iron  tie-rod  GO  ft.  long  expand  when  the 
temperature  is  raised  from  40°  to  110°  ?  {b)  Calculate,  also,  by  formula 
70.     ic)  What  is  the  difference  of  the  two  results  ?  (  (a)  .345744". 

Ans.    \  (b)  .345725'. 
(  {c)  .000019"-. 

4.  To  what  temperature  must  a  steel  tire  of  59.93"  internal  diameter 
be  raised  in  order  that  its  diameter  may  be  60.0015"  ?  Original  tem- 
perature =  71°.  Ans.  270°. 

5.  What  is  the  volume  of  .68  lb.  of  nitrogen  gas  having  a  tension  of 
20  lb.  per  sq.  in.  and  a  temperature  of  345°  ?  Ans.  10.44  cu.  ft. 


HEAT    PROPAGATION. 

1117.  Heat  is  propagated  through  matter  and  space 
in  three  different  ways — by  conduction,  by  convection,  and  by 
radiation. 

1118.  Conduction  is  the  slow  progress  of  the  vibra- 
tory motion  from  places  of  higher  to  places  of  lower  tempera- 
ture in  the  same  body.  The  rate  at  which  heat  is  conducted 
varies  greatly  with  different  substances,  the  good  conductors 
being  those  in  which  conduction  is  most  rapid,  and  the  bad 
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conductors  being  those  in  which  it  is  very  slow.  The  metals 
furnish  the  best  conductors,  and  of  these,  silver  stands  first, 
and  copper  second.  The  fluids,  both  liquid  and  gaseous, 
are  very  poor  conductors  of  heat.  Water,  for  example,  can 
be  made  to  boil  at  the  top  of  a  vessel  while  a  cake  of  ice  is 
fastened  within  a  few  inches  of  the  surface.  If  thermom- 
eters are  placed  at  diflEerent  depths,  while  water  boils  at  the 
top,  it  is  found  that  the  conduction  of  heat  downwards  is 
very  slight. 

1119.  Representing  the  .conductivity  of  silver  by  100, 
the  following  table  shows  the  conducting  power  of  a  number 
of  the  metals: 

Silver 100.0      Iron 11.9 

Copper 73.0       Steel 11.6 

Gold 53. 2      Lead 8. 5 

Brass 23. 1       Platinum 8. 4 

Zinc 19.0      Rose's  Alloy 2.8 

Tin 14.5      Bismuth 1.8 

Organic  substances  conduct  heat  poorly.  This  enables 
trees  to  withstand  great  and  sudden  changes  in  the  atmos- 
phere without  injury.  The  bark  is  a  poorer  conductor  than 
the  wood  beneath  it.  Cotton,  wool,  straw,  bran,  etc.,  are 
all  poor  conductors.  Rocks  and  earth  are  poorer  conductors 
as  the  less  dense  and  homogeneous  is  the  mass;  hence,  the 
length  of  time  required  for  the  sun's  rays  to'  penetrate  the 
earth.  The  mean  highest  temperature  of  the  air  near  the 
ground  in  Central  Europe  is  in  the  month  of  July,  but  at  a 
depth  of  from  25  to  28  feet  in  the  earth  it  is  in  the  month  of 
December. 

1120.  Convection  is  the  transfer  of  heat 'by  the 
motion  of  the  heated  matter  itself.  It  can,  therefore,  take 
place  only  in  fluids  and  gases.  For  example,  as  heat  is 
applied  to  the  bottom  and  sides  of  a  vessel  of  water,  the 
densities  of  the  heated  particles  decrease,  and  they  are 
crowded  up  by  the  heavier  ones  which  take  their  places. 
There  is  thus  a  constant  circulation  going  on,  which  tends 
to  equalize  the  temperature  of  the  whole  by  bringing  the 
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hot  portions  in  contact   with   the  colder,   and  also  greatly 
facilitates  the  conduction  of  heat  among  the  molecules. 

1121.  Kadiatioii  of  lieat  is  the  communication  of 
heat  from  a  hot  body  to  a  colder  one,  across  an  intervening 
space  between  them.  The  best  example  of  radiant  heat  is 
that  received  from  the  sun,  the  intervening  space  in  this 
case  being  93,000,000  miles.  A  person  standing  in  front  of 
a  fire,  but  at  some  distance  from  it,  feels  a  sensation  of 
warmth  which  is  not  due  to  the  temperature  of  the  air,  for, 
if  a  screen  be  interposed  between  him  and  the  fire,  the  sen- 
sation immediately  ceases,  which  would  not  be  the  case  if 
the  surrounding  air  had  a  high  temperature.  Hence,  bodies 
can  send  out  rays  which  excite  heat  and  which  penetrate  the 
air  without  heating  it.  This,  of  course,  is  radiant  lieat, 
and  takes  place  in  all  directions  around  the  body. 

1122.  The  intensity  of  heat  radiation  from  a 
given  source 

1.  —  Varies  as  the  temperature  of  the  source. 

2.  —  Varies  inversely  as  the  square  of  the 
distance  from  the  source  ;  and, 

3. — Grows  less  as  the  inclination  of  the 
rays  to  t  lie  given  radiant  surface  groivs  less. 

The  truth  of  all  these  laws  has  been  es- 
tablished by  careful  experiment,  and  the 
second  is  still  further  verified  by  math- 
ematical calculations. 


1 1 23.  Radiant  heat  is  transmitted  in 
a  vacutim  as  ivell  as  in  air.  This  is  demon- 
strated by  the  following  experiment: 

In  the  top  of  a  glass  flask  a  thermometer 
is  fixed  in  such  a  manner  that  its  bulb 
occupies  the  center  of  the  flask.  See  Fig. 
217.  The  neck  of  the  flask  is  carefully 
narrowed  by  means  of  the  blowpipe ;  the 
flask    is    then    attached   to  an  air    pump. 


Fig.  sir. 


and    a    vacuum    produced    in    the     interior.      This    being 
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accomplished,  the  tube  is  sealed  at  the  narrow  part.  On 
immersing  in  hot  water,  or  on  bringing  the  flask  near  some 
hot  charcoal,  the  mercury  is  seen  to  rise  at  once.  It  can 
rise  only  by  reason  of  the  radiation  through  the  vacuum  in 
the  interior,  for  glass  is  such  a  poor  conductor  that  the  heat 
could  not  travel  with  sufficient  rapidity  through  the  sides 
of  the  flask  and  the  stem  of  the  thermometer  to  cause  this 
almost  instantaneous  rise. 

1124.  The  radiating  power  of  lieated    surfaces 

also  depends  very  greatly  upon  the  form,  shape,  and.  the 
material  of  which  they  are  composed.  If  a  cubical  vessel, 
filled  with  hot  water,  has  one  of  its  vertical  sides  coated  with 
polished  silver,  another  with  tarnished  lead,  a  third  with 
mica,  and  the  fourth  with  lampblack,  experiment  has 
shown  that  the  radiating  power  will  be  respectively  about  in 
the  ratio  of  2.5:45:80:100,  or  that  bright  surfaces  radiate 
less  heat  than  dark  ones  having  the  same  temperature. 

In  the  same  way  it  is  found  that  the  heat-absorbing  power  of 
bodies  varies  in  a  similar  manner.  Lampblack  reflects  few  of 
the  heat  rays  which  impinge  upon  it;  nearly  all  are  absorbed, 
while,  on  the  other  hand,  jjolished  silver  reflects  the  greater 
part  of  the  radiations,  and  absorbs  only  about  2  J-  per  cent. 

Some  substances  neither  absorb  nor  reflect  the  heat  rays 
to  any  extent,  but  transmit  nearly  all  of  them  just  as  glass 
transmits  light.  For  example,  rock  salt  reflects  less  than  8 
per  cent,  of  the  radiation  it  receives,  absorbs  almost  none, 
and  transmits  92  per  cent. 

1 1 25.  It  will  now  be  seen  that  there  is  a  system  of 
exchange  going  on  between  heated  b6dies  at  all  times, 
which  tends  to  an  equalization  of  temperature.  The  hot 
bodies  are  always  cooling,  and  the  cold  bodies  are  always 
tending  towards  a  rise  in  temperature,  so  that  heat  is 
created  only  to  be  diffused  and  apparently  lost.  That  it  is 
7iot  lost,  however,  will  be  shown  in  the  subsequent  pages. 

1 1 26.  Dynamical  Tlieory  of  Heat. — Before  going 
any  farther,  it  will  be  convenient  to  explain  here  the  view  now 
generally  taken  as  to  the  mode  in  which  heat  is  propagated. 
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On  this  subject,  it  is  stated  in  Ganot's  Physics  :  "A 
hot  body  is  one  whose  molecules  are  in  a  state  of  vibration. 
The  higher  the  temperature  of  a  body,  the  more  rapid  arc 
these  vibrations,  and  a  diminution  in  temperature  is  but  a 
diminished  rapidity  of  the  vibrations  of  the  molecules.  The 
propagation  of  heat  through  a  bar  is  due  to  a  gradual  com- 
munication of  this  vibratory  motion  from  the  heated  part 
to  the  rest  of  the  bar.  A  good  conductor  is  one  which 
readily  takes  up  and  transmits  the  vibratory  motion  from 
molecule  to  molecule,  while  a  bad  conductor  is  one  which 
takes  up  and  transmits  the  motion  with  difficulty.  But, 
even  through  the  best  of  the  conductors,  the  propagation  of 
this  motion  is  comparatively  slow.  How,  then,  can  be  ex- 
plained the  instantaneous  perception  of  heat  when  a  screen 
is  removed  from  a  fire,  or  when  a  cloud  drifts  from  the  face 
of  the  sun  ?  In  this  case,  the  heat  passes  from  one  body  to 
another  without  affecting  the  temperature  of  the  medium 
which  transmits  it.  In  order  to  explain  these  phenomena, 
it  is  imagined  that  all  space,  the  space  between  the  planets 
and  the  stars,  as  well  as  the  interstices  in  the  hardest  crys- 
tal and  the  heaviest  metal — in  short,  matter  of  any  kind — 
is  permeated  by  a  medium  having  the  properties  of  matter 
of  infinite  tenuity,  called  ether.  The  molecules  of  a  heated 
body,  being  in  a  state  of  intensely  rapid  vibration,  communi- 
cate their  motion  to  the  ether  around  them,  throwing  it 
into  a  system  of  waves  which  travel  through  space  and  pass 
from  one  body  to  another  with  the  velocity  of  light.  When 
the  undulations  of  the  ether  reach  a  given  body,  the  motion 
is  given  up  to  the  molecules  of  that  body,  which,  in  their 
turn,  begin  to  vibrate;  that  is,  the  body  becomes  heated. 
This  process  of  this  motion  through  the  ether  is  termed 
radiation,  and  what  is  called  a  ray  of  heat  is  merely  one 
series  of  waves  moving  in  a  given  direction." 


HEAT    MEASUREMENT. 
1127.     The  Unit  of  Heat.— There  are  three  units  in 
use  for  measuring  the  quantity  of  heat  given  up  or  absorbed 
by  a  body  when  heated  or  cooled. 
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1  1  2S.  Tlic  Hritisli  Tlicrmal  Unit. —  TJic  amount 
of  Jicat  necessary  to  raise  one  pound  of  icater  one  degree 
Fahrenheit  is  called  a  British  ttiermal  unit.  Instead  of 
writing  out  the  words  British  thermal  unit  in  full,  it 
is  customary  to  abbreviate  them  to  B.  T.  U.  Thus, 
7  pounds  of  water  raised  15°  F.  would  equal  7  X  15  = 
1U5  B.  T.  U.  The  unit  of  heat  used  here  will  be  the 
B.  T.  U. 

1129.  The  Thermal  Unit. —  The  amount  of  heat 
necessary  to  raise  one  pound  of  zvater  1°  C.  is  called  a  ther- 
mal unit.  Since  1°  C.  =  -§■  X  1°  F.,  it  follows  that  the  ther- 
mal unit  is  I"  times  as  large  as  a  B.  T.  U.  Hence,  to  change 
B.  T.  U.  into  thermal  units,  multiply  the  number  of  B.  T.  U. 
by  |.  To  change  thermal  units  into  B.  T.  U.,  multiply  the 
number  of  thermal  units  by  -|. 

The  thermal  unit  is  used  by  American  -and  British 
scientific  writers,  as  being  better  adapted  to  their  cal- 
culations. 

1 130.  The  Calorie. —  The  amoimt  of  heat  necessary  to 
raise  one  kilogram  of  water  1°  C.  is  called  a  calorie.  One 
kilogram  =  2.2  pounds  and  1°  C.  = -|  X  1°  F. ;  hence,  a 
calorie  =  2.2  X  I  =  3. 90  B.  T.  U.  The  calorie  is  used  in 
France  and  in  other  countries  using  the  metric  system  of 
weights  and  measures. 

SPECIFIC    HEAT. 

1131.  When  equal  weights  of  two  dilTerent  substances, 
having  the  same  temperature,  are  placed  in  similar  vessels 
and  subjected  for  the  same  length  of  time  to  the  heat- of  the 
same  lamp,  or  are  placed  at  the  same  distance  in  front  of 
the  same  fire,  it  is  found  that  their  final  temperature  will 
differ  considerably;  thus,  mercury  will  be  much  hotter  than 
water  But  as,  from  the  conditions  of  the  experiment,  they 
have  each  been  receiving  the  same  amount  of  heat,  it  is 
clear  that  the  quantity  of  heat  which  is  sufficient  to  raise 
the  temperature  of    mercury  through  a  certain  number  ol 
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degrees  will  raise  the  same  weight  of  water  through  a  less 
number  of  degrees;  in  other  words,  it  requires  more  heat  to 
raise  a  certain  weight  of  water  one  degree  than  it  does  to 
raise  the  same  weight  of  mercury  one  degree.  Conversely, 
if  the  same  quantities  of  water  and  of  mercury  at  200°  be 
allowed  to  cool  down  to  the  temperature  of  the  room,  the 
water  will  require  a  much  longer  time  for  the  purpose 
than  the  mercury;  hence,  in  cooling  through  the  same 
number  of  degrees,  water  gives  up  more  heat  than  does 
mercury. 

1132.  T]ie  number  of  B.  T.  U.,  or  parts  of  a  B.  T.  U., 
required  to  raise  the  temperature  of  one  pound  of  any  sub- 
stance r  F.  is  called  the  specific  heat  of  that  substance.  It 
will  be  seen  from  the  above  definition  that  the  specific  heat 
of  a  substance  is  the  ratio  between  the  amount  of  heat 
required  to  raise  the  temperature  of  t lie  substance  1°,  and  the 
amount  of  heat  required  to  raise  the  temperature  of  the  same 
weight  of  zvater  1°. 

If  the  specific  heat  of  lead  were  given  as  .0314,  it  would 
mean  that  the  amount  of  heat  required  to  raise  a  cer- 
tain weight  of  lead  1°  would  raise  the  same  weight  of 
water  only  .0314  of  1°,  or  it  would  mean  that  .0314 
B.  T.  U.  would  raise  the  temperature  of  one  pound  of 
lead  1°  F. 

Example. — The  specific  heat  of  copper  is  .0951;  how  many  B.  T.  U. 
will  it  take  to  raise  the  temperature  of  75  pounds  180''  ? 

Solution.— Since  it  takes  .0951  B.  T.  U.  to  raise  1  lb.  of  copper  1°, 
it  will  take  .0951  X  75  X  180  to  raise  75  lb.  180°.  Hence,  .0951  X  75  X 
180  =  1,283.85  B.  T.U.     Ans. 

1133.  In  the  example  just  given,  if  it  had  been  re- 
quired to  raise  75  lb.  of  water  180° — that  is,  from  the  freez- 
ing point  to  the  boiling  point — it  would  have  taken  75  X  180 

1  '283  85 
=  13,500  B.  T.  U.,  and    1  ,  :;?,   ==  .0951  =  the  specific  heat 

13,o00 

of  copper.     The   following  is  the  formula  for    finding  the 

number  of  B.  T.  U.  required  to  raise  the  temperature  of  a 

substance  a  given    number    of    degrees,  or  for  finding   the 
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number  of   B.   T.    U.   given  up  by   a   body    in    cooling    a 
given  number  of  degrees: 

Let  Jl'=  weight  of  body  in  pounds; 

s  =  specific  heat  of  substance  composing  the  body; 
/  =  original  temperature  of  body; 
/,  =  final  temperature  of  body; 

ft  =  number   of    B.  T.  U.  required,  or  given  up,  in 
changing  the  temperature  of   the  body  from  /° 


to  /. 


Then, 


n=  JV{t^-/)  s. 


(72.) 


Example. — A  piece  of  wrought  iron  weighing  31.3  lb.,  and  having  a 
temperature  of  900°,  is  cooled  to  a  temperature  of  60° ;  how  many  units 
of  heat  did  it  give  up  ?    The  specific  heat  of  wrought  iron  is  .1138. 

Solution. — Apply  formula  72,  n=  W  (^ti  —  f)s.  Substituting  «  = 
:;i.3  (900  -  60)  .1138  =  2,992.03  B.  T.  U.     Ans. 

If  a  body  be  cooled  from  a  temperature  /  down  to  a  tem- 
perature /,,  the  value  of  ;/  will  be  negative,  the  minus  sign 
indicating  that  the  body  was  cooled. 

1 1 34.  In  the  following  table  are  given  the  specific 
heats  of  a  number  of  substances  under  constant  pressure : 

TABLE    21. 

SOLIDS. 


Copper 0.0951 

Gold 0.0324 

Wrought  Iron 0.1138 

Steel  (soft) 0.11G5 

Steel  (hard) 0.1175 

Zinc 0.095G 

Brass 0.0939 

Glass 0.1937 


Cast  Iron 0.1298 

Lead 0.0314 

Platinum 0.0324 

Silver 0.0570 

Tin 0.0562 

Ice 0.5040 

Sulphur 0.202G 

Charcoal 0.2410 


LIQUIDS. 


Water 1.0000 

Alcohol 0.7000 

Mercury 0.0333 

Benzine 0.4500 

Glycerine 0.5550 


Lead  (melted) 0.0402 

Sulphur    "       0.2340 

Tin  "       0.0637 

Sulphuric  Acid 0.3350 

Oil  of  Turpentine 0.4260 
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Air 

Oxygen  

Nitrogen 

Hydrogen 

Superheated  Steam. 
Carbonic  Oxide.  . . . 
Carbonic  Acid 


Constant  Pressure. 


0.23751 
0.21751 
0.24380 
3.40900 
0.48050 
0.24790 
0.40400 


Constant  Volume. 


0.16847 
0.15507 
0.17273 
2.41226 
0.34600 
0.17580 
0.15350 


1135.  The  reason  that  there  are  two  values  for  the 
specific  heat  of  gases  is  that  it  takes  less  heat  to  raise  the 
temperature  of  a  gas  when  the  volume  is  constant  than  when 
the  pressure  is  constant  but  the  volume  varies.  Thus,  con- 
sider a  closed  cylinder  filled  with  gas.  If  heat  be  applied, 
the  pressure  and  temperature  will  both  increase.  Denoting 
the  specific  heat  for  constant  pressure  by  Sj„  and  for  constant 
volume  by  s^.,  the  number  of  heat  units  required  to  heat  the 
gas  from  1°  to  t°  will  be  s^  ^V  {T^  —  T).  If,  however,  the 
cylinder  be  imagined  to  be  fitted  with  a  frictionless  piston, 
free  to  move  up  or  down,  and  heat  be  applied,  the  gas  will 
expand,  overcoming  a  resistance  equal  to  the  weight  of  the 
piston,  plus  the  pressure  of  the  atmosphere.  Hence,  in 
addition  to  the  heat  required  to  increase  the  vibratory 
movement  of  the  molecules,  heat  is  also  required  to 
overcome  the  outer  pressure  which  remains  constant  in  this 
case.  The  number  of  heat  units  necessary  will  then  be 
Sp  W{T^—  T).   This  subject  will  be  more  fully  discussed  later. 

113(>.  Mixing  Two  Bodies  of  Unequal  Temper- 
atures.— If  a  certain  quantity  of  water  having  a  temper- 
ature of  40°  be  mixed  with  a  like  quantity  having  a 
temperature  of  100°,  it  is  evident  that  the  temperature  after 
40  +  100 


mixing  will  be 


2 


70°.    But,  if  5  lb.  of  water  having 


a  temperature  of  40°  be  mixed  with  5  lb.  of  copper  having  a 
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temperature  of  100°,  the  temperature  after  mixing  will  not 
be  70°.  The  resulting  temperature  may  be  found  by  the 
following  formula,  provided  there  is  no  change  of  the  state 
in  the  body  (ice  melting  into  water,  etc.): 

.  ■_  K  •^.  ^  +  IK  ^.  K  +  ^V.  s.  K  +  etc. 

in  which  /  is  the  final  temperature  of  the  mixture;  IF,,  5,, 
and  /,,  the  weight,  specific  heat,  and  temperature,  respec- 
tively, of  one  body;  W„,  s„  and  Z^,  the  same  for  second  body; 
and  JKj,  i'j,  and  Z^,  the  same  for  a  third  body,  etc. 

Remembering  that  the  specific  heat  of  water  is  1,  and 
getting  the  specific  heat  of  copper  from  Table  20,  the  tem- 
perature t  will  be 

^      5  X  1  X  40  +  5  X  .0951  X  100       _  ..o  , 

t  = ; T-T-7 TTTTT^i =  45.21  ,  nearly. 

5  X  1  +  5  X  .0951  '  ^ 

Example. — If  21  lb.  of  water  at  a  temperature  of  52°  is  mixed 
with  40  lb.  of  water  at  a  temperature  of  160^,  what  is  the  temperature 
of  the  mixture  ? 

Solution. — Since  the  specific  heat  of  water  is  1,  it  may  be  left  out, 
in  applying  formula  73,  and  the  temperature  is  found  to  be 
,      21  X  52  +  40  X  160 


21  +  40 


=  122.82°.     Ans. 


Example. — A  copper  vessel  weighing  2  lb.  is  partly  filled  with 
water  having  a  temperature  of  80°  and  weighing  7.8  lb.  A  piece  of 
wrought  iron  weighing  3  lb.  4  oz.  and  having  a  temperature  of  780°  is 
dropped  into  this  water.     What  is  the  final  temperature  of  the  mixture  ? 

Solution. — Substituting  the  values  given  in  formula  73,  and  remem- 
bering that  the  original  temperatures  of  the  copper  vessel  and  the 
water  which  it  contains  are  the  same  (3  1b.  4  oz.  =3.25  pounds),  we 
have, 

^      2  X  .0951  X  80  +  7.8  X  80  +  3.25  X  .1138  X  780      ..nQ-^^orUr 

^  = 2  X  .0951 +  7.8  + 3.25  X  .1138 =  ^^^"^^  '  ""^'^^/' 

Ans. 

Example. — A  wrought-iron  ball  weighing  one  pound  is  placed  in  a 
reheating  furnace ;  when  it  has  attained  the  temperature  of  the  furnace 
it  is  taken  out  and  placed  in  a  copper  vessel  weighing  \  pound  and 
containing  exactly  2  pounds  of  water  at  a  temperature  of  75°.  Assum- 
ing that  no  water  escapes  as  steam,  and  that  the  temperature  of  the 
ball,  water,  and  vessel  after  mixing  is  156°,  what  is  the  temperature  of 
the  furnace  ? 
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Solution. — Substituting  the  values  given  in  formula  73, 

1^fi  -  1  X  -1138  X  /.  +  2  X  75  +  .5  X  .0951  X  To 

~  1  X. 11-38 +  2  +  . 5  X. 0951  '  °^ 

^,„      .1138 /.  +  153.56625 

156= ^  ,,.,.■■ .  or 

2.1()13o 

156  X  2.16185  =  .1138  /,  +  153.56625. 

Hence,  .1138  A  =  183.60435,  or 

183.60435       .„,„,,       . 
'  ^  — 1138       =  1.613.4\     Ans. 

1  1 37.     By  means  of  formula  73,  the  specific  heat  of  a 
substance  may  be  obtained. 

Thus    in  t  =  ^Ks.^.+  ^Ks.^.+  lKs.^.  +  ^^^- 

suppose  that  the  specific  heat  s^  be   required  and  all  of  the 
other  quantities,  including  /,  are  known. 

Then,  solving  the  above  equation  for  s^, 

+  etc. ,    or   /  n\  s^  -  f,  W,  s,  =  W^  s^  /,  -  U\  s^  t  +  W, s,  /,  - 
W^sJ-\-etc., 

«^      •^3--  W^3  {t  -  t^)  •  ^^^-^ 

Example. — A  silver  vessel  weighing  13  oz.  is  suspended  by  a  string; 
1  lb.  4  oz.  of  water  having  a  temperature  of  120°  is  poured  into  it,  and 
in  this  is  placed  a  piece  of  metal  weighing  14  oz.  and  having  a  temper- 
ature of  100".  If  the  temperature  of  the  vessel  was  72°,  and  the 
temperature  of  the  mixture  is  117°,  what  is  the  specific  heat  of  the 
piece  of  metal  ? 

Solution. — Using  formula  74,  and  letting  JVi,  Si,  and  /,  represent, 
respectively,  the  weight,  specific  heat,  and  temperature  of  the  silver 
vessel,  IV2,  5-2,  and  /o  ditto  for  the  water,  and  IV3,  S3,  and  ^3  the  sams 
for  the  piece  of  metal, 

_  IVi  s,  (/i  -  /)  +  JVi  S2  (/2  -  /)  _ 

13  X  .057(72  -  117)  +  20  X  1  (120  -  117)  _ 
14(117-100)  "~ 

-33.345  +  60        ,,„       . 
^ 288 =  -"^-     ^"" 

All  weights  must  be  reduced  to  either  pounds  or  ounces 
before  substituting. 
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EXAMPLES  FOR  PRACTICE. 

1.  How  many  units  of  heat  are  required  to  raise  the  temperature  of 
10  oz.  of  platinum  from  80°  to  2,000''  ?  Ans/38.88  B.  T.  U. 

2.  In  order  to  determine  the  specific  heat  of  a  certain  alloy,  a  piece 
weighing  12i  oz.  was  heated  to  a  temperature  of  320\  and  was  then 
immersed  in  2  lb.  6  oz.  of  water  contained  in  a  lead  vessel  weighing 
4  lb.  7  oz.  The  temperature  of  the  water  and  of  the  vessel  being  70', 
what  was  the  specific  heat  of  the  alloy  if  the  temperature  of  the  mixture 
was  79'?  ■  Ans.  .1202. 

3.  In  order  to  determine  the  temperature  of  a  chimney,  a  silver  bar 
weighing  20  oz.  is  placed  in  it  until  it  has  attained  the  same  tempera- 
ture. It  is  then  immersed  in  1  lb.  of  water  contained  in  a  brass  vessel 
weighing  10  oz.  The  temperature  of  the  vessel  and  water  being  65", 
and  of  the  mixture  QSV,  what  was  the  temperature  of  the  chimney  ? 

Ans.  596^ 

4.  An  iron  casting  weighing  3  tons  is  cooled  from  2,100"  to  100'; 
(a)  how  many  units  of  heat  does  it  give  up  ?  (d)  If  all  this  heat  could 
be  utilized,  how  many  pounds  of  coal  would  it  be  equivalent  to,  assum- 
ing that  1  lb.  of  coal  gives  out  14,500  B.  T.  U.  during  its  combustion  ? 

(  (a)  1,557,600  B.  T.  U. 
U^)   107.43  1b. 


LATENT    HEAT. 

1 138.  In  all  that  has  been  said  in  the  preceding  pages, 
only  the  phenomena  relating  to  sensible  heat  have  been  con- 
sidered. If  a  quantity  of  pounded  ice  at  a  temperature  of 
32°  be  put  in  a  vessel  and  held  over  the  flame  of  a  spirit 
lamp,  heat  passes  rapidly  into  the  ice  and  melts  it;  but  a 
thermometer  resting  in  this  mixture  of  ice  and  water  shows 
no  tendency  to  rise;  it  will  remain  at  32°  until  all  of  the  ice 
has  been  melted.  Where  has  the  heat  gone  that  was  sup- 
plied to  the  ice  ?  This  question  was  first  investigated  by  Dr. 
Black,  of  Edinburgh,  in  17G0,  and  is  easily  explained  by  the 
modern  dynamical  theory  of  heat. 

Dr.  Black  took  a  pound  of  Avater  and  a  pound  of  ice,  both 
having  a  temperature  of  32°,  and  placed  them  in  two  vessels 
suspended  in  a  chamber  which  was  kept  at  as  nearly  a  uni- 
form temperature  as  possible.  At  the  end  of  half  an  hour 
the  temperature  of  the  Avater  was  30.2°,  but  the  ice  did  not 
reach  that  temperature  until  lo.l-  hours  had  passed,  being 
melted,  of  course,  in  the  meantime.      Dr.  Black  reasonably 
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assumed  that  the  ice  received  the  same  quantity  of  heat 
that  the  water  did  in  each  half-hour,  because  it  was  placed 
in  exactly  the  same  position  in  regard  to  the  surrounding 
air;  that  is  to  say,  it  received  39.2  —  32  =  7.2  units  of  heat 
every  half-hour,  or  14.4  units  every  hour,  and  14.4  X  lOi^  = 
151.2  units  in  10^  hours.  Hence,  it  took  151.2  —  7.2  =  144 
units  of  heat  to  change  the  one  pound  of  ice  at  32°  into 
water  at  32° ;  more  accurate  determinations  have  fixed  this 
number  as  142.65,  and  this  value  will  be  used  in  this  volume 
whenever  the  occasion  arises  for  using  it.  If  a  pound  of 
water  having  a  temperature  of  212°  be  mixed  with  a  pound 
of  water  having  a  temperature  of  32°,    the  temperature  of 

the  mixture  will  be ^ =  122°,  the  boiling  water  giving 

2 

up  90°  and  the  cold  water  receiving  90°,  thus  bringing 
both  to  a  common  temperature.  If  a  pound  of  ice  at  a 
temperature  of  32°  be  mixed  Avith  a  pound  of  water  at  a 
temperature  of  212°,  the  temperature  of  the  mixture  will 
be  only  50.675°,  instead  of  122,  as  in  the  previous  case. 
Here,  the  water  has  given  up  212  —  50.675  =  161.325  units 
of  heat  in  order  to  bring  both  bodies  to  a  common  tem- 
perature. Since  the  temperature  of  the  ice  was  raised 
from  32°  to  50.675°,  it  follows  that  50.675-32  =  18.675 
units  of  heat  were  used  to  raise  the  temperature  of  the  ice 
after  it  Jiad  been  Dieltcd  into  water,  and  161.325  —  18.675  = 
142.65  units  of  heat  were  necessary  to  convert  the  ice  at  32° 
into  water  of  the  same  temperature.  This  extra  number  of 
units  of  heat,  Avhich  is  necessary  to  convert  a  solid  into  a 
liquid  of  the  same  temperature  without  raising  the  temper- 
ature of  the  solid,  is  called  the  latent  lieat  of  fusion,  and 
the  temperature  at  which  this  change  of  state  in  the  body 
takes  place  is  called  the  melting  point,  or  temperature 
of  fusion.  All  solids  probably  have  a  latent  heat  of  fusion, 
the  word  probably  being  used  because  some  solids  have 
never  been  melted,  except  at  such  high  temperatures  that 
accurate  ineasurements  are  not  possible,  but  its  value  varies 
greatly  for  different  substances,  being  greater  for  ice  than 
for   any   other    known   solid,  while    for  frozen   mercury   its 
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value  is  only  5.09;  that  is,  to  change  one  pound  of  frozen 
mercury  at  its  temperature  of  fusion  (—  37.8°F.)  into  liquid 
mercury  of  the  same  temperature  requires  only  5.0'J  units 
of  heat.  Now,  it  is  reasonable  to  suppose  that  if  it  requires 
142.  G5  units  of  heat  to  convert  a  pound  of  ice  at  32°  into 
water  at  32°,  then  the  same  number  of  heat  units  would  be 
given  up  Avhen  water  at  32°  is  changed  into  ice  at  32° ;  experi- 
ment has  verified  this. 

1139.  If  water  be  heated  to  its  boiling  point  of  212° 
under  a  constant  pressure  of  14. G9  lb.  per  sq.  in.,  it  has  been 
found  by  experiment  that  it  will  require  about  OGG  units  of 
heat  per  pound  of  v/ater  to  change  it  into  steam  at  212°. 
This  extra  number  of  units  of  heat  necessary  to  convert  a 
liquid  into  a  "gas,  or,  rather,  vapor,  of  the  same  temperature 
and  pressure  is  called  the  latent  heat  of  vaporization, 
and  the  temperature  at  which  this  change  of  state  takes 
place  is  called  the  temperature  of  vaporization. 

1140.  According  to  the  modern  theory  of  heat,  the 
extra  quantity  of  heat  necessary  for  a  change  of  state  of  a 
body  is  used  in  forcing  the  molecules  of  a  body  farther  apart, 
and  in  overcoming  the  force  of  cohesion.  This  latent  heat 
is  not  lost,  but  performs  work  in  giving  additional  energy  to 
the  molecules  of  a  body,  and  it  always  reappears  when  the 
body  resumes  its  former  state.  Thus,  for  instance,  a  pound 
of  steam  under  a  pressure  of  one  atmosphere  contains  OGG  -f 
180  =  1,146  units  of  heat  more  than  does  a  pound  of  water 
at  32°.      Hence,    if   1   lb.    of  steam   at   212°   be   mixed  with 

-^— —  =  5.37  lb.  of  water  at  32°,  the  temperature  of  the  mix- 

IbU 

ture  will  be  exactly  212°,  or  the  boiling  point  of  water;  in 
other  words,  the  steam  raised  5.37  lb.  of  water  from  the 
freezing  point  to  the  boiling  point  without  lowering  its  own 
temperature,  by  merely  changing  from  steam  into  water. 
If  a  pound  of  water  at  a  temperature  of  32°  be  changed  into 
ice  of  the  same  temperature,  142.  C5  units  of  heat  Avill  be 
given  up  during  this  change  of  state. 
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1141.  In  the  following  table  are  given  the  temperatures 
of  fusion  and  of  vaporization,  and  the  latent  heats  of  fusion 
and  vaporization,  whenever  they  have  been  determined  with 

sufficient  accuracy : 

TABLE  22. 


Substance. 


Water 

Mercury 

Sulphur 

Tin 

Lead 

Zinc 

Alcohol 

Oil  of  Turpentine 

Linseed  Oil 

Aluminum 

Copper 

Cast  Iron 

Wrought  Iron.. . . 

Steel 

Platinum 

Iridium 


Tempera- 
ture of 
Fusion. 


■  ;  .O 


Oi 


228.3° 
446° 
026° 
680° 
Unknown 
14° 

1,400° 
2,100° 
2,192° 
2,912° 
2,520° 
3,032° 
4,892° 


Tempera- 
ture of 
Vaporiza- 
tion. 


019° 

/^  J.  /v 

062° 
824° 


1,900° 
173° 
olo 
000° 


3,300' 
5,000' 


Latent 
Heat  of 
Fusion. 


Latent 
Heat  of 
Vaporiza- 
tion. 


142.05 

5.09 

13.20 

25.05 

9.07 

50.03 


966.6 
157 


493 

372 
124 


The  following  example  will  show  the  purpose  of  Tables  21 
and  22 ;  their  use  will  be  further  illustrated  in  a  later  section. 

Example. — How  many  units  of  heat  will  it  be  necessar)'  to  use  in 
changing  13  lb.  of  ice  at  a  temperature  of  —  20°  C.   into  steam  of  212"  ? 

Solution.— By  formula  65,  //  =  |  X  -  20  +  33  =  -  4'  F.  This  is 
equivalent  to  32°  -f  4°  =  36°  F.  below  the  freezing  point.  In  Table  21, 
specific  heat  of  ice  was  given  as  .504;  hence,  it  Avill  take  12  X  36  X  -504 
=  217.728  B.  T.  U.  to  raise  the  temperature  of  12  lb.  of  ice  from  —  4° 
to  82°.  To  convert  this  ice  into  water  of  32°  will  require  142.65  X  12  = 
1,711.8  B.  T.  U.  To  raise  this  water  from  32°  to  a  temperature  of  212° 
will  require  13  X  180  =  2,160  B.  T.  U.  To  convert  it  into  steam  of  212° 
will  require  966.6  X  12  =  11,599.2  B.  T.  U.  The  total  number  of  units 
of  heat  required  will  be  217.728  +  1,711.8  +  2,160  +  11,599.3  ^  15,688.728 
B.  T.  U.     Ans. 


M.  E.     I.— 32 
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1142.  A  solid  may  be  changed  into  a  liquid,  not  only 
by  melting  it,  but  also  by  dissolving  it,  as  salt  or  sugar  is 
dissolved  in  water.  Since  the  particles  of  the  solid  body 
must  be  torn  asunder,  in  opposition  to  the  forces  which  hold 
them  together,  it  is  reasonable  to  suppose  that  a  certain 
amount  of  heat  will  be  required  to  do  this.  That  such  is  a 
fact  may  be  easily  proven  by  anyone  having  a  thermometer. 
Put  a  thermometer  in  a  vessel  of  water,  and  leave  it  there 
until  it  indicates  the  temperature  of  the  water,  then  put  in 
some  salt  or  sugar,  and  stir  so  as  to  make  it  dissolve  more 
quickly,  and  it  will  be  found  that  the  mercury  has  fallen 
several  degrees.  In  fact,  if  any  solid  be  dissolved  in  a 
liquid  that  does  not  act  chemically  upon  it,  the  temperature 
of  the  mixture  will  be  lower  than  if  the  solid  did  not  dis- 
solve. It  is  this  principle  that  is  taken  advantage  of  in  the 
so-called  freezing  mixtures.  A  mixture  of  one  part  of 
nitrate  of  ammonia  and  one  part  of  water  will  reduce  the 
temperature  from  50°  to  4°,  a  fall  of  46°.  The  effects  are 
still  more  striking  when  both  bodies  are  solids,  one  of  which 
is  already  at  the  freezing  point.  Thus,  a  mixture  of  two 
parts  of  snow,  or  finely  pounded  ice,  and  one  part  of  com- 
mon salt,  will  reduce  the  temperature  from  50°  to  0°,  a 
range  of  50°,  while  a  mixture  of  four  parts  of  potash  and 
three  parts  of  snow,  or  pounded  ice,  will  lower  the  temper- 
ature from  33°  to  —  51°,  a  range  of  83°. 

1143.  Latent  heat  plays  an  important  part  in  every- 
day life.  It  takes  a  long  time  and  severe  cold  to  freeze  the 
water  of  a  river  to  any  depth,  even  though  the  thermometer 
goes  far  below  the  freezing  point.  This  is  because  142.65 
units  of  heat  must  be  given  up  by  every  pound  of- water, 
after  being  brought  to  the  freezing  point,  before  the  ice  can 
form.  If  it  were  not  for  this,  the  rivers,  lakes,  and  other 
bodies  of  water  would  be  frozen  solid  as  soon  as  the  water 
reached  the  freezing  point,  and  would  be  melted  as  soon  as 
the  temperature  went  above  that  point.  In  the  spring  all 
of  the  snow  on  the  hills  would  be  melted  during  a  warm  day, 
and  great  floods  would  be  the  consequence.     As  it  is,  142.65 
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units  of  heat  must  be  supplied  to  every  pound  of  snow  at  32° 
to  convert  it  into  water  at  32°. 

Example. — How  many  units  of  heat  will  it  take  to  evaporate  2{j  lb. 
of  mercury  from  a  temperature  of  70"  ? 

SoLUTiox. — The  temperature  of  vaporization  of  mercury  is  662°, 
and  the  specific  heat  is  .0333 ;  the  increase  in  temperature  from  70° 
will  be  662'  —  70°  =  592°.  The  number  of  units  of  heat  required  will 
be  25  X  592  X  -0333  =  492.84  heat  units.  The  latent  heat  of  vaporiza- 
tion is  157;  hence,  492.84  +  25  X  157  =  4,417.84  B.  T.  U.  will  be  required. 
Ans. 

EXAMPLES  FOR  PRACTICE. 

1.  If  a  pound  of  steam  at  212°  and  7  pounds  of  ice  at  32°  are  mixed 
what  will  be  the  resulting  temperature?  Ans.  50.5°. 

2.  How  many  units  of  heat  are  required  to  vaporize  10  lb.  of  mer- 
cury from  a  temperature  of  100  ?  Ans.  1,757.146  B.  T.  U. 

8.  How  many  pounds  of  oil  of  turpentine  at  60°  can  be  vaporized 
by  1  lb.  of  coal,  if  the  coal  gives  out  14,500  B.  T.  U.  -during  combus- 
tion? Ans.  62.56  1b. 

4.  How  many  pounds  of  water  at  32°  can  be  vaporized  by  1  pound 
of  coal  ?  Ans.   12.646  lb. 

5.  How  many  pounds  of  coal  are  required  to  raise  100  lb.  of 
wrought  iron  from  85°  to  its  melting  point  ?  Ans.  2.219  lb. 


SOURCES  OF  HEAT  AXD  COLD. 

1 144.  Different  Sources  of  Heat. — Heat  is  derived 
from  the  following  sources :  1. — Physical  sources — that 
is,  the  radiation  of  heat  from  the  sun,  terrestrial  heat,  change 
of  state  in  bodies  and  electricity.      2. — Chemical  sources, 

or  inolecular  combinations,  more  especially  combustion. 
3.  — Mechanical  sources,  comprising  friction,  percussion, 
and  pressure. 

1145.  Physical  Sources. — (1)  The  most  intense 
of  all  of  the  sources  of  heat  is  the  sun.  The  majority  of 
scientists  are  of  the  opinion  that  all  of  the  heat  received  or 
given  up  by  the  earth  has,  or  has  had,  its  source  in  the  sun. 
It  would  be  out  of  place  here  to  elucidate  this  theory  fully, 
and  the  subject  will  be  explained  as  subdivided  above.  It 
is  the  amount  of  heat  radiated  from  the  sun,  and  received  by 
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the  earth,  that  causes  the  change  of  seasons;  that  causes 
the  water  in  the  rivers,  lakes,  and  seas  to  evaporate  and 
form  the  clouds,  to  be  again  precipitated  as  rain  or  snow. 
Without  it,  no  living  thing,  animal  or  vegetable,  could 
exist. 

(2)  The  earth  possesses  a  heat  peculiar  to  itself,  called 
terrestrial  lieiit-  When  a  descent  is  made  below  the  sur- 
face, the  temperature  is  found  to  gradually  increase.  This 
is  not  caused  by  the  heat  radiated  from  the  sun,  for  the 
material  comprising  the  earth  is  such  a  poor  conductor  that 
the  heat  of  the  sun's  rays  penetrates  only  a  very  short  dis- 
tance below  the  surface.  The  explanation  usually  given  for 
this  phenomenon  is  that  the  interior  of  the  earth  is  in  a 
molten  condition.  The  terrestrial  heat  exerts  but  a  slight 
effect,  not  raising  the  temperature  of  the  surface  more  than 
^  of  a  degree. 

(3)  If  a  liquid  be  poured  upon  a  finely  divided  solid,  as  a 
sponge,  flour,  starch,  roots,  etc.,  the  temperature  will  be 
increased  from  1°  to  10°,  according  to  conditions.  This 
phenomenon  might  be  called  Jicat  produced  by  capillarity. 

(4)  The  heat  produced  by  a  change  of  state  has  already 
been  described;  it  is  the  heat  given  off  when  a  body  is  con- 
verted from  a  gas  or  liquid  to  a  liquid  or  solid. 

(5)  Extremely  high  temperatures  may  be  produced  by  the 
electric  current.  By  means  of  it,  quick-lime,  firebrick, 
osmium,  porcelain,  and  several  other  substances,  Avhich,  until 
very  recently,  have  resisted  every  attempt  to  melt  them, 
may  be  made  to  run  like  water. 

1146.  Chemical  Sources. — Whenever  two  Or  more 
substances  which  act  chemically  upon  one  another  are 
brought  together  and  allowed  to  combine,  heat  is  evolved. 
When  this  phenomenon  is  produced  by  oxygen  uniting  with 
carbon,  or  other  substance,  and  is  accompanied  by  light,  it  is 
called  combustion.  This  subject  will  not  be  treated  of 
here,  but  will  be  considered  by  itself  in  connection  with  the 
subject  of  steam  boilers. 
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1147.  Meclianical  Sources. — (1)  The  friction  be- 
tween any  two  bodies  rubbed  together  produces  heat.  Rub- 
bing one  hand  briskly  against  the  other  will  soon  make  the 
hands  too  warm  for  comfort.  The  friction  between  a  journal 
and  its  bearing  causes  heat;  the  heat  causes  the  journal  and 
bearing  to  expand,  the  journal  expanding  more  rapidly  on 
account  of  being  smaller  and  being  heated  more  quickly;  the 
expansion  causes  a  greater  pressure  on  the  bearing,  produ- 
cing more  friction  and  heat.  If  the  bearing  is  not  properly 
oiled,  the  heat  will  become  so  intense  in  a  short  time  that 
the  soft  metal  in  the  bearings  will  melt.  When  shooting 
stars  strike  the  earth's  atmosphere  their  velocity  is  so  great 
(sometimes  as  high  as  150  miles  a  second)  that  the  friction 
of  the  atmosphere  causes  them  to  take  fire  almost  instantly. 
Wherever  there  is  friction,  there  is  heat. 

(2)  Heat  is  also  generated  by  percussion. 
The  repeated  blows  of  a  hammer  upon 

a  piece  of  iron,  lead,  or  other  metal,   will 
soon  make  it  quite  hot. 

(3)  The  generation  of  heat  by  pressure 
was  spoken  of  in  connection  with  gases — 
that  is,  the  temperature  rises  when  a  gas 
is  compressed.  This  is  also  true  of  solids 
and  liquids,  but  the  results  are  not  so 
marked  in  their  cases.  The  production 
of  heat  by  the  compression  of  gases  is 
easily  shown  by  means  of  the  pneumatic 
syringe  shown  in  Fig.  218.  This  consists 
of  a  glass  tube  with  thick  sides,  hermet- 
ically closed  with  a  leather  piston.  At 
the  bottom  is  a  small  cavity  in  which  a 
piece  of  cotton,  moistened  with  ether  or 
carbon  disulphide,  is  placed.  The  tube 
being  filled  with  air,  the  piston  is  suddenly 
plunged  downwards.  Thus  compressed, 
the  air  generates  so  much  heat  that  the 
cotton    is    ignited,    which    can     be    seen        ^'°'  ~^^' 

to  burn    when  the  piston    is    suddenly    withdrawn.       The 
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ignition  of  the  cotton  in  this  experiment  indicates  a  tem- 
perature of  at  least  570°,  since  it  will  not  ignite  at  a  lower 
temperature. 


THE    l^RODUCTION    OF    MECHANICAL 
WORK    BY    HEAT. 


THE  MECHANICAL  EQUIVALENT  OF  HEAT. 

1 148.  From  what  has  been  previously  stated,  it  should 
now  be  evident  that  heat  is  a  kind  of  energy,  since,  when  a 
body  is  heated,  the  heat  imparted  to  it  manifests  itself  in 
giving  the  molecules  a  greater  velocity,  and  in  forcing  them 
farther  apart,  in  opposition  to  the  force  of  cohesion,  which 
tends  to  draw  them  together  and  reduce  their  velocity ;  but 
this  requires  energy,  and  heat  is  the  form  of  energy  used. 
Again,  when  a  body  is  cooled,  heat  is  given  up;  in  other 
words,  the  energy  of  the  molecules  is  lessened.  The  heat 
thus  given  up  can  be  used  to  heat  or  impart  energy  to  other 
bodies.  Since  heat  is  a  kind  of  energy,  it  is  reasonable  to 
suppose  that  there  is  some  relation  between  energy  (or  work) 
and  heat.  From  careful  experiment  it  has  been  found  that 
one  unit  of  heat  (1  B.  T.  U.)  is  equivalent  to  778  foot- 
pounds of  work — that  is,  778  foot-pounds  of  work  would  be 
required,  to  be  expended  by  friction  or  otherwise,  to  raise  a 
pound  of  water  1°  in  temperature  under  a  pressure  of  one 
atmosphere,  and  that  the  heat  given  up  by  1  pound  of  water 
in  cooling  1°,  if  used  as  energy,  could  raise  1  pound  to  a 
height  of  778  feet,  or  778  pounds  1  foot.  This  number,  778, 
has  been  obtained  in  many  ways,  and  is  called  the  me- 
clianical  equivalent  of  lieat.  It  is  denoted  in  all  for- 
mulas into  which  it  enters,  in  books  treating  of  heat,  by  the 
letter  J,  the  initial  letter  in  the  name  of  Dr.  Joule  who  first 
determined  its  value  with  any  degree  of  accuracy. 

1149.  The     First     Law    of    Thermodynamics. — 

Heat  is  energy^  and  has  capacity  for  doing  ivork  ;  tlic  number 
of  units  of  work  which  can  thus  be  performed  by  a  given 


HEAT. 


483 


quantity  of  heat  is  proportional  to  t lie  number  of  units  of  heat 
in  that  quantitj.  This  law  is  more  concisely  stated  as  fol- 
lows :  Heat  anei  mechanical  energy  are  mutually  convertible. 
For  example,  if  a  weight  of  778  pounds  be  dragged  20  feet 
along  a  horizontal  surface,  and  the  coefficient  of  friction 
between  the  weight  and  the  surface  is  .25,  the  work  alone 
will  be  778  X  20  X  .25  =  3,890  foot-pounds.  If  this  had 
been  done  in  such  a  manner  that  the  entire  movement 
could  have  taken  place  in  water,  say  an  upright  shaft  turn- 
ing in  a  pivot  bearing,  the  friction  thus  produced  could  raise 


the  temperature  1°  of 


3,890 

778 


5  lb.  of  water;  or  1  lb.,  5°;  or 


10  lb.,  |-°,  etc.  Here,  the  mechanical  energy  necessary  to 
overcome  the  friction  was  converted  into  heat.  The 
amount  of  heat  obtainable  from  a  given  ainount  of  mechan- 
ical energy  is  always  the  same,  and  is  in  the  proportion  of 
one  British  thermal  unit  to  every  778  foot-pounds  of  Avork. 

1 1 50.  A  fine  illustration  of  the  conversion  of  mechani- 
cal energy  into  heat  is  given  by  the  experiment  shoAvn  in 
Fig.  219.  A  brass  tube,  about  7  in.  in  length  and  f  in.  in 
diameter,   is  attached  to  a  small  wheel,  by  means  of  a  cord 


Fig.  219. 

passing  around  this  wheel  and  a  larger  one  turned  by  a 
handle,  as  shown;  the  tube  is  three-fourths  full  of  water,  and 
is  closed  with  a  cork.     The  tube  being  held  by  the  clamp 
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and  made  to  rotate  rapidly  by  means  of  the  larger  wheel, 
considerable  friction  is  generated,  causing  the  water  within 
the  tube  to  be  heated;  the  temperature  rapidly  increases, 
and  part  of  the  water  is  converted  into  steam,  whose  pressure 
becomes  so  great  as  to  force  out  the  cork.  Suppose  that 
the  weight  of  the  water  is  1^  oz.,  that  its  original  tempera- 
ture was  60°,  and  that  a  pressure  of  10  lb.  per  sq.  in.  was 
necessary  to  force  out  the  cork.  From  the  steam  and  water 
tables,  to  be  given  in  connection  with  the  subject  of  Steam 
and  Steam  Engines,  the  number  of  heat  units  in  a  pound  of 
water  above  a  temperature  of  32°  from  which  steam  of  10 
lb.  pressure  is  being  given  off  is  209.39,  and  the  number  of 
heat  units  in  a  pound  of  steam  of  this  pressure  above  32°  is 
1,155.1.  To  create  this  pressure,  it  can  be  shown  that  the 
weight  of  the  steam  in  the  tube  above  the  Avater  will  be 
about  .0005  oz. ;  hence,  the  weight  of  the  water  will  be 
1.5  —  .0005  =:  1.4995  oz.     Since    1  oz.  =  j\  of  a  pound,  the 

1.4995 
number  of  heat  units  in  the  water  will  l)e  .' —  X  209.39  = 

19.6238.  The  number  of  heat  units  in  the  steam  will  be 
.0005 


X  1,155.1  =  .0361,    nearly.       The   sum    is    19.6238  + 

.0361  =  19.6599.     From  the  steam  tables  above  referred  to, 

the  number  of  heat  units  in  a  pound   of  water  (above  32°) 

having  a  temperature  of  60°,  and  under  a  pressure  of  one 

1.5 
atmosphere,  is  28.00626;    in  1^  oz.   there  would  be  -yttX 

28.00626  =  2.6256  heat  units.  Consequently,  the  number 
of  heat  units  necessary  to  be  supplied  in  order  to  blow  out 
the  cork  is  19.6599  —  2.6256  =  17.0343.  The  theoretical 
number  of  foot-pounds  of  work  which  would  have  to  be 
exerted  in  turning  the  large  Avheel  to  accomplish  this  result 
.would  be  17.0343  X  778  =  13,252.69  foot-pounds.  The 
actual  amount  of  heat  used  would  be  greater  than  that  just 
calculated,  for  the  reason  that  some  is  lost  by  radiation  and 
conduction,  and  in  overcoming  the  friction  of  the  bearings. 
Suppose  that  enough  heat  were  lost  to  bring  the  total 
number  of   foot-pounds  of  work  up  to  15,000,   and  that  it 
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took   10   minutes  to   cause   the   cork   to  be  blown  out;  the 
number  of  foot-pounds  per  minute  would  be  —-77; —  =  1,500 


and  the  horsepower  exerted  would  be 


1,500 
33,000       22 


10 
=  -i  H.  P. 


1151.  Having  shown  that  mechanical  work  can  be 
changed  into  heat,  it  will  now  be  demonstrated  that  heat 
can  be  changed  into  mechanical  work.  Fig.  220  represents 
a  cylinder  A  B  partly  filled  with  gas  or  air  confined  within 
the  cylinder  by  means  of  the  piston  P.  The  gas  is  then 
under  a  pressure  of  the  atmosphere,  and  has  also  an  addi- 
tional pressure  due  to  the  weight  of  the  pis- 
ton. If  heat  be  applied  to  the  bottom  of 
the  cylinder,  the  piston  will  gradually  rise 
in  proportion  to  the  amount  of  heat  sup- 
plied. In  expanding,  it  will  have  to  do 
work  in  order  to  raise  the  piston.  Suppose 
a  rope,  fastened  to  the  piston  and  passed 
over  a  pulley,  to  have  a  weight  on  the 
other  end  a  trifle  less  than  the  total 
pressure  of  the  atmosphere  plus  the  weight 
of  the  piston.  Now,  if  the  gas  within  the 
cylinder  be  cooled,  the  piston  will  fall,  owing 
to  the  combined  weight  of  the  piston  and 
the  pressure  of  the  atmosphere,  and  raise 
the  weight,  thus  performing  work.  In  the 
first  case,  a  certain  amount  of  heat  was  fig.  220. 
supplied  to  the  gas  to  do  work ;  in  the  second  case,  heat  was 
taken  atvay  from  the  gas  (cooled)  in  order  that  work  might 
be  done.  In  both  cases  the  amount  of  work  done  was  pro- 
portional to  the  amount  of  heat  supplied  or  taken  away, 
and,  had  the  work  done  been  the  same,  the  amount  of  heat 
supplied  or  taken  away  would  also  have  been  the  same. 

1152.  When  a  body  free  to  expand  is  heated,  two 
operations  are  performed:  1.  The  temperature  is  raised 
and  its  volume  is  increased.  2.  The  body,  in  expanding, 
overcomes  the  outer  pressure,  and  thus  does  work.     The 
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coefficient  of  cubic  expansion  of  mercury  is  ,0001001,  or  say 
.0001.  Suppose  that  1  cubic  foot  of  mercury  be  confined  in 
a  non-expanding  vessel,  having  a  diameter  corresponding  to 
a  circle  whose  area  is  1  sq.  ft.  The  height  of  the  mercurial 
column  -vvill  then  be  1  ft.  Let  the  mercury  be  heated  until 
its  temperature  is  100°  higher  than  before;  the  volume  will 
be  increased  .0001  X  100  =  .01  cu.  ft.  Since  the  area  could 
become  no  larger  (being  confined  in  a  non-expanding  vessel), 
the  column  of  mercury  must  be  .01  ft.  longer  than  it  was 
before  being  heated.  In  expanding,  the  pressure  of  the 
atmosphere  (equaling  a  weight  of  144  X  14.7  =  2,116.8  lb.) 
was  overcome  through  this  distance,  and  work  was  done 
equivalentto2,llG.8x. 01  =  21.108  foot-pounds.  The  greater 
part  of  the  heat  went  to  increase  the  temperature,  and  to 
push  the  molecules  farther  apart  against  the  force  of  co- 
hesion tending  to  pull  them  together.  This  is  called  the 
inner  >vork.  The  work  of  overcoming  the  outside  pres- 
sure througla  a  certain  distance,  by  expanding,  is  called  the 
outer  >vork.  The  outer  work  for  the  above  case  was 
found  to  be  21.1G8  fcot-pounds;  the  inner  work  may  be 
found  as  follows:  The  specific  heat  of  mercury  under  con- 
stant pressure,  taken  from  Table  21,  is  .0333;  hence,  to 
raise  the  temperature  of  1  cu.  ft.  (  =  850  11). )  100°  will 
require  850  X  100  X  .0333  =  2,830.5  heat  units,  equivalent 
to  a  total  work  of  2,830.5  X  778  =  2,202,129  foot-pounds. 
Subtracting  the  outer  work,  the  inner  work  equals  2,202,129 
—  21.168  =  2,202,107.832  foot-pounds.  In  the  case  of  a 
solid  body,  this  difference  would  be  still  more  marked.  In 
fact,  the  outer  work  is  so  slight,  compared  with  the  inner 
work  in  solid  and  liquid  bodies,  that  it  is  usually  neglected, 
except  in  the  case  of  water. 

1 1  53.  In  the  case  of  gases,  however,  the  outer  work 
plays  a  very  important  part,  as  a  little  consideration  will 
show.  Thus,  suppose  that  air  was  substituted  for  the  mer- 
cury in  the  previous  case,  and  was  prevented  from  escaping 
from  the  vessel  by  a  piston  without  weight,  as  shown  in  Fig. 
221.     Let  the  original  temperature  of  the  air  be  70°,  and  let 
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it  be  heated  until  the  temperature  is  100°  higher,  or  170°. 
The  new  volume  is  determined  by  formula  58,  Art.  1()54, 

460  +  170 


to  be  F"  =- 


1.19  cu.  ft.,  nearly.      Hence,  the  in- 


4G0  +  70 

crease  =  1.19  —  1  =  .19  cu.  ft.,  and  the  piston  is  raised  .19 
ft.  The  outer  work  will  be  2,116.8  X  .19  =  402.192  foot- 
pounds. The  weight  of  a  cu.  ft.  of  air  having  a  temper- 
ature of  70°  is  found  by  formula  71,  Art.  1116, /'F  = 
WR  r,  or  14.7  X  1  =  JFx  .37052  X  530,  or 

"^-.3705"  530  =  -°^^^'"'^-"^"'y- 
The  specific  heat  of  air  for  constant  pressure  is  .23751; 
hence,  the  total  number  of  heat  units  required  is  .07486  X 
100  X  .23751  =  1.778  heat  units.  1.778  X 
778  =  1,383.284  foot-pounds.  Since  the  outer 
worlv  required  402.192  foot-pounds,  the  inner 
work  will  require  1,383.284  —  402.192  = 
981.092  foot-pounds.  This  shows  that,  in  the 
case  of  air  and  gases,  the  outer  work  is  a  little 
less  than  half  the  inner  work.  Since  the 
force  of  cohesion  has  no  perceptible  effect  in 
the  case  of  gases,  the  inner  work  tends  only 
to  raise  the  temperature,  or,  in  other  words, 
to  increase  the  vibratory  movement  of  the 
molecules.  Consequently,  if  the  piston  in 
Fig.  221  were  fastened  down,  so  that  the 
volume  of  the  gas  would  remain  the  same, 
there  would  be  no  outer  work,  and  the  total 
work  required  to  raise  the  temperature  100° 
would  be  981.092  foot-pounds,  or  to  raise  the 
temperature  1°,  9.81092  foot-pounds.  The  inner  work  may 
also  be  calculated  by  using  the  specific  heat  for  constant  vol- 
ume as  directed  in  Art.  1135.  Thus,  inner  work  = 
j„  W{T^-  T)  X  778^.16847  X  .07486  X  100  X  778  =  981.18 
foot-pounds.  The  slight  difference  in  results  is  due  to 
decimals. 

1 1 54.     Some  bodies  do  not  always  expand  when  heat  is 
applied,  as,  for   example,   water.       When   water   of   32°    is 
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Fig.  221. 
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heated  to  33",  its  volume  decreases,  and  this  continues  until 
a  temperature  of  39.2°  has  been  reached;  beyond  this  point, 
the, volume  increase:^  with  the  temperature,  and,  conse- 
quently, the  density  decreases,  since  when  the  weight 
remains  the  same,  and  the  volume  grows  larger,  the 
density  decreases.  The  reason  of  this  apparent  contradic- 
tion to  the  heat  theory  is  that  the  increase  in  density  is 
caused  by  the  pressure  of  the  atmosphere;  the  heat  added 
to  the  water  until  the  temperature  of  39.2°  is  reached  gives 
a  freer  movement  to  the  molecules,  and  enables  the  atmos- 
pheric pressure  to  force  them  nearer  together.  If  it  were 
not  for  this  pressure,  it  would  take  more  heat  to  raise  the 
temperature  of  a  pound  of  water  1°  than  now;  this  is  evi- 
dent from  analogy  to  the  cylinder  and  piston  in  Fig.  221 ; 
when  the  piston  was  fastened  down,  it  took  far  less  heat  to 
increase  the  temperature  of  the  air  than  when  it  was  free  to 
move.  In  the  cace  of  water,  the  specific  heat  varies  some- 
what with  the  pressure,  while  in  the  case  of  gases  it  is  prac- 
tically constant.  In  consequence  of  this  variation,  the  latent 
heat  of  ice  is  diminished  by  heavy  pressures — that  is,  its 
melting  point  is  lowered.  Under  a  pressure  of  13,000  atmos- 
pheres (191,100  lb.  per  sq.  in.),  ice  will  melt  at  0°  instead 
of  at  32°. 


WORK  DONE  BY  EXPANSION  OF    AIR  AND 

GASES. 

1155.  Isotlicrmal  Expansion.  —  When  a  gas  ex- 
pands, it  does  work ;  when  it  is  compressed,  work  is  required 
to  be  done  upon  the  gas  to  compress  it.  Suppose  that  a 
certain  quantity  of  air  is  confined  in  a  vessel  having'an  area 
of  1  sq.  ft.,  and  whose  length  is  5  ft.,  plus  the  thickness  of 
the  piston,  so  that  the  piston  can  move  5  ft.  Suppose  the 
piston  to  be  in  the  position  shown  in  Fig.  222,  and  that  the 
absolute  pressure  of  the  volume  of  air  enclosed  in  the  cylin- 
der is  100  lb.  per  sq.  in.  on  the  piston,  and  that  the  tem- 
perature is  150°.  Since  the  area  of  the  piston  is  1  sq.  ft., 
the  volume  of  the  enclosed  air  is  1  cu.  ft.     Now,  let  this  air 
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expand,  and  keep  the  temperature  constant  by  adding  heat 
to  it.  The  piston  will  move  ahead ;  the  atmospheric  pres- 
sure upon  it  will  be  overcome  through  the 
distance  it  moves ;  the  volume  of  the  air 
will  increase  and  the  pressure  decrease, 
according  to  Mariotte's  law.  When  the 
piston  has  moved  1  ft. ,  the  volume  Avill  be 
2  cu.  ft.,  and  the  pressure  is  found  by  the 
formula/j  r,  =/,  r„,  to  be  100  x  1  = /,  X 
2,  or/j  =  50  lb.  per  sq.  in.  When  the  pis- 
ton has  moved  2  ft.,  the  pressure  is 


3 


=  33^1b.  per  sq.  in.,  etc. 


1 156.  To  show  the  effects  of  this  ex- 
pansion upon  the  pressure  and  volume 
graphically,  two  indefinite  straight  lines 
are  drawn  at  right  angles  to  each  other,  fig.  2->i. 

as  O  V  and  O  A\  in  Fig.  223.  Any  line  drawn  from  O  Xpar- 
allel  to  (9  F  is  called  an  ordinate.  Choose  a  convenient 
scale,  say  1  in.  =  1  cu.  ft.,  and  lay  off  O  L  =  1  in.  =  1  ft.  of 
cylinder  length  =  1  cu.  ft.  of  cylinder  volume  =  the  volume 
of  air  admitted  at  full  pressure  before  expanding.  IMake  O  F 
=  5  in.  =  the  total  travel  of  the  piston  =  the  total  volume 
after  the  piston  has  reached  the  end  of  the  cylinder.  Now, 
choose  another  scale  to  represent  the  pressures,  say  1  in.  = 
20  lb.     The  length  of  a  line  representing  100  lb.  would  be 

=  5  in.      Lay  off  this  distance  on  O  Y,  thus  locating  the 

point  H.  The  pressure  is  100  lb.  per  sq.  in.  throughout  the 
distance  O  L ;  hence,  drawing  H  M  parallel  to  O  X,  it  is 
evident  that  any  ordinate  measured  from  O  X  to  this  line, 
with  a  scale  of  1"  =  20  lb.,  will  equal  100  lb.  pressure  per  sq. 
in.  When  the  piston  reaches  the  point  Z,  no  more  air  is 
admitted,  and  as  it  begins  to  move  away  from  the  position 
A  L,  the  pressure  begins  to  fall,  the  volume  increasing  in 
proportion  to  the  distance  of  the  piston  from  O  Y.  The 
pressures  corresponding  to  a  number  of  different  positions 
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of  the  piston,  calculated  by  the  formula  /  '^=/,  ?',  =A  v^ 
etc. ,  are  as  follows : 

When  piston  has  moved  ^  ft.,  or  to  d,  pressure  =  06f  lb. 


1 

'        ^,         ' 

=  50     " 

14-      ' 

'        /,         ' 

=  40     " 

2 

'        /,          ' 

'         =  33i  - 

n    ' 

'        //, 

=  284-  " 

3 

'       G, 

=  25     " 

H      ' 

'       X',         ' 

'        =  22f  " 

4 

'      ^,         ' 

=  20     *' 

Fig.  223. 


At  the  points  d,  K,  /,  /,  /i,  G,  k,  F,  erect  ordinates,  and 
make  them  equal  in  length  to  the  pressure  at  that  point,  to 
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the  scale  of  1  in.  =  20  lb.— that  is,  make  c  d—  GGf  \h.,B  K  — 
50  lb.,  etc.,  and  through  the  points  A,  c,  B,  c,  C,  g,  D,  i,  E, 
draw  the  curve  shown  in  this  figure.  If  care  has  been  taken 
in  drawing  this  figure,  any  ordinate  drawn  from  a  point  on 
the  line  O  X,  and  limited  by  the  curve,  will  indicate  the 
pressure  of  the  air  in  the  cylinder  when  the  piston  is  at  that 
point.  Thus,  suppose  it  is  desired  to  know  the  pressure 
when  the  piston  is  at  the  point  S.  Erect  the  ordinate  S R,  and 
measure  it  with, the  same  scale  that  was  used  to  draw  the 
curve;  the  reading  on  the  scale  will  be  the  pressure  at  that 
point. 

1157.  In  order  to  find  the  work  done  by  the  air  while 
the  piston  was  traveling  from  L  to  F,  and  during  which  time 
the  pressure  fell  from  A  Z,  or  100  lb.  per  sq.  in.,  to  E F,  or 
20  lb.  per  sq.  in.,  the  average  pressure,  or  mean  ordinate, 
must  be  known.  This  can  be  found  by  dividing  the  area  of 
^  ^  v^Z  by  its  length  L  F.  That 
this  statement  may  be  clearly 
understood,  suppose  a  semicircle 
to  be  drawn  as  shown  in  Fig. 
224,  having  a  diameter  of  6  in. 
Its  area  will  be  6'  X  .7854  -f-  2  = 
14.1372  sq.  in.     Divide  this  area  ^^^-  ^■ 

by  the  length,  6  in.,  thus  14.1372  -i-  G  =  2.3562  in.  On  the 
diameter  as  a  side,  and  with  2.3562  in.  for  another  side, 
construct  the  rectangle  A  B  C  D\  the  area  of  this  rect- 
angle will  evidently  be  the  same  as  the  area  of  the  semi- 
circle. 

1158.  Rule. — No  matter  tvhat  the  shape  of  an  area  may 
be,  if  any  line  be  drawjt  through  it  and  limited  by  lines  per- 
pendicular to  it,  and  tangent  to  the  bounding  line  of  the  area, 
the  product  of  the  length  of  this  line,  and  the  mean  ordinate 
drawn  from  this  lijie  to  the  boimding  line,  will  be  equal 
to  the  area  of  that  part  included  by  the  line,  the  tangents, 
and  the  bounding  line  included  between  the  points  of  tan- 
gency. 


Fig.  225. 
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Thus,  in  Fig.  225,  if  the  length  oi  A  B  \s  known,  and  B  D, 

perpendicular  to  it,  is  tangent  to  the  bounding  line  A  E  D  I, 

and  E  F  IS  the  mean  perpendicular   (mean  ordinate)  from 

A  B  X.O  the   bounding 

Yme  A  E  DB,  A  B  x 

E  F  ^=  the      area      of 

AEDBA;  if  G  H  is 

the      mean      ordinate 

from  A  C  to   A  H  C 

of  the  area   A  11/  C, 

A  C  xG  H  =  area   of 

A  ///(T,  and  if  LKis 

the  mean  ordinate  from /i?  to  I D  B,  I B  X  L  K  ^  the  area 

I LDB.     Conversely,  if  an  area  is  given,  and  the  length  of 

a  line  in  it,  so  located  that  perpendiculars  to  the  extremities 

of  the  line  are  tangent  to  the  bounding  line  of  the  area,  the 

mean  ordinate  to   this  line   equals   the   area  divided   by  the 

length  of  the  line.     Thus,  the  mean  ordinate  oi  A  E  D  B  ^ 

SivediOiAEDB       t- ir     ^        -n   ^       •  .^    -c^•      .-.oo   -c 

7— T3 =  E  i",  etc.      Returnmg  now  to  r  ig.  223,  if 

A  h 

the  area  A  EEL  is  known,  the  mean  ordinate  (mean  pres- 
sure) can  be  found  by  dividing  this  area  by  the  length  L  F. 

1159.  The  area  may  be  found  in  two  ways:  1.  Ap- 
proximately, by  dividing  the  figure  into  a  number  of  small 
areas,  adding  the  ordinates  at  the  center  of  each  of  these 
small  areas,  and  dividing  the  sum  by  the  number  of  areas; 
this  result,  multiplied  by  the  length  LF,  is  the  area  A  EEL. 
2.  Exactly,  by  using  the  planimeter,  an  instrument  for 
measuring  plane  areas. 

The  first  method,  as  applied  to  Fig.  223,  is  shown  in  Fig. 
226.  L  F'ls  divided  into  8  equal  parts,  and  ordinates  are 
erected  at  the  points  of  division,  thus  dividing  the  area 
A  EFL  into  8  small  areas.  At  the  middle  points  of  these 
areas,  the  ordinates  1-1,  2-2,  3-3,  etc.,  are  drawn  and  meas- 
ured, the  lengths  (measured  to  the  same  scale  used  to  lay 
off  A  L)  being  marked  on  the  drawing.  The  sum  of  these 
ordinates  is  80  +  57. 1  +  44. 4-  +  36. 4  +  30. 8  +  26. 7  +  23. 5  + 
21  =  319.9  lb.      Hence,   the   mean   pressure  —  319.9  -f-  8  = 
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39. 99  lb.  per  sq.  in.  The  second  method,  by  using  the  planim- 
eter,  will  not  be  described,  since  instructions  always  go 
with  the  instrument.  Calling  the  mean  pressure  40  lb.  per 
sq.  in.,  the  work  which  the  air  could  do  in  expanding  from 
Z  to  /^  at  a  constant  temperature  would  be  equal  to  the  area 
r 


Fig.  226. 
of  the  piston  in  square  inches,  multiplied  by  the  mean  pres- 
sure per  sq.  in.,  multiplied  by  the  distance  through  which  it 
moves  or  works  =  144  x  40  X  4  =  23,040  foot-pounds. 

1 1 60.  The  work  can  also  be  calculated  directly,  without 
constructing  the  diagram,  by  means  of  the  following  formula, 
in  which 

L  =  the  work  in  foot-pounds; 

P  =  the  total  initial  pressure  in  pounds  per  square  foot; 

P,  =  the  total  final  pressure  in  pounds  per  square  foot: 

V  =  the  initial  volume  in  cubic  feet; 

V,  =  the  final  volume  in  cubic  feet. 

M.  E.    L—33 
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Z  =  2.302GPFlog^.  (75.) 

P       V 
Since  P^^ '=  P-^y^-, -p  ^--rr   and   formula   75    might   be 

written 

L  =  2.302G  P  V  log  -p.  (76.) 

1 
Whichever  formula  is  used,  it  must  be  kept  in  mind  that 

V        P 
the  fraction  ~  or  —jj  must  always  be  greater  than  1 — that  zs, 

the  numerator  must  always  be  greater  than  the  denominator. 
Substituting  the  values  used  in  Fig.  223,  formula  75  or 
76  gives 

L  =  2.3026  X  (144  X  100)  X  1  X  log  j  = 
2.302G  X  144  X  100  X  .09897  =  23,176  foot-pounds,  nearly. 

This  is  the  actual  value,  and  shows  that  the  approximate 
method  used  in  the  previous  work  was  very  close. 

Suppose  that  the  number  of  parts  had  been  doubled — that 
is,  that  the  line  Z /^  had  been  divided  into  16  equal  parts, 
instead  of  8 — the  sum  of  the  ordinates  drawn  at  the  middle 
of  these  parts  would  then  have  been 

88.9  +  72.7  +  61.5  +  53.3  +  47.1  +  42.1  +  38.1  +  34.8  +  32 
+  29.6  +  27.6  +  25.8  +  24.2  +  22.9  +  21.6  +  20.5  =  642.7. 
042.7  H-  16  =  40.1/  lb.  per  sq.  in.  144  X  40.17  X  4  =  23,138 
foot-pounds,  nearly. 

Where  a  table  of  logarithms  is  not  at  hand,  a  sufficiently 
close  result  for  all  practical  purposes  can  be  obtained  by 
dividing  A  E  F L  into  10  parts. 

1161.  The  curve  shown  in  Fig.  223  is  called  the 
isotliernial  expansion  curve,  or  the  expansion  curve 

of  constant  temperature.  It  is  known  in  mathematics 
as  the  equilateral  hyperbola,  and  hence,  when  used  on 
indicator  diagrams,  is  sometimes  called  the  hyperbolic 
expansion  curve.  If  the  initial  volume,  pressure,  and 
final  volume  are  known,  the  curve  may  be  constructed 
graphically  without  calculating  the  different  points,  as  was 
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done  in  Fig-.  22.3.  Thus,  in  Fig.  227,  let  O  V  and  O  X  be 
two  lines  at  right  angles  to  each  other.  These  lines  are 
known  in  mathematics  as  the  coordinate  axes,  the  line 
O  Y  being  called  the  axis  of  ordinates,  or  axis  of  Y, 
and  the  line  O  X,  the  axis  of  abscissas,  or  axis  of  X. 
Let  O  A  represent  the  absolute  initial  pressure,  and  O  B 
the  initial  vokmie.  Through  A  draw  the  indefinite  straight 
line  A  M  parallel  to  the  axis  of  Jf,  and  through  B  draw  the 


Fig.  227. 

indefinite  Straight  line  ^ /^parallel  to  the  axis  of  Y.  The 
point  C^  where  these  two  lines  meet,  is  the  point  where  the 
expansion  is  to  begin;  consequently,  it  is  one  point  on  the 
curve.  Through  the  point  (9,  called  the  origin,  and  which 
is  point  of  no  volume  and  no  pressure,  draw  a  number  of 
lines,  O  F,  O  n,  O  N,  O  J/,  etc.,  cutting  B  F  at  F,  1,  5, 
etc.,  and  A  M at  4,  F>,  N,  etc.  Through  the  points  F,  1,  5, 
etc.,  draw  lines  parallel  to  the  axis  of  Jf,  and  through  4,  F>, 


406  HEAT. 

iV,  etc.,  draw  lines  parallel  to  the  axi",  of  Y.  These  lines 
intersect  in  the  points  3,  2,  6,  etc.,  which  are  points  on  the 
required  isothermal  expansion  line.  To  prove  this,  lay  off 
B  H  equal  to  O  B,  and  draw  H  K  parallel  to  the  axis  of  K, 
intersecting  the  curve  in  K.  Now,  if  A'  is  a  point  on  the 
isothermal  expansion  line,  //  K  must  be  equal  in  length  to 
one-half  oi  O  A,  since,  when  the  volume  is  twice  as  great, 
the  pressure  is  only  half  as  great.  Similarly,  \i  H  L  =  B  H 
=  O  B,  L  6  must  be  one-third  as  long  a.s  O  A.  By  measure- 
ment this  will  be  found  to  be  the  case.  This  curve  and 
method  of  constructing  it  is  much  used  in  "  working  up  " 
indicator  diagrams,  and  will  be  further  explained  in  connec- 
tion with  the  subject  of  Steam  and  Steam  Engines. 

1 162.  If  the  air  or  gas  be  compressed,  the  action  will 
be  exactly  the  reverse  of  the  expansion.  Heat  would  have 
to  be  abstracted  instead  of  added;  the  pressure  would  in- 
crease instead  of  decreasing,  and  the  volume  decrease  in- 
stead of  increasing. 

In  Fig.  228,  which  is  Fig.  223  repeated,  let  jS" /^  represent 
the  initial  pressure  =  20  lb.  per  sq.  in.,  OF  the  initial 
volume  =  5  cu.  ft.  As  the  volume  decreases,  the  pressure 
will  increase,  as  indicated  by  the  isothermal  curve  E  D  C B  A, 
when  the  temperature  is  kept  constant.  The  curve  may  be 
constructed  as  shown  in  Fig.  227,  by  taking  O  as  the  point 
from  which  to  draw  the  lines  O  D,  ON,  etc.,  in  Fig.  227. 
The  point  F  could  not  be  taken  from  which  to  draw  these 
lines,  for  they  must  always  be  drawn  from  the  point  of  no 
pressure  and  no  volume.  F  is  Si  point  of  no  pressure,  but  it 
indicates  a  volume  of  5  cu.  ft.  The  work  required  to  com- 
press the  air  under  these  conditions  may  be  calculated  by 
formula  75  or  76,  remembering  that  the  larger 'volume 
or  pressure  must  be  in  the  numerator  of  the  fraction. 

Formulas  75  and  76  then  become 

Z  =  2.3026 /^  Flog  ^  (77.) 

and  L  =  2.3026  PV\og  -^,  (78.) 

in  which  the  letters  have  the  same  meaning  as  before 
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1163.  Formulas  75,  76,  77,  and  78  will  be  easier  to 
use  if  the  pressure  be  taken  in  pounds  per  square  inch,  and 
144  X  2.3026  =  331.5744  be  substituted  for  2.3020.  As  be- 
fore, the  volume  must  always  be  taken  in  cubic  feet.  For- 
mulas 75  and  76  then  become 

V 
Z  =  331.5744/  Flog  -^ 

P 


and  L^  331.5744/  Flog 


A' 


(79.) 
(80.) 


in  which  /  =  pressure  in  pounds  per  square  inch. 

T 


* — i- 


^ 


— 3- 


-H  Volumes. 


G     h 


F 


Fig.  228. 


Example.— The  initial  volume  of  a  body  of  gas  which  is  to  be  com- 
pressed is  6.78  cu.  ft.  The  initial  pressure  is  16  lb.  per  sq.  in.  If  this 
gas  be  compressed  until  its  tension  is  144  lb.  per  sq.  in.,  what  work  will 
have  to  be  expended,  the  temperature  being  kept  constant  ? 


408  HEAT. 

Solution. — Using  formula  80,  and  remembering  that  the  greater 
pressure  must  be  in  the  numerator, 

■h,  144 

L  =  331.5744/  Flog  -^  =  331.5744  X  16  X  6.78  X  log   —^  331.5744 

X  16  X  6.78  X  .95424  =  34,323.24  foot-pounds.     Ans. 

1164.  Adiabatic  Kxpansion. — Suppose  that  a  vol- 
ume of  air  expands  from  the  same  initial  volume  and  pres- 
sure as  in  the  case  of  Fig.  223,  but  that  no  heat  is  added  or 
taken  away.  The  temperature  will  fall  during  expansion, 
and  rise  during  compression.  The  pressure  will  fall  much 
faster  than  in  the  case  of  isothermal  expansion,  and  increase 
much  faster  than  in  isothermal  compression  for  the  same 
increase  or  decrease  in  volume.  The  air  expands  no  longer, 
according  to  the  I^lvj  p  v  =  p^i\=  p^v^,  etc.,  but  according 
to  another  law  which  can  only  be  proven  by  the  use  of  higher 
mathematics;  this  law  is  for  air: 

/^^'•-=A^^'-"=A^V-",  etc.  (81.) 

In  other  words,  the  pressure  inultiplied  by  the  1.41  power 
of  the  corresponding  volume  is  a  constant,  and  is  equal  to 
the  product  of  the  pressure  and  1.41  power  of  the  volume 
at  any  other  part  of  the  stroke.  The  initial  volume  is  1  cu. 
ft.,  and  the  initial  pressure  is  100  lb.  per  sq.  in.  in  Fig.  223. 
Using  these  values  in  the  present  case,  /  z'"*'",  =  100  X  l'"" 
=  100 ;  hence,  /,  v;  • ''  =  100,  /,  v,'  ■ ''  =  100,  etc. 

Assuming  the  different   volumes,  the   pressures  may  be 
calculated  as  follows: 

100 
Let  V  =  2i  cu.  ft. ;  then,  /  X  2.5'-''  =  100,  or  /  =, ;— 777-, ; 

log/  =  log  100  —  1.41  log  2.5  = 

2  _  1.41  X  .39794  =  2  -  .5G110  =  1.43890, 

or/  =  27.47  lb.,  nearly 

Calculating  in  this  manner  the  pressures  corresponding 
to  the  different  values  of  the  volumes  for  points  correspond- 


\. 


HEAT. 


499 


ing  to  the  volume  points  in  Fig.   223,  the  following  results 
are  obtained: 

Pressure  corresponding  to  volume  c  d  r=  56.5     lb. 

^Ar=  37.63 

^/=  27.47 

C/=  21.25 

gh=  17.1 

DG=  14.16 

/  k  =  12.  - 

E  F=  10.34 

Making  the  different  ordinates  equal  in  length  to  these 
pressures,  and  using  the  same  scale  as  before — 1  in.  =  20  lb- 


Fig.  229. 


— the  curve  shown  in  Fig.  229  is  produced  by  tracing  the 
line  ABODE  through  these  points.      It  will   be  noticed 
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that  the  area  oi  A  E  F  L  in  Fig.  220  is  considerably  smaller 
than  in  Fig.  223;  consequently,  the  mean  pressure  is  less, 
and  the  work  done  in  expanding  is  less.  This  was  to  be 
expected,  since,  no  heat  being  added,  the  temperature  must 
fall  and  with  it  the  pressure  also.  Erecting  ordinates  at  the 
middle  points  of  these  divisions,  and  measuring  them  in  a 
manner  similar  to  the  approximate  method  of  finding  the 
mean  pressure  followed  in  Fig.  220,  the  mean  pressure  is 
found  to  be 
73  +  45.5  +  31.9  +  24  +  19  +  15-5  +  13  +  11.1  ^  ^^^  ^^  ^^^ 

o 
sq.  in. 

The  work  done  is  evidently  144  X  29^  X  4  =  16,776  foot- 
pounds. 

1 165.  The  mathematical  formula  which  gives  the  work 
directly  when  the  initial  and  final  volumes  and  the  initial 
pressure  are  known  is 

Z==2.44/'f[i-(^)"].  (82.) 

By  means  of  formula  82,  just  given,  the  work  is  found  to 
be  16,974  foot-pounds.  Thus,  substituting  the  values  given 
and  remembering  that  P  =  pressure  in  pounds  per  square 
foot, 

L  =  2.44  X  (100  X  144)  X  ifl  -  H)     1  =  3-44  X  14,400 

(1  -  .51691)  =  16,974  foot-pounds. 

1166.  If  the  initial  and  final  pressures  and  the  initial 
volume  are  given,  to  find  the  work  a  formula  may  be  derived 
as  follows: 

From  formula  81,  /^F'"'  =  P^  F,'-^'  ;  hence,  ^^^^  =  ^, 


or  -jT  =  \'p\^-     Affecting  both  sides  -of  this   last   eqi 
tion    with    an    exponent    of    .41,    there    results    (-77-) 


since    .41  -^  1.41  =  .29078. 
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Substituting  the  right-hand  member  of  the  last  equation  in 
formula  82, 

i:  =  2.44PF[l-(^y""].  (83.) 

1 1 67.  If  the  pressure  be  taken  in  pounds  per  square 
inch.  82  and  83  become 

L  =  351.36/  Fri  —  (^y"1,  (84.) 

and  L  =  351.36/  V  ll  —  (^\  '""  H.  (85.) 

In  both  formulas,  />  and  V  are  the  initial  pressure  and 
volume,  respectively.  When  a  gas  expands  without  receiv- 
ing or  losing  any  heat,  the  pressure  falls,  as  shown  by  Fig. 
229,  and  it  is  said  to  expand  adiabatically.  The  curved 
line  A  B  C  D  E  is  called  the  adiabatic  curve. 

1168.  Formulas  82  and  83  (and,  of  course,  84  and 
85)  niay  be  used  for  compression  as  well  as  for  expansion, 
the  letters  P  and  F  representing  the  initial  pressure  and 
volume,  and  P^  and  F,  the  final  pressure  and  volume,  in  both 
cases.     To  show  that  such  is  the  case,  proceed  as  follows: 

Dividing  both  sides  of  formula  82  by  2.44, 

Now,  if  the  formula  is  true  for  both  cases,  the  work  done 
during  adiabatic  expansion  must  equal  the  work  required 
to  immediately  compress  the  air  back  to  its  pressure  before 
expansion.  But,  if  the  final  pressure  and  volume  after  ex- 
pansion be  represented  by  P,  and  F,,  these  letters  will  rep- 
resent the  initial  pressure  and  volume  during  compression. 
Consequently,  in  order  to  prove  that  the  formula  holds  good 
for  both  cases,  it  must  be  proved  that 

^^\}~{W^  ^ ^'  ^'[} ~  (^)^l-  ^^  ^''''^''^^  ^^' 

pyi.*i  _  p^  F,'-",  or  P^  =  ..  .     Representing  the    expo- 

P  F™ 
nent  1.41  by  m,  for  convenience,  P^  =     r^,,,  •     Substituting 
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this   value    of    P^  in  /*,  K,      1  —  |-p-)        ,  it  becomes,  si 
.41  =  ;//  —  1, 


since 


K' 


xK,[.-(iiy"-]=/>Kx|;^[i-^] 


which  was  to  be  proved. 

When  applying  the  formula  for  cases  of  compression,  it 
will  be  found  that  the  result  is  negative.  The  minus  sign 
merely  indicates  compression,  the  numerical  value  being  the 
same  as  in  the  case  of  expansion. 

1169.  From  formula  81  two  other  formulas  maybe 
derived,  which  are  of  great  importance  in  investigations  per- 
taining to  the  theory  of  heat.     They  are  derived  as  follows: 

SincePF'"  =  P,F-S^-p-j      =  ■^. 

Representing  1.41  by  7n,  as  before, 

p 

Multiplying  both  sides  of  equation  {a)  by  -p-, 


_PV 
P, 


I 


I    ^  \  -'   1  \  ^     /  -'    1  p  m  p  m  \  ^      / 

Substituting  for  7/1  its  value,  1  —  1.41  =  —  .-41,  and 


PV       //^\"~"»^      /P\ 
■  =  (  -^  J  =  l-±\  .    According  to  the  theory  oi 

exponents,  see  Arts.  529  and  530,  (-77)  ~  (t^) 

Hence,  -j^-y  =  \^-jj-j  (^) 

11 70.     According  to  formula  62,  Art.  1058, 
P  V      P,  F  P  V       T 

. ! 1    or 

T    ~     7;   '       P.  V~T.' 
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PV 
Substituting  this  value  of  -„  „  in  equation  {6) 

P  \    .29078  y^ 


(p  \    .29078  'T' 


Likewise,    since  .29078  =  ■  \   ,, —  = ,  formula  86 

'  1.41  m 


may  be  written  ( -p-  J    '"     =  -:^.      [c) 

But,  since   75-=  (-7/ )  >  from  formula  81,  equation  (<r) 

may    be   written       I  -p  I         "*    =  -7^,    <^'"    1  "7/  I        ^  ^• 

Substituting  for  in  its  value, 

(t)'"  =  -^-  (8^-)        ■ 

1171.  Formulas  86  and  87  may  be  used  to  compute 
the  temperature  of  the  air  after  adiabatic  expansion  or  com- 
pression when  the  initial  and  final  pressure  or  the  initial  and 
final  volume  are  known  and  the  initial  temperature  has  been 
noted. 

In  formulas  86  and  87,  the  pressures,  volumes,  and  tem- 
peratures may  be  expressed  in  any  units  desired,  remember- 
ing that  the  pressures  and  temperatures  are  absolute.  In 
other  words,  the  pressures  may  be  in  pounds  per  square 
inch,  pounds  per  square  foot,  inches  of  mercury,  etc. ;  the 
volumes  may  be  in  cubic  feet,  cubic  inches,  cubic  meters, 
etc.,  and  the  temperatures  may  be  in  Fahrenheit,  Centigrade, 
or  Reaumur  degrees. 

Example. — The  temperature  of  the  air  as  it  enters  the  cylinder  of 
an  air  compressor  is  60" ;  what  is  its  final  temperature  after  being  com- 
pressed to  100  pounds  per  square  inch,  absolute,  the  compression  being 
adiabatic  ? 

Solution. — The  initial  pressure  is,  of  course,  14.7  lb.  per  sq.  in.; 
hence,  substituting  in  formula  86  the  values  of  P,  Pi,  and   T,  T\  = 

/D\. 29018  /    100    \-290-:S 

T\^\  =^^^(14^)  =908.r.    Therefore,  final  temperature  = 

908.1-460  =  448.1°.     Ans. 
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1 172.  If  the  volume  of  air  were  5  cu.  ft.  and  the  pres- 
sure were  10.34  lb.  per  sq.  in. — that  is,  if  the  piston  were  at 
E  F,  Fig.  220,  and  the  air  Avere  compressed  to  1  cu.  ft.,  no 
heat  being  lost — the  final  pressure  would  be  100  lb.,  as 
before;  the  curve  of  pressures  would  be  the  adiabatic 
curve  E  D  C  B  A,  as  in  the  case  of  expansion.  The  work 
which  the  air  would  do  when  it  expanded  isothermally,  or  at 
constant  temperature,  was  found  to  be  23,176  foot-pounds, 
and  when  it  expanded  adiabatically,  10,974  foot-pounds,  a 


.sr,  s' 


Voiumea. 
Fig.  230. 

result  considerably  less.  This  was  to  be  expected,  since,  as 
no  heat  was  added,  the  heat  required  to  do  the  work  of 
expansion  had  to  be  taken  from  the  gas,  thus  reducing  its 
energy  and  the  amount  of  work  that  it  could  do.  To  better 
show  the  effects  of  isothermal  and  adiabatic  expansion,  the 
two  curves  shown  in  Figs.  223  and  229  are  drawn  together 
in  Fig.  230.     Here  S  A  B  C  D  E  is  the  iiothermal  curve  of 
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expansion  or  compression,  and  S'  A  B'  C  D'  E'  is  the  cor- 
responding adiabatic  curve.  If  5  cu.  ft.  of  air  having  a  ten- 
sion of  20  lb.  per  sq.  in.  be  compressed  isothermally,  the 
curve  of  compression  would  follow  the  line  E  D  C  B  A  S, 
while,  if  compressed  adiabatically,  the  initial  tension  and  vol- 
ume being  the  same,  it  would  follow  the  dotted  line  E  \V 
Hence,  if  the  air  were  thus  compressed  to  1  cu.  ft.,  it  is  easy 
to  see  that  the  work  required  would  be  far  more  for  adiabatic 
compression  than  for  isothermal  compression.  To  obtain 
the  area  A  C  E'  EL,  the  following  formula  may  be  used, 
which  gives  it  directly  for  air  when/  and  p^  are  the  greater 
and  lesser  pressures,  respectively,  and  V  and  F,  their  cor- 
responding volumes: 


.41 


=  area.         (88.) 


1173.  By  means  of  this  formula,  the  mean  ordinate 
may  be  calculated  directly,  without  drawing  the  curve  and 
measuring  the  mean  ordinates  of  the  equal  parts.  Thus,  the 
pressure  corresponding  to  a  volum.e  of  5  cu.  ft.,  and  denoted 
by  the  ordinate  E'  E',  was  found  to  be  10.3-4  lb.  per  sq.  in. 
The  greater  pressure  was  100  lb.  per  sq.  in.,  and  the  corre- 
sponding volume  1  cu.ft. ;  hence,  the  areaA  B'  CD'  E'  EL  A  is 

pV-p,V,       100  X  1- 10.34  X  5        ,,r..aK  ■         rr... 

7f^ — -~ jz =  117.805    sq.    m.     This, 

.41  .41  ^  ,  ^ 

divided  by  the  length  L  E  =  \,  gives ^ —  29.45125  lb. 

per  sq.  in.  =  mean  ordinate.  Since  the  area  of  the  piston 
was  144  sq.  in.,  and  the  piston  moved  4  ft.,  the  work  it 
could  do  is  29.45125  X  144  X  4  =  1(3,904  foot-pounds.  The 
previous  calculation  gave  16,974  foot-pounds,  a  difference 
of  10  foot-pounds.  Both  methods  would  have  given  the 
same  result  had  the  calculation  for  the  final  pressure,  10.34 
lb.  per  sq.  in.,  been  carried  out  to  a  sufficient  number  of 
decimal  places,  and  7-figure  logarithms  used  instead  of 
those  of  5  figures.  The  difference  is  so  slight  that  the 
results  are  practically  the  same. 
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1 1 74.  A  little  thought  will  show  that  the  work  done  is 
directly  proportional  to  the  areas,  and  that  the  areas  them- 
selves may  be  considered  as  representing  the  work  done  on 
the  piston  during  one  stroke.  For  the  mean  pressure  was 
just  now  found  to  be  29.45  lb.  per  sq.  in.  Since  every  inch 
of  length  on  any  ordinate  in  Fig.  230  represents  a  pressure 
of  20  lb.  per  sq.  in.,  the  actual  length  in  inches  of  the  mean 
ordinate  is  29.45  -=-20  =  1.4725  in.  The  length  of  the  area 
is  4  in.,  and  the  actual  area  is  1.4725  X  4  =  5.89  sq.  in.  Now, 
since  the  ordinates  are  so  drawn  that  1  in.  =  20  lb.  pressure 
per  sq.  in.,  and  the  area  of  one  sq.  ft.  is  144  sq.  in.,  5.89  X 
20  X  144  =  work  =  16,9G3  foot-pounds,  the  same  result  as 
before.  Therefore,  if  in  any  diagram  of  this  kind  the  actual 
area  be  multiplied  by  the  vertical  scale  of  pressures  in  pounds 
per  square  inch  (in  this  case,  1  in.  =  20  lb.  per  sq.  in.)  and 
by  the  horizontal  scale  of  volumes  in  cu.  ft.  (in  this  case,  1  in. 
=  1  cu.  ft.),  and  then  multiplied  by  144,  the  result  is  the 
work.  The  work  is  represented  by  the  area,  and  the  ratio 
of  any  two  areas  is  the  same  as  the  ratio  of  the  works. 

1175.  A  study  of  the  cmvxqs  E  D  C B  A  and  EW,\n 
Fig.  230,  will  show  why  the  walls  of  air  compressors  are 
cooled.  Suppose  that  E  F  represents  a  pressure  of  14. 7  lb. 
per  sq.  in.,  instead  of  20  lb.,  as  formerly.  This  is  the  pres- 
sure of  the  atmosphere,  and,  consequently,  the  initial  pressure 
in  the  air  compressor  cylinder.  If  the  air  were  not  cooled 
while  being  compressed,  the  pressures  corresponding  to  the 
various  volumes  would  be  given  by  the  dotted  adiabatic 
curve  E  W. 

If  the  air  thus  compressed  could  be  used  at  once,  there 
would  be  no  loss,  since  the  heat  imparted  to  it  would  be 
utilized  in  doing  work,  and  it  would  make  no  difference 
whether  the  compression  was  adiabatic  or  isothermal.  Such 
is  not  the  case,  however.  The  air,  after  leaving  the  com- 
pressor, is  stored  in  a  large  reservoir  called  a  receiver,  from 
which  it  is  conveyed  in  pipes  to  the  engines,  pumps,  or  other 
machines  which  it  operates.  These  are  situated  sometimes 
5  miles  or   more  from  the  compressor,  and   when  the   air 
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reaches  them,  its  temperature  has  been  reduced  to  that  of 
the  atmosphere.  As  a  consequence  of  this  reduction  in 
temperature,  the  pressure  falls  to  a  point  determined  by  the 
intersection  of  an  ordi- 
nate drawn  through  the 
point  ITand  the  isother- 
mal curve  E  B  A.  Fig. 
231  shows  the  curves 
when  applied  to  an  air 
compressor.  O  L  repre- 
sents the  initial  volume, 
say  5  cu.  ft. ;  LB  the 
atmospheric  pressure 
14.7  pounds  per  square 
inch,  and  O  H  the  final 
pressure,  say  100  pounds 

per   square  inch.     B    C  fig.  231. 

represents  the  adiabatic,  and  B  A  the  isothermal,  compres- 
sion curve,  respectively. 

The  point  F,  where  the  ordinate  through  C  intersects  the 
isothermal  B  A,  indicates  the  pressure  of  air,  when  com- 
pressed adiabatically  after  it  has  cooled  to  the  temperature 
of  the  outside  air.  Measuring  the  ordinate  E  F,  the  pres- 
sure at  the  point  is  found  to  be  57.26  pounds  per  square 
inch. 

The  work  done  in  compressing  the  air  adiabatically,  and 
in  forcing  it  out  of  the  cylinder  is  proportional  to  the  area 
B  L  O  H  C,  while,  for  isothermal  compression,  the  work  is 
proportional  to  the  area  B  LO  H  A.  The  work  lost  through 
adiabatic  compression  is  the  difference  of  these  two  areas,  or 
the  area  A  B  C.  By  the  use  of  some  cooling  device,  such 
as  the  water  jacket  described  in  Art.  1071,  the  compres- 
sion curve  will  lie  between  the  curves  B  C  and  B  A,  and  the 
subsequent  fall  of  pressure  due  to  the  cooling  will  be  greatly 
reduced.  In  the  best  types  of  modern  air  compressors,  this 
curve  will  lie  about  half  way  between  B  C  andB  A,  as  shown 
by  the  dotted  curve  B  K,  and  the  fall  of  pressure  will  then 
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h^K o,  instead  of  C  F,  as  in  tlie  former  case  where  no  coolinn; 
took  place. 

1 1  76.     The  efficiency  oi  the  cooling  device  is  determined 

as  follows:   Suppose  that  B  K  II  N  represents  an   actual 

indicator  diagram   taken   from   the  air  cylinder  of    an   air 

compressor.      Lay  off   N  O  equal   to   the    pressure    of    the 

atmosphere,  as  determined  by  a  barometer,  or  equal  to  14.7 

pounds  per  square  inch,    if  no  barometer  reading  has  been 

taken,  and  draw  the  isothermal  and  adiabatic  curves  B  A 

and  B  C  in  the  usual  manner.     Then,  the  efficiency  of  the 

,.       ,     .  area  of  C B  K 

coolmg  device  = ,.  ..  „    .. 

^  area  ot  6  i)M 

The  student  who  approaches  the  subject  of  cooling  devices 
for  air  compressors  for  the  first  time  is  apt  to  reason  falla- 
ciously in  the  following  manner:  He  argues  that,  although 
the  air  is  cooled,  the  work  done  on  the  air  is  the  same  in 
either  case,  the  work  not  shown  by  the  card  being  turned 
into  heat  and  carried  away  by  the  cooling  water.  The 
fallacy  of  this  reasoning  may  be  proved  by  taking  an  indi- 
cator diagram  from  the  steam  cylinder.  It  Avill  always  be 
found  that  the  work  shown  by  the  steam  diagram  will  al- 
ways equal  that  shown  by  the  air  diagram,  plus  the  work 
needed  to  overcome  the  friction  of  the  moving  parts,  no 
more  and  no  less.  The  student  may  reason  himself  out  of 
the  fallacy,  thus:  During  the  compression  of  a  given  weight 
of  air,  there  are  four  quantities  Avhich  are  liable  to  vary :  the 
pressure  P,  the  volume  F,  the  temperature  7",  and  the  total 
quantity  of  heat  Q  which  the  air  possesses.  During  adiabatic 
compression,  the  total  quantity  of  heat  in  the  air  remains 
the  same;  i.  e.,  Q  is  constant  while  I\  F,  and  7" vary-.  Dur- 
ing isothermal  compression,  on  the  contrary,  P,  V,  and  Q 
vaVy,  T  remaining  constant.  If  Q  represents  the  total 
amount  of  heat  in  the  gas  before  compression,  and  Q^  the 
total  amount  of  heat  after  compression,  Q  —  Q^  =  0,  in  the 
case  of  adiabatic  compression,  while,  in  the  case  of  isother- 
mal compression,  778  {Q  —  Q^)  is  exactly  equal  to  the  work 
represented  by  the  area  A  B  C  in  Fig.  231. 
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EXAMl>I.i:S    FOR    PiiACTICE. 

1.  If  5.68  cu.  ft.  of  air  having  a  temperature  of  50°  is  compressed 
adiabatically  to  a  volume  of  1.3  cu.  ft.,  what  is  the  final  temperature? 

Ans.   473.56". 

3.  In  the  above  example,  if  the  initial  tension  is  14.7  lb.  per  sq.  in., 
what  is  the  final  tension  ?  Ans.   117.57  lb.  per  sq.  in. 

3.  With  the  same  data  as  above,  calculate  the  work  required  to  com- 
press the  air  Avhen  the  compression  is  adiabatic  ?        Ans.  24,365  ft. -lb. 

4.  With  the  conditions  the  same  as  in  the  preceding  example,  cal- 
culate the  work  required  when  the  compression  is  isothermal  ? 

Ans.   17,729  ft. -lb. 

5.  Eight-tenths  cu.  ft.  of  air,  at  a  temperature  of  120''  and  a  pres- 
sure of  45  lb.  per  sq.  in.,  expands  adiabatically  to  the  pressure  of  the 
atmosphere,  (a)  What  is  the  final  volume  ?  (d)  The  final  temperature  ? 
(c)  The  work  done  during  expansion  ?  i  (a)  1.769  cu.  ft. 

Ans.  J(^)        -41.07°. 
(  (c)  3,513  ft. -lb. 


THE  IDEAL  HEAT  ENGINE. 

1177.  Second  Eaw  of  Tliermodynamics. — Hca^ 
cannot  pass  from  a  cold  to  a  hot  body  by  a  self-acting  process 
unaided  by  external  agency. 

1 1  78.  The  Reversible  Cycle  Process. — In  Fig.  232, 
suppose  5  5  to  be  the  cylinder  of  a  single-acting  engine  ;  i.e., 
one  which  does  work  only  when  the  piston  is  moving  in  one 
direction,  and,  for  simplicity,  assume  that  the  engine  is  a 
hot-air  engine.  Call  the  fire  which  heats  the  air,  or  source 
of  heat,  the  hot  body;  the  atmosphere  into  which  the  hot 
air  exhausts,  and  which  absorbs  the  heat,  the  refrigerator, 
or  cold  body,  and  the  air  in  the  cylinder  Avhich  does  the 
work,  owing  to  the  expansion,  the  intermediate  body- 
Suppose,  further,  that  the  cylinder  is  made  of  a  perfect 
non-conducting  heat  material  and  that  the  head  (which  call 
a)  can  be  removed  and  replaced,  whenever  it  is  desired,  by 
one  that  is  a  perfect  conductor  of  heat.  Call  this  head  b. 
All  of  the  above  conditions  regarding  the  construction  of 
the  cylinder  are,  of  course,  impossible;  the  only  reason  for 
making  these  assumptions  is  that  the  action  of  the  inter- 
mediate body  may  be  considered  under  perfect  conditions. 

M.  E.    I.— 34 
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Let  O  Fand  O  A\  Fig.  232,  be  the  coordinate  axes,  and 
let  O  F,  represent  the  volume  S  I  of  the  air  in  the  cylinder, 
whose  absolute  temperature  is  V\ ;  pressure,  /' ,  and  volume, 
/ ',.  When  the  piston  is  at  1,  the  line  F,  A  represents  the 
pressure  P  in  pounds  per  square  foot. 

1.  Suppose  the  head  /;  to  be  in  place,  and  to  be  in  con- 
tact with  the  hot  body,  which  is  always  kept  at  a  uniform 
temperature  T^,  any  heat  abstracted  being  immediately 
supplied  by  the  fire.  Then,  so  long  as  the  head  d  is  in  con- 
tact with  the  hot  body,  the  temperature  of  the  air  in  the 
cylinder  will  remain  constant.  Suppose  the  air  to  expand 
until  the  piston  has  reached  another  position,  as  S,  over- 
coming a  resistance  at  every  point  just  equal  to  the  tension 
of  the  expanding  air.  Heat  is  supplied  by  the  hot  body  and 
the  temperature  remains  constant;  in  other  words,  the  ex- 
pansion is  isothermal.  The  work  done  will  be  represented 
by  the  area  A  B  F,  F,. 

2.  Replace  head  b  with  head  «,  and  let  the  air  expand 
further  until  the  piston  has  reached  the  extreme  position  S. 
No  heat  can  now  enter  or  leave  the  cylinder,  and  this  ex- 
pansion will  be  adiabatic.  The  position  2  should  be  so 
chosen  that,  at  the  end  of  the  adiabatic  expansion,  the  tem- 
perature /"„,  corresponding  to  the  pressure  C  V^  and  volume 
O  F3,  which  denote  by  P^  and  F^,  respectively,  will  be  the 
same  as  that  of  the  cold  body.  The  work  done  during  this 
period  is  represented  by  the  area  B  C  V^  F^',  and  the  total 
work  done  during  expansion  from  1  to  3  hy  A  B  F,  F,  + 
BCV,V,  =  ABCV,F, 

3.  Replace  the  head  a  with  head  d,  and,  supposing  head 
d  to  be  in  contact  with  the  cold  body,  move  the  piston  to 
position  4-  The  air  will  then  be  compressed,  and,  since  the 
temperature  of  the  cold  body  is  assumed  to  remain  at  T^, 
the  compression  is  isothermal.  Consequently,  a  certain 
quantity  of  heat  must  be  abstracted  from  the  air  and  rejected 
to  the  cold  body.  The  work  done  7t/>on  the  air  will  be 
represented  by  the  area  C  F,  F^  Z>.  The  position  4  should  be 
so  chosen  that  if  the  air  be  compressed  adiabatically  from  4 
to  1,  the  volume,  pressure,  and  temperature  of  the  air,  when 
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the  piston  reaches  position  1,  will  be  the  same  as  at  the 
beginning. 

4.  Replace  the  head  b  with  head  a.  No  heat  can  then 
enter  or  leave  the  cylinder,  and  the  air  will  be  compressed 
adiabatically  to  the  original  volume,  pressure  and  tempera- 
ture, provided  the  position  Jf.  has  been  rightly  chosen.  The 
work  done  7ipon  the  air  is  represented  by  the  area  D  J^^  V^  A, 
and  the  total  work  done  upon  the  air  is  C  V^  V^  D  -\- 
D  V,  V^A^C  V,  l\  A  D. 

The  excess  of  work  done  by  the  air  over  that  done  upon 
it;  i.  e.,  the  excess  of  heat  in  foot-pounds,  taken  from  the  hot 
body  over  that  rejected  to  the  cold  body,  is  determined  by 
difference  of  the  areas  A  B  C  V^  F,  and  C  F,  V\  A  D,  or 
A  B  C  D.  It  should  be  noted  that  the  only  means  by  which 
the  piston  could  be  returned  from  3  \.o  1  was  through  the 
application  of  an  external  force.  It  will  also  be  noticed  that 
the  condition  of  the  intermediate  body  is  now  exactly  the 
same  as  regards  pressure,  volume,  and  temperature  as  in 
the  beginning. 

1179.  A  series  of  operations  similar  to  that  described 
above  is  called  a  cycle  process,  and  when  the  last  operation 
leaves  the  intermediate  body  in  the  same  state  as  in  the 
beginning,  the  process  is  called  a  closed  cycle;  otherwise, 
it  is  an  open  cycle.  Thus,  the  process  represented  by  the 
lines  A  B,  B  C,  CD,  and  D  A  is  a  closed  cycle,  while  that 
represented  by  the  lines  A  B,  B  C,  C  F,  and  F  E  isan  open 
cycle,  and  heat  must  be  added  to  the  intermediate  body  to 
bring  it  into  the  same  conditions  that  governed  it  in  the 
beginning. 

1 1 80.  Every  closed  cycle  process  is  reversible  ;  that 
is,  the  operations  described  in  connection  with  it  may  be 
reversed.  Thus,  let  the  air  expand  adiabatically  from  1  to 
4-,  the  pressures  being  represented  by  the  curve  A  D;  then, 
isothermally  from  Jf.  to  3,  the  pressures  following  the  curve 
D  C;  then,  compress  it  adiabatically  from  3  to  2,  the  pres- 
sures following  the  curve  C  B,  and,  lastly,  compress  it  iso- 
thermally from  2  to  /,  the  pressures  following  the  curve  B  A. 
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The  work  done  by  the  air  in  tliis  case  is  iici^ativc ;  that  is, 
the  work  done  by  tlie  air  in  expanding  is  less  than  tliat  per- 
formed upon  it  during  compression,  and  the  amount  of  this 
negativ^e  work  is  the  area  A  BCD.  The  whole  process  is 
the  exact  reverse  of  the  preceding  one.  In  other  words, 
work  is  done  upon  the  intermediate  body  instead  of  by  it, 
as,  for  example,  in  an  air  compressor. 

It  will  be  noticed  t/iat,  in  this  reverse  process.,  heat  is  taken 
from  the  cold  body  and  rejected  into  the  hot  body,  through 
the  aid  of  an  external  force ;  zvhile,  in  the  direct  process, 
heat  %vas  taken  from  the  hot  body  and  rejected  into  the  cold 
body. 

For  reasons  which  will  be  shown  later,  any  engine  which 
operates  through  a  reversible  cycle,  like  that  just  described, 
is  :i perfect  engine  of  its  kind. 

1181.  Calculation  of  the  Efficiency  of  a  Perfect 
Heat  Kngine. — It  is  first  necessary  to  show  how  the  points 
B  and  V,  Fig.  232,  are  determined.  The  absolute  temper- 
atures of  the  air  (intermediate  body)  at  the  points  A  and  B 
are  the  same;  i.  e.,  7",,  since  A  B  is  an  isothermal.  During 
the  subsequent  adiabatic  expansion  from  B  to  C,  the  tem- 
perature of  the  intermediate  body  falls  to  7'„,  the  temper- 
ature of  the  cold  body,  and  remains  at  that  temperature 
during  the  following  isothermal  compression  until  the  point 
D  is  reached,  which  must  be  so  chosen  that  the  adiabatic 
compression  from  B  to  A  will  just  raise  the  temperature  to 

T^  again.  From  formula  87,  {  v  J'  |  =  ^  for  cases  of  adia- 
batic expansion  or  compression.  Extracting  the  .41  root  of 
both   sides  of  this  equation,  j9=^\^)^^-      Letting  C?  F3  = 

V^  and  O  V^  =  F„  -?  =  ^?  =  (  y,' P^  for  adiabatic  expan- 
sion. Considering  the  air  to  expand  from  A  to  D  instead 
of   compressing    from    B   to    A,  O  P\  =  V„  and   O  F,  =  V^, 

o,   ^  _  £Z,  _  /  LV-A       Therefore    ^^  -  ^^      since 
V  ~  O  V  ~  \T I      ■       -^^^ereioie,    Qy  -  Qy^     smce 


2 
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both  are  equal  Lo  [  ,.,'  1"^  ^.      In  olhcr  words,  the  ratio  of  adia- 

batic  expansion  equals  the  ratio  of  adiabatic  compression. 
For  example,  in  Fig.  232,  0  J\  represents  G  cubic  feet; 
O  l\,  3  cubic  feet,  and  O  F,,  1  cubic  foot ;  then,  to  find  O  V^, 

—  =  — -~\  or  O  J\  —  2  cubic  feet. 
3  1  ' 

o  F     o  r,  .  ^  „       ^  ^  op\     ov^  ^ 

buice  -jYT^  =  TTT^'  ^^  follows  that     ^  . ,  =  TTT^  t)y  a  sim- 

2  1  1  4 

pie  transposition  of  the  terms  O  F,  and  O  J\  from  one  side 
of  the  equation  to  the  other  side ;  i.  e.,  the  ratio  of  isothermal 
expansion  equals  the  ratio  of  isothermal  compression. 

1182.  The  efficiency  of  any  machine  may  be  defined  as 
the  ratio  of  the  work  done  to  the  work  expended.  During 
the  first  operation  of  the  reversible  cycle  of  Fig.  232,  all  of 
the  heat  taken  from  the  hot  body  is  expended  in  doing  ex- 
ternal work,  since,  as  the  temperature  of  the  air  (intermedi- 
ate body)  remains  constant,  the  vibrator}'  movement  of  the 
molecules  remains  constant  also,  and  no  inner  work  is  done. 
The  heat  supplied  in  foot-pounds  of  work  is,  by  formula  75, 

V 
Z.  =  2.3020 /^j  [,  log  y^.      For    convenience,    substitute    for 

V 
}\  r,,  c  T^  and  for^,    r,  ;    then,    2.302G  c  T,   log   r^  =  work 

1 

represented  by  the  area  A  B  V^  V^. 

Note.  — That    this    substitution    may    be    made    is    easily    shown 

P    I    '      P  V 
by    means    of     formula    62,    Art.     1058.       Thus,     — ^— -i  = — 1^. 

P    V  P    V 

Represent  the  actual  value  of  — ^^ — ^  by  c\  then,  — 5^^  =  c,  or  Pi  T'l  = 

c  Ti  and  P^  F2  =  r  Ti. 

During  the  second  operation,  no  heat  is  supplied  to  the 
intermediate  body,  but  part  of  its  heat  is  converted  into 
work  in  order  to  overcome  the  external  resistances.  The 
amount  of  heat  in  foot-pounds  which  is  thus  converted  is,  by 

formula  82,  2.44/^,  ^  \^  "  (r)  "1  ^  '"'^^  ^  ^:  (1  "  ^■") 
=  area  B  C  J\  F,,  since  P^  J\  =  I\  J\  in  this  case. 
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During  the  third  operation,  work  is  done  upon  the  air  (in- 
termediate body),  and  heat  is  abstracted  by  the  cold  body 
equal  to  this  work  in  foot-pounds.     The  amount  of  this  work 

Is  2.302G  c  r,  log-^  =  2.3026  c  T^  log  r^  =  area  C  l\  F,  D. 

During  the  fourth  operation,  the  temperature  is  raised, 
owing  to  the  conversion  of  work  upon  the  air  into  heat,  and 
the  amount  of  this  work  ;  ;  (sec   last  equation,  Art.    1  1  f>8) 

2.44^  t\i  -Cy)  "1=  2.44r  t(i  -  r/"')^  area  D  V^  V^A. 

It  was  shown  during  the  demonstration  of  the  determina- 

V        V, 
tion  of  the  points  B  and  D  that-r^^  =  -y^.      Hence,  r^  =  r^, 

and  the  work  done  during  adiabatic  expansion,  or  the  arcc 
B  C  V^  Fj,  equals  the  work  done  during  adiabatic  compres- 
sion, or  the  area  D  V^  V^A.  Since,  in  the  first  case,  heat  in 
the  intermediate  body  is  converted  into  work,  and,  in  the 
second  case,  work  from  some  external  source  is  convertea 
into  heat,  the  two  works,  being  equal,  neutralize  each  other, 
and  the  total  work  done  by  the  machine  and  represented  by 
the  area  ABCDA  equals  the  difference  of  the  work  done 
by  the  intermediate  body  during  isotJiennal  expansion  over 
that  done  during  isotJiervial  compression ;  i.  e. ,  work-  done 
=  2. 8020  c  'J\  log  r,  -  2.3026  c  T^  log  r^. 

Consequently,  r,  =  r^,  and  the  work  accomplished  dur- 
ing the  cycle  =  2.3026^  T^  log  r,  —  2.3026.^  T„  log  r,  = 
2.3026  c  log  r^  (  7",  —  T„).     Hence,  the  efficiency  of  a  perfect 

heat  engine  =  ^'^^"^^"^^l  '  ^  "  ^'  =  E=  T^.  (89.) 
2.3026  f  7  J  log  ^j  _        y,        ^         ■' 

That  is,  for  a  perfect  heat  engine  operating  tlirongh  a  revers- 
ible cycle  process^  the  efficiency  of  the  niachitie  is  the  ratio  of 
the  difference  of  the  absolute  temperatures  of  the  sources  of 
heat  and  of  cold  to  the  absolute  temperature  of  the  source 
of  heat. 

Since,  according  to  the  first  law,  heat  and  mechanical 
energy  are  mutually  convertible,  it  follows  that  the  fraction 

T  —  T 

— ^—j^ — -  represents  the  percentage  of  the  heat  taken  from 

1 

the  hot  body,  which  was  utilized  in  doing  work. 
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1183.  The  efficiency  of  the  engine  can  become  equal 
to  unity,  or  lOOj^ — i.  e.,  the  engine  can  turn  the  whole  of  the 
heat  supplied  to  it  into  work — only  when  T^  =  0,  and  this 
can  only  occur  when  the  cold  body  has  the  absolute  zero  of 
temperature.  The  absolute  temperature  T„  can  not  be  made 
0,  nor  even  approached;  in  fact,  it  is  impracticable  to  reduce 
the  temperature  below  that  of  the  surrounding  air ;  hence, 
in  order  to  obtain  a  comparatively  high  efficiency,  the  initial 
temperature  must  be  very  high.  Suppose  that  the  temper- 
ature of  the  air  at  the  beginning  of  expansion  was  540°,  and 
at  the  beginning  of  adiabatic  compression  was  32° ;  the 
absolute     temperatures   would    be    5-40  +  4G0  =  1000°,   and 

T  —  T 
492°,    respectively.        The   efficiency   would    be  — ^—y — ^  = 

1000  —  492       ;,n  o^      c     u      1,-   1   .  ^  11       ^ -K 

■ — — =  50.8^.     Such  a  high  temperature  could  not  be 

used  in  actual  practice.     In  a  practical  working  engine,  the 

efficiency  would  be  even  less  than  that  indicated  by  the  f rac- 

T  —  T 
tion  — ^-yr — ^,  since  work  is  required   to  overcome  the  loss 

due  to  friction,  a  part  of  the  heat  supplied  is  radiated,  etc. 
The  terms  heat  and  work  are  here  considered  to  be  synony-. 
mous. 

1 1 84.  It  is  easy  to  see  that  a  closed  cycle  is  more 
efficient  than  an  open  cycle.  For,  referring  to  Fig.  232,  let 
A  B  C  F  E  A  represent  an  open  cycle.  Then,  the  work 
done  by  the  air  is  the  area  ABC  J\  V^  as  before,  while  the 
work  done  upon  the  air  when  the  point  E  has  been  reached 
is  C  l\  V  E  F.     The  gain  in  area  over  that  obtained  in  the 

3  1  O 

closed  cycle  is  the  area  A  D  F  E.  But  in  order  that  the 
temperature  of  the  intermediate  body  may  be  the  same  as 
that  of  the  hot  body,  an  amount  of  heat  must  be  imparted 
equal  to  the  work  represented  by  the  area  E  G  Y  A,  and, 
since  this  area  is  evidently  greater  than  the  area  A  D  F  E, 
it  follows  that  there  is  a  loss  over  that  of  the  previous  cycle. 

1 1 85.  It  is  now  easy  to  prove  that  an  engine  operating 
through  a  cycle  between  the  temperatures  T^  and  T^  can  not 


516 


HEAT. 


For,  suppose  that 


T  —  T 
have  a  greater  efficiency  than     '  ,„ — -. 

an  engine  could  be  devised  having  a  greater  efficiency  than 
the  one  operating,  as  indicated  by  Fig.  232  (which  call  No. 
1);  call  this  engine  No.  2,  and  let  it  drive  No.  1  through  a 
reverse  cycle.     (For  example,  suppose  engine  No.  2  to  be  a 

8  1  4:  2  3 


Fig.  232, 


hot-air  engine,  and  No.  1  an  air  compressor.)  Then,  engine 
No.  2  takes  heat  from  the  hot  body  and  rejects  it  into  the 
cold  body,  while  engine  No.  1,  operating  in  a  reverse  cycle, 
takes  heat  from  the  cold  body  and  rejects  it  into  the  hot 
body.     Suppose  the  horsepower  of  both  engines  to  be  the 
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ly 


same.  Then,  in  engine  No.  2,  work  is  done  Iff  the  inter- 
mediate body  by  aid  of  the  heat  received  from  the  hot  body ; 
ami,  in  Engine  No.  1,  work  is  done  7ipon  the  intermediate 
body  by  aid  of  the  heat  taken  from  the  cold  body  through 
the  agency  of  engine  No.  2.  If  friction  be  neglected  and 
both  engines  are  perfect  engines,  it  is  evident  that  this  com- 
bination could  go  on  running  forever. 

Since  the  power  of  both  engines  is  the  same,  and  engine 
No.  2  was  assumed  to  be  more  efficient  than  engine  No.  1, 
it  is  evident  that  engine  No.  2  will  reject  less  heat  into  the 
cold  body  than  engine  No.  1  takes  from  it.  From  this,  it 
follows  that  if  the  engines  be  kept  to  work  long  enough,  the 
whole  of  the  heat  in  the  cold  body  could  be  taken  out  of  it 
and  transferred  to  the  hot  body — that  is  to  say,  heat  could 
be  transferred  from  a  cold  body  to  a  hot  body  by  means  of 
a  self-acting  contrivance — a  result  contrary  to  all  experience, 
and  contradicting  the  second  law  of  thermodynamics.  It 
is  easy  to  see  that  the  result  would  be  a  perpetual  motion 
machine — an  impossibility. 

1 186.  The  conclusion  is  thus  evident:     A'o  Jicat  engine 

operating  betzveen   the  temperatures   7\  and  T^  ean  Jiave  a 

greater  efficieney  t/ian  the  reversible  cycle  engine.     Likewise, 

tJie  ideal  thermal  efficiency  of  any  heat  engine  may  be  deter- 

T  —  T  .     . 

mined  by  the  fraction  — ^—tt-, — -^,  zvhere  T^  is  the  highest  and 

T^  the  lowest  absolute  temperatures  of  the  intermediate  body. 

If  the  student  is  not  satisfied  by  the  above  reasoning  that 

T  —  T 
no  engine  can  have  a  greater  efficiency  than  — ^=; — ?,   he 

may  assume  the  intermediate  body  to  be  subjected  to  any 
process  whatever;  then,  calculate  the  work  done  by  it  and 
the  work  done  upon  it.  If  between  the  same  limits  of  tem- 
perature he  can  obtain  a  greater  amount  of  work  for  the 
same  quantity  of  heat  taken  from  the  hot  body,  then  the 
above  reasoning  is  not  true. 

1187.  It  was  previously  shown  that  a  closed  cycle  had 
a  greater  efficiency  than  an  open  one.      Now,  take  a  cycle 
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process  like  that  illustrated  in  Fig.  233.  Here  the  air  has  a 
pressure  A  V^  =  100  pounds  per  square  inch,  a  temperature 
2",  of  say  425°,  and  a  volume  of  say  1  cubic  foot.  It  ex- 
pands isothermally  to  a  volume  of  4  cubic  feet,  doing  work 
represented  by  the  area  A  B  V^  V^  equivalent  to  331.5744  X 

4 

100  X  1  log  Y  =  10,903  foot-pounds.     To  restore  the  an*  to 

its  original  volume,  pressure  and  temperature,  it  might  now 
be  compressed   isothermally,  in  which  case  the  work  done 

upon  the  air  would  be  the 
same  as  that  done  by  it ; 
i.  e.,  the  work  obtained 
from  the  machine  would 
be  zero.  Hence,  in  order 
to  obtain  useful  work 
from  the  machine,  it  is 
necessary  to  lower  the 
pressure,  and,  in  so  doing, 
the  temperature  as  well. 

is 


The    pressure    B    V^ 


evidently 


100  X  1 


=  25 


Fig.  233. 


^  pounds  per  square  inch. 
Suppose  it  be  lowered  to 
the  pressure  of  the  atmosphere,  14.7  pounds  per  square  inch. 
This  may  be  done  in  two  ways:  either  by  removing  a  por- 
tion of  the  air  from  the  cylinder  (reducing  its  weight)  or  by 
cooling  it  (removing  some  of  its  heat).  Suppose,  for  conven- 
ience, that  the  latter  method  is  employed.  Then,  the  resulting 
temperature  will  be,  using  formula  59,  Art.  1055,  T^  = 

14  7  X  885 

— '- —  ■  =  520°,  corresponding  to  a  thermometer  temper- 

ature    of   00°.     Now,    compressing  it   isothermally,    it  will 
follow  the  curve  C D^  and  the   pressure   corresponding  to  a 

14.7  X  4 


volume  of  1  cubic  foot  will   be 


58.8   pounds  per 


square  inch.      The  work  done  upon  the  air  is  331.5744  X  14.7 
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X  4  X  log- =  11,738  foot-pounds.  The  heat  energy  re- 
quired to  raise  the  temperature  and  pressure  to  the  original 
temperature  and  pressure  is  778  s,.  IV  ( T^  —  1\}.  The  weight 
of  1  cubic  foot  of  air  at  the  temperature  1\  of  520°  and  a 
pressure  of  58.8  pounds  per  square  inch   is,  by  formula  61, 

58  8 
Art.     1057,     "^=.37052X520=-'°°^    P™""^'     "''"'5'- 

Hence,  the  heat  energy  required  =  778  X  .1G847  X 
.3052  (885  —  520)  =  14,601  foot-pounds.  Hence,  the  work 
accomplished  during  the  cycle  A  B  CD  A  =  19,963  -  11,738 
=■  8,225  foot-pounds,  while  the  heat  energy  expended  was 
19,963  +  14,601  =  34,564  foot-pounds.       Consequently,    the 

S  225 
efficiency  =  -^+-—- =  23.79^.       Had    the    engine    operated 
o4,5d4 

through  a  reversible  cycle,  the  efficiency  would  have  been 

885-520       .^  ^,  , 
— 88^— =^1-^^^- 

Since  a  similar  result  may  be  obtained  for  any  process 
which  the  student  may  apply  the  reasoning  to,  it  follows 
that,  under  the  theoretical  conditions  governing  the  revers- 
ible cycle  process,  the  reversible  cycle  is  the  most  efficient. 

The  foregoing  description  of  the  ideal  heat  engine,  and 
conclusions  derived  from  the  consideration  of  it,  comprise 
the  most  important  laws  and  generalizations  to  be  found  in 
the  science  of  thermodynamics.  The  stvident  should  study 
it  with  extreme  care,  and  review  it  after  finishing  the  subject 
of  Steam  and  Steam  Engines. 

1 1 88.  Note.— The  following  application  of  the  foregoing  prin- 
ciples to  the  indicator  diagram  of  a  steam  engine  should  not  be  read 
until  the  subject  of  Steam  and  Steam  Engines  has  been  studied. 

In  Fig.  234,  B  CD  E  F  G  represents  a  diagram  take»i 
from  a  perfect  steam  engine;  i.  e.,  an  engine  which  admits 
steam  at  full  boiler  pressure,  cuts  off  instantly,  exhausts  at 
the  end  of  the  stroke,  the  pressure  falling  instantly  to  that 
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of  the  atmosphere,  has  no  back  pressure,  exhaust  closes  in- 
stantly at  the  proper  point,  and  which  neither  radiates  nor 
absorbs  heat  from  the  cylinder  walls.  Since  the  isothermal 
of  saturated  steam  is  a  straight  line  parallel  to  the  atmos- 
pheric line  /^,  the  clearance,  or  initial,  volume  O  F,  may 
be  regarded  as  if  filled  with  a  mixture  of  steam  and  water 
having  the  absolute  pressure  O  A,  say  100  pounds  per 
square  inch,  and  the  temperature  327.025°  corresponding  to 

that  pressure.  Now,  let 
the  piston  move  to  the 
position  C  Fj,  the  volume 
increasing  to  O  V^,  and  all 
the  Avater  turning  into 
steam.  By  addition  of 
heat,  the  temperature 
(consequently,  the  pres- 
sure) may  be  kept  con- 
stant,  and  B  C  is  the 
isothermal  curve.  At  C, 
E  the  supply  of  heat  is 
stopped  and  the  adiabatic 
expansion  begins,  con- 
FiG.  234.  tinning  to  the  end  of  the 

stroke,  or  until  the  point 
D  is  reached.  Here  the  exhaust-valve  opens,  and  the  greater 
part  of  the  steam  is  allowed  to  escape  into  the  atmosphere 
or  into  the  condenser;  suppose,  for  convenience,  that  it 
escapes  into  the  atmosphere.  The  pressure  immediately 
falls  to  Fj  E.  The  engine  now  reverses  its  stroke  and  pushes 
the  steam  out  of  the  cylinder  at  the  constant  pressure  V^ 
E  until  the  point /'Ms  reached.  Since  the  pressure -is  con- 
stant, the  temperature  is  constant,  and  the  line  E  F  cor- 
responds to  the  isothermal  compression  line  of  Fig.  232. 
At  F^  the  exhaust  port  closes,  and  the  steam  is  com- 
pressed adiabatically  during  the  remainder  of  the  stroke 
F  K,  following  the  curve  F  G.  Now,  by  adding  heat, 
the  pressure  is  raised  to  V^  B,  and  the  above  operations 
may  be  repeated. 
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It  is  evident  that  the  cycle  just  described  is  not  reversible, 

being  open  at  both  ends;  but,  nevertheless,  it  has  a  greater 

efficiency  than  could  be  obtained   from   an  actual  cngine. 

The  thermal  efficiency  of  the  process  just  described  is  easily 

found.     The  temperature  corresponding  to  a  pressure  of  100 

pounds  per  square  inch  is,  from  the  steam  table,  337.625°, 

and  to    14.7    pounds    per    square    inch,    212°;    whence    7", 

^787.625°    and     Z,  =  672°.     Therefore,    the    efficiency  = 

787.625-672       ^  _^  .      ^.         ^,.     _  ^_  ^      . 

==14.68^.     Smce  this  14.68^  represents  the 

to  i .  b/cO 

efficiency  when  the  steam  operates  through  a  reversible 
cycle,  it  is  evident  that  no  non-condensing  steam  engine 
operating  with  a  boiler  pressure  of  100  pounds,  absolute,  can 
attain  an  efficiency  as  high  as  14.68^,  for  perfect  conditions 
can  never  be  obtained,  there  being  no  substance  which  is  a  per- 
fect non-conductor  of  heat.  The  dotted  outline'^'  C  D'  F'  G 
shows  a  very  good  diagram  supposed  to  be  taken  from  an 
actual  engine.  Here  the  initial  pressure  is  V^  B\  5  pounds 
less  than  the  boiler  pressure.  The  back  pressure  is  a 
little  over  2  pounds,  say  enough  to  make  it  17  pounds, 
absolute.  It  will  be  noticed  that  all  of  the  corners,  except 
B' ,  are  rounded,  and  that  the  expansion  line  C  D'  falls  below' 
the  theoretical  expansion  line  C  D.  In  consequence  of  this, 
the  engine  operates  as  though  the  boiler  pressure  were 
95  pounds  (corresponding  to  a  temperature  of  323.936°)  and 
the  back  pressure  17  pounds  (corresponding  to  a  tempera- 
ture of  219.452°).  Hence,  the  theoretical  thermal  efficiency 
.  783.936-679.452  ,,  ^^^ 
'^ 783.936  =^"''^^- 

To  show  what  the  conditions  must  be  in  order  that  the 
steam  engine  may  operate  through  a  reversible  cycle,  con- 
sider Fig.  234  again.  It  is  absolutely  necessary  that  the 
cycle  be  closed;  hence,  the  steam  must  be  cut  off  at  some 
point  L  so  chosen  that,  during  the  succeeding  adiabatic  ex- 
pansion, the  pressure  will  fall  to  V^  E  at  the  end  of  the 
stroke ;  a  point  H  must  be  chosen  for  the  point  of  exhaust 
closure  such  that,   at  the  end  of  the  subsequent  adiabatic 
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compression,  the  pressure  will  be  F,  B.  In  other  words,  the 
diagram  must  he  B  L  E  //  B.  With  these  conditions  ful- 
filled, and  with  a  cylinder  which  is  a  perfect  non-conductor 
of  heat,  the  cycle  would  be  reversible,  provided  there  were 
no  rounded  corners. 
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QUESTIONS   AxXD    EXAMPLES 

Relating  to  the  Subjects 
Treated  of  in  this  Volume. 


It  will  be  noticed  that  the  varicnis  questions  are  divided 
into  sections,  corresponding  to  the  Instruction  Papers  con- 
tained in  this  volume.  Each  Instruction  Paper  should  be 
carefully  studied  before  attempting  to  answer  any  question 
or  to  solve  any  example  occurring  in  the  section  relating 
to  it. 


M.  E.    I.-35 
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ARITHMETIC. 

(ARTS.  1-181.) 


(1)  What  is  arithmetic  ? 

(2)  What  is  a  number  ? 

(3)  What  is  the  difference  between  a  concrete  number 
and  an  abstract  number  ? 

(4)  Define  notation  and  numeration. 

(5)  Write  each  of  the  following  numbers  in  words: 

(a)  980;  (/;)  G05;  (c)  28,384;  (d)  9,006,042;  [e) 
850,317,002;   (/)     700,004. 

(G)     Represent  in  figures  the  following  expressions: 

{a)  Seven  thousand,  six  hundred.  (/;)  Eighty-one  thou- 
sand, four  hundred,  two.  (c)  Five  million,  four  thousand, 
seven.  .  (d)  One  hundred  eight  million,  ten  thousand,  one. 
(c)     Eighteen  million,  six.      {/)     Thirty  thousand,  ten. 

(7)  What  is  the  sum  of  3,290  +  504  +  865,403  +  2,074 
+  81  +  7?  Ans.  871,359. 

(8)  709  +  8,304,725  +  391  +  100,302  +  300  +  909=  what  ? 

Ans.  8,407,336. 

(9)  Find  the  difference  between  the  following: 
{a)  50,962  and  3,338;     (d)  10,001  and  15,339. 

^"''    ((/;)     0,338. 

(10)  {a)   70,968  -  32,975  =  ?  {I?)   100,000  -  98,735  =  ? 

(  (a)   37,993. 
^'''-  \(d)     1,265. 

For  notice  of  copyright,  see  page  immediately  following  the  title  page. 
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^11)  The  greater  of  two  numbers  is  1,004  and  their  dif- 
ference is  40;  what  is  their  sum?  Ans.  1,1J59. 

(12)  From  5,9G2  +  8,471  +  9,023  take  3,874  +  2,030. 

Ans.  17,54.3. 

(13)  A  man  willed  $125,000  to  his  wife  and  two  children; 
to  his  son  he  gave  $44,075,  to  his  daughter  $20,380,  and  to 
his  wife  the  remainder.     What  was  his  wife's  share  ? 

Ans.  $53,945. 

(14)  Find  the  products  of  the  following: 

(a)  526,387  X  7;  (d)  700,298  X  17;  {c)  217  X  103  X  67. 

(  (a)    3,684,709. 

Ans.  •!  (d)  11,905,066. 

(  14     1,497,517. 

(15)  If  your  watch  ticks  once  every  second,  how  many 
times  will  it  tick  in  one  week  ?  Ans.  004,800  times. 

(16)  If  a  monthly  publication  contains  24  pages  in  each 
issue,  how  many  pages  will  there  be  in  eight  yearly  volumes  ? 

Ans.  2,304. 

(17)  An  engine  and  boiler  in  a  manufactory  are  worth 
$3,246.  The  building  is  worth  three  times  as  much,  plus 
$1,200,  and  the  tools  are  worth  twice  as  much  as  the  build- 
ing, plus  81,875.  (a)  What  is  the  value  of  the  building  and 
tools  ?     {d)  What  is  the  value  of  the  whole  plant  ? 

A^,    j(^)  §34,089. 
{  {b)   $37,935. 

(18)  Solve  the  following  by  cancelation: 

72  X  48  X  28  X  5  ^  ,         ,,.    80  X  00  X  50  X  16  X  14  ^  , 
^'^^    96  X  15  X  7  X  6   ~  '         ^  '        70  X  50  X  24  X  20       ~  " 

Ans   \  (^)     ^• 
^^^'-  1  {b)   32. 

(19)  If  a  mechanic  earns  $1,500  a  yeat  for  his  labor,  and 
his  expenses  are  $968  per  year,  in  what  time  can  he  save 
enough  to  buy  28  acres  of  land,  at  $133  an  acre  ? 

Ans.  7  years. 
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(20)  A  freight  train  ran  ;](J5  miles  in  one  week,  and  3 
times  as  far,  lacking  246  miles,  the  next  week;  how  far  did 
it  run  the  second  week  ?  Ans.  849  miles. 

(21)  If  the  driving  wheel  of  a  locomotive  is  16  ft.  in  cir- 
cumference, how  many  revolutions  will  it  make  in  going  from 
Philadelphia  to  Pittsburg,  the  distance  of  which  is  354 
miles,  there  being  5,280  feet  in  one  mile  ?     Ans.  116,820  rev. 

(22)  What  is  the  quotient  of 

{a)  589,824 -^  576?  (/;)  369,730,620-^43,911?  {c)  2,527,- 
525  -^  505  ?     (d)  4,961,794,302  h-  1,234  ? 

'  (a)  1,024. 

{d)  8,420. 

{c)  5,005. 

^  {d)  4,020,903. 


Ans. 


(23)  A  man  paid  8444  for  a  horse,  wagon,  and  harness. 
If  the  horse  cost  $264  and  the  wagon  $153,  how  much  did 
the  harness  cost  ?  Ans.  $27. 

(24)  What  is  the  product  of 

(a)  1,024  X  576  ?      {&)  5,005  X  505  ?      (r)  43,911  X  8,420  ? 

{  {a)  589,824. 

Ans.  j  (/;)       2,527,525. 

(  (c)  369,730,620. 

(25)  If  a  man  receives  30  cents  an  hour  for  his  wages, 
how  much  will  he  earn  in  a  year,  working  10  hours  a  day 
and  averaging  25  days  per  month  ?  Ans,  $900. 

(26)  What  is  a  fraction  ? 

(27)  What  are  the  terms  of  a  fraction  ? 

(28)  What  does  the  denominator  show  ? 

(29)  What  does  the  numerator  show  ? 

(30)  How  do  you  find  the  value  of  a  fraction  ? 

(31)  Is  ig^-  a  proper  or  an  improper  fraction,  and  why  ? 

(32)  Write  three  mixed  numbers. 
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(33)  Reduce    the    following    fractions    to    their    lowest 
terms:  -J,  -/g-,  -3^,  f|.  Ans.  ^,  ^,  },  |. 

(34)  Reduce  G  to  an  improper  fraction  whose  denomina- 
tor is  4.  Ans.  V". 

(35)  Reduce  7|,  13-y%,  and  lOf  to  improper  fractions. 

A  n  c       fi  3       2  13       4  a 

(3G)     What  is  the  value  of  each  of  the  following:  -V-,  J^, 

(37)     Solve  the  following: 

{a)  35--rV;  (^)tV-3;  (c)  V--9;  (./)  JJ^i  ^  _^^;  (^)  i5| 
-7-  4^. 

Ans. 


'  {a)  112. 

C-^)     tV 

- 

(0    ii- 

(./)  4^V- 

I  (0     3f. 

Ans.  1. 

Ans.  If 

Ans.  83iV- 

(38)  i  +  |  +  f=? 

(39)  i  +  f  +  fV-? 

(40)  42  +  31|  +  9tV=? 

(41)  An  iron  plate  is  divided  into  four  sections;  the  first 
contains  29f  square  inches;  the  second,  50f  square  inches; 
the  third,  41  square  inches,  and  the  fourth,  69y\  square 
inches.      How  many  square  inches  are  in  the  plate  ? 

Ans.  190^  sq.  in. 

(42)  Find  the  value  of  each  of  the  following: 

15  4  +  3 

^^x    7      , ,.  32  2  +  6  (  (^)  3H. 

(  (0     ^- 

(43)  The  numerator  of  a  fraction  is  28,  and  the  value  of 
the  fraction  |-;  what  is  the  denominator  ?  Ans.  32. 

(44)  What  is  the  difference  between  (a)  |  and  y"]!  ?  U')  13 

and  7-iV  ?  (0  ^'^^ri  and  229-jV  ?  (  {a)       -j^. 

Ans.  \  {b)     5^. 
{c)  83i|. 
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(45)  If  a  man  travels  SSy^^y  miles  in  one  day,  78 /^^  miles 
in  another  daj-,  and  125^-7  miles  in  another  day,  how  far  did 
he  travel  in  the  three  days  ?  Ans.  289|4^  miles. 

(46)  From  5734  tons  take  216f  tons.  Ans.  357^. 

(47)  At  f  of  a  dollar  a  yard,  what  will  be  the  cost  of  9^ 
yards  of  cloth  ?  Ans.  3^  dollars. 

(48)  Multiply  |  of  |  of  -^  of  ^  of  11  by  |-  of  f  of  45. 

Ans.    109J^. 

(49)  How  many  times  are  f  contained  in  |  of  16  ? 

Ans.   18  times. 

(50)  Bought  211:^  pounds  of  old  lead  for  1|-  cents  per 
pound.  Sold  a  part  of  it  for  2|-  cents  per  pound,  receiving 
for  it  the  same  amount  as  I  paid  for  the  whole.  How  many 
pounds  did  I  have  left  ?  Ans.   52i|  pounds. 

(51)  Write  out  in  words  the  following  numbers:  .08, 
.131,  .0001,  .000027,  .0108,  and  93.0101. 

(52)  How  do  you  place  decimals  for  addition  and 
subtraction  ? 

(53)  Give  a  rule  for  multiplication  of  decimals. 

(54)  Give  a  rule  for  division  of  decimals. 

(55)  State  the  difference  between  a  fraction  and  a 
decimal. 

(56)  State  how  to  reduce  a  fraction  to  a  decimal. 


(57)     Reduce  the  following  fractions  to  equivalent  deci- 

.5. 
.875. 


mals:  i,  ^,  ^,  ^,  and  -ji^. 

Ans 


,15625. 

.65. 

•125. 
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(58)     Solve  the  following: 


,  ,  35J.5  +  .29  +  1.5  ,,,     1.283  X  8  +  5 

(^) TTfo '  ^^'^ 2ll3 ■ 


589  +  27  X  103 -8_  40.0  +  7.1  X  (3.020-1.874) 


25  +  39  ''    ^  G.27  +  8.53  -  8.01 

(a)    2.5029. 

Ans.  -^ 


(^)    G.3418. 
(c)    1,491.875. 
(V)  8.1139. 


(59)  How  many  inches  in  .875  of  a  foot  ?       Ans.   10^  in. 

(60)  What  decimal  part  of  a  foot  is  -^  of  an  inch  ? 

Ans.   .015G25. 

(61)  A  cubic  inch  of  water  weighs  .03617  of  a  pound. 
What  is  the  weight  of  a  body  of  wateK  whose  volume  is 
1,500  cubic  inches  ?  Ans.    54.255  lb. 

(02)  If  by  selling  a  carload  of  coal  for  $82.50,  at  a  profit 
of  |;1.G5  per  ton,  I  make  enough  to  pay  for  72.6  ft.  of  fen- 
cing at  1.50  a  foot,  how  many  tons  of  coal  were  in  the  car  ? 

Ans.   22  tons. 

(63)  Divide  17,892  by  231,  and  carry  the  result  to  four 
decimal  places.  Ans.   77.4545+. 

(64)  Find  the  value  of  the  following  expression  when  the 
result  is  carried  to  three  decimal  places: 

74.20  X  24  X  3.1410  X  19  X  19  X  350 


33,000  X  12  X  4 


=  ?    Ans.   446.019- 


(65)     Express    {a)    .7928   in    64ths,-    (/;)    .1416    in    32ds; 
(r)  .47915  in  16ths.  f  {a)    |^ 

Ans.  \  (l?)   rt.. 
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(66)     Work  out  the  following  examples: 

{a)  709.63  -  .8514;  {d)  81.9G3-1.7;  (c)  18 -.18;  {d) 
I  -  .001 ;  (e)  872.1  -  (.8721  +  .008) ;  (/)  (5.028  +  .0073) 
-(6.704-2.38) 


Ans. 


'(«)  708.7786. 
{d)  80.263. 
(/)  17.82. 
{d)  .999. 
[e)  871.2199. 
(/).7113. 
(67)     Work  out  the  following: 

(a)  |_.807;(^)  .875 -f;  (^)  (3^^  +  .435)  -  (^VV  - -07); 
{,/)  What  is  the  difference  between  the  sum  of  33-millionths 
and  17-thousandths,  and  the  sum  of  53-hundredths  and  274- 
thousandths?  f  (^a)  .068. 


Ans. 


(^0 


5. 

,45125. 
,786967. 


(68)  What  is  the   sum.    of  .125,  .7,  .089,   .4005,   .9,   and 
.000027  ?  Ans.   2.214527. 

(69)  927.416  +  8.274  +  372.6  +  62.07938  =  ? 

Ans.   1,370.36938. 

(70)  Add  17-thousandths,  2-tenths,  and  47-millionths. 

Ans.    .217047. 

(71)  Find  the  products  of  the  following  expressions: 

(a)  .013  X  .107;    (l?)  203  X  2.03  X  .203;  (r)  2.7  X  31.85  X 
(3.16  -  .316) ;  {d)  (107.8  -f  6.541  -  31.96)  X  1.742. 

"{a)    .001391. 


Ans. 


(d)    83.65427. 

(c)  244.56978. 

(d)  143.507702. 


(72)     Solve  the  following: 


{a)     (J^ -. 13)  X  .625  +  1;    {d)     (^|  x  .21)  -  (.02  X  A); 

t  (a)   .384375. 
Ans.   ]  (d)   .1209375. 
(  (c)    6.4896875. 


(0    (J^  +  .013-2.17)  X  13i-7^. 
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(73)  Solve  the  following: 

M.87.5-.J;(/,)i^.5;(<-)|I^.  ^^^^^^ 

Ans.  ]  (d)  1.75. 
(  (c)   .5. 

(74)  Find  the  value  of  the  following  expression: 

1.25  X  20  X  3 

87 +  (11  X  8)' 

459  +  32  Ans.   210f. 

(75)  From  1  plus  .001  take  .01  plus  .000001. 

Ans.  .990999. 


ARITHMETIC. 

(ARTS.    182-349.) 


(76)  What  is  25  per  cent,  of  8,428  lb.?  Ans    2,107  lb 

(77)  What  is  1  per  cent,  of  $100  ?  .    Ans.  $1 

(78)  What  is  ^  per  cent,  of  $35,000?  Ans.  $175. 

(79)  What  per  cent,  of  50  is  2?  Ans.  4^. 

(80)  What  per  cent,  of  10  is  10?  Ans.  100^. 

(81)  Solve  the  following: 

{a)  Base  =  $2,522  and  percentage  =  $176.54.  What  is 
the  rate?  (l?)  Percentage  =  16. 9G  and  rate  =  8  per  cent. 
What  is  the  base  ?  (c)  Amount  =  216.7025  and  base  =  213.5. 
What  is  the  rate?  {d)  Difference  =  201.825  and  base  = 
207.     What  is  the  rate  ? 

Ans. 


(a) 

7fo. 

(^) 

212. 

(0 

n^. 

id) 

2i^. 

(82)  A  farmer  gained  15^  on  his  farm  by  selling  it  for 
$5,500.     What  did  it  cost  him?  Ans.  $4,782.61. 

(83)  A  man  receives  a  salary  of  $950.  He  pays  24^  of  it 
for  board,  12^^  of  it  for  clothing,  and  17^  of  it  for  other 
expenses.      How  much  does  he  save  in  a  year?  Ans.  $441.75. 

(84)  If  37+  per  cent,  of  a  number  is  961.38,  what  is  the 
number?  Ans.  2,563.68. 

(85)  A  man  owns  f  of  a  property.  30^  of  his  share  is 
worth  $1,125.     What  is  the  whole  property  worth? 

Ans.  $5,000. 

(86)  What  sum  diminished  by  35^  of  itself  equals  $4,810? 

Ans.  $7,400. 

For  notice  of  copj-right,  see  page  immediately  following  the  title  page. 
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(87)  A  merchant's  sales  amounted  to  '$107.55  on  Monday, 
and  this  sum  was  VZ\^  of  his  sales  for  the  week.  How  much 
were  his  sales  for  the  week?  Ans.  $1,580.40. 

(88)  The  distance  between  two  stations  on  a  certain 
railroad  is  16.5  miles,  which  is  12^^  of  the  entire  length  of 
the  road.     What  is  the  length  of  the  road?     Ans.  132  mile&' 

(89)  After  paying  QOfo  of  my  debts,  I  find  that  I  still  owe 
135.     "What  was  my  whole  indebtedness?  Ans.  $87.50. 

(90)  Reduce  28  rd.  4  yd.  2  ft.  10  in.  to  inches. 

Ans.  5,722  in. 

(91)  Reduce  5,722  in.  to  higher  denominations. 

Ans.  28  rd.  4  yd.  2  ft.  10  in. 

(92)  How  many  seconds  in  5  weeks  and  3.5  days? 

Ans.  3,326,400  sec. 

(93)  How  many  pounds,  ounces,  pennyweights,  and 
grains  are  contained  in  13,750  gr.  ? 

Ans.  2  lb.  4  oz.  12  pAvt.  22  gr, 

(94)  Reduce  4,763,254  links  to  miles. 

Ans.  595  mi.  32  ch.  54  li. 

(95)  Reduce  764,325  cu.  in.  to  cu.  yd. 

Ans.  16  cu.  yd.  lO  cu.  ft.  549  cu.  in. 

(96)  What  is  the  sum  of  2  rd.  2  yd.  2  ft.  3  in.  ;  4  yd.  1  ft. 
9  in. ;  2  ft.  7  in.  ?  Ans.  3  rd.  2  yd.  2  ft.  1  in. 

(97)  What  is  the  sum  of  3  gal.  3  qt.  1  pt.  3  gi.  ;  6  gal.  1  pt. 
2  gi.  ;  4  gal.  1  gi.  ;  8  qt.  5  pt.  ?  Ans.  16  gal.  3  qt.  2  gi. 

(98)  What  is  the  sum  of  240  gr.  125  pwt.  50  oz.  and  3  lb.  ? 

Ans.  7  lb.  8  oz.  15  pwt. 

(99)  What  is  the  sum  of  11°  16'  12";  13°  19'  30";  20°  25"; 
26'  29";  10°  17'  11"?  Ans.  55-°  19'  47". 

(100)  What  is  the  sum  of  130  rd.  5  yd.  1  ft.  6  in.  ;  215  rd. 
2  ft.  8  in.  ;  304  rd.  4  yd.  11  in.?  Ans.  2  mi.  10  rd.  5  yd.  7  in. 

(101)  What  is  the  sum  of  21  A.  67  sq.  ch.  3  sq.  rd.  21  sq. 
li.  ;  28  A.  78  sq.  ch.  2  sq.  rd.  23  sq.  li.  ;  47  A.  6  sq.  ch.  2  sq. 
rd.  18  sq.  li. ;  56  A.  59  sq.  ch.  2  sq.  rd.  16  sq.  li. ;  25  A.  38 
sq.  ch.  3  sq.  rd.  23  sq.  li. ;  46  A.  75  sq.  ch.  2  sq.  rd.  21  sq.  li.? 

Ans.  255  A.  3  sq.  ch.  14  sq.  rd.  122  sq.  li. 
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(102)  From  20  rd.  2  yd.  2  ft.  9  in.  take  300  ft. 

Ans.  2  rd.  1  yd.  2  ft.  9  in. 

(103)  From  a  farm  containing  114  A.  80  sq.  rd.  25  sq.  yd.. 
75  A.  70  sq.  rd  30  sq.  yd.    are  sold.      How  much  remains? 

Ans.  39  A.  9  sq.  rd.  25^  sq.  yd. 

(104)  From  a  hogshead  of  molasses,  10  gal.  2  qt.  1  pt.  are 
sold  at  one  time,  and  26  gal.  3  qt.  at  another  time.  How- 
much  remains?  Ans.  25  gal.  2  qt.  1  pt. 

(105)  If  a  person  were  born  June  19,  1850,  how  old  would 
he  be  August  3,  1892?  Ans.  42  yr.  1  mo.  14  da. 

(106)  A  note  was  given  August  5,  1890,  and  was  paid 
June  3,  1892.     What  length  of  time  did  it  run? 

Ans.  1  yr,  9  mo.  28  da. 

(107)  What  length  of  time  elapsed  from  16  min.  past  10 
o  clock  A.  M.,  July  4,  1883,  to  22  min.  before  8 -o'clock  p.  m., 
Dec.  12,  1888?  Ans.  5  yr.  5  mo.  8  da.  9  hr.  22  min. 

(108)  If  1  iron  rail  is  17  ft.  3  in.  long,  how  long  would  51 
rails  be,  if  placed  end  to  end?  Ans.  53  rd.  14-  yd.  9  in. 

(109)  Multiply  3  qt.  1  pt.  3  gi.  by  4.7. 

Ans.  4  gal.  2  qt.  1.7  gi. 

(110)  Multiply  3  lb.  10  oz.  13  pwt.  12  gr.  by  1.5. 

Ans.  5  lb.  10  oz.  6  gr. 

(111)  How  many  bushels  of  apples  are  contained  in  9 
bbl.,  if  each  barrel  contains  2  bu.  3  pk.  6  qt. 

Ans.  26  bu.  1  pk.  6  qt. 

(112)  Multiply  7  T.  15  cwt.  10.5  lb.  by  1.7. 

Ans.  13  T.  3  cwt.  67.85  lb. 

(113)  Divide  358  A.  57  sq.  rd.  6  sq.  yd.  2  sq.  ft.  by  7. 

Ans.   51  A.  31  sq.  rd.  8  sq.  ft. 

(114)  Divide  282  bu.  3  pk.  1  qt.  1  pt.  by  12. 

Ans.   23  bu.  2  pk.  2  qt.  i  pt. 

(115)  How  many  iron  rails,  each  30  ft.  long,  are  required 
to  lay  a  railroad  track  23  miles  long?  Ans.   8,096  rails. 

(116)  How  many  boxes,  each  holding  1  bu.  1  pk.  and  7 
qt.,  can  be  filled  from  356  bu.  3  pk.  and  5  qt.  of  cranberries? 

Ans.   243  boxes. 
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(122)     Solve  the  following:    (a)  753 
(d)  .4044^ 

Ans.  - 


(117)  If  16  square  miles  are  equally  divided  into  02  farms, 
how  much  land  will  each  contain? 

Ans.    165  A.  25  sq.  rd.  24  sq.  yd.  3  sq.  ft.  80  +  sq.  in. 

(118)  What  is  the  square  of  108?  Ans.   11,664. 

(119)  What  is  the  cube  of  181.25?    Ans.  5,954,345.703125. 

(120)  What  is  the  fourth  power  of  27.61? 

Ans.  581,119.73780641. 

(121)  Solve  the  following:  («)106';  (<^)(182^)';  (r)  .005'; 
{d)  .0063^  (.')10.06^  f  (^)  11,236.       " 

(V;)  33,169.515625. 
(c)   .000025. 
{d)  .00003969. 
(r)  101.2036. 

;  (d)  987.4';  {c).005'; 

'  (a)   426,957,777. 
(/;)  962,074,279.624. 
{/)   .000000125. 
{d)  .066135317184. 

(123)  What  is  the  fifth  power  of  2?  Ans.  32. 

(124)  What  is  the  fourth  power  of  3?  Ans.  81. 

(125)  What  are  the  values  of:   (a)  67.85'?  {^)  967,845'? 

(Odr?  i^)  (i)=?  \(a)  4,-603.6225. 

.         J    (/;)  936,723,944,025. 

(126)  What  is  (a)  the  tenth  power  of  5  ?     (l?)  The  fifth 
power  of  9  ?  j^^^    j  (a)  9,765,625. 

(  (l?)   59,049. 

(127)  Solve    the   following  :     {a)  1.2'  ;    (/;)  11'  ;     {c)   V  ; 


(d)  .or;  {e)  .1\ 


'  {a)  2.0736. 
(/;)  1,771,561. 
Ans.  i    {c)  1. 

(d)  .00000001. 
{e)  .00001. 


ARITHMETIC. 


537 


(128)     Find  the  values  of  the  following:  (a)  .0133';  (d) 


301.011';  {c)  {iY;  {d)  (3f)= 


Ans.  ■< 


(a)  .000002352637. 

(l?)  27,273,890.942264331. 


1 


(d)  52^,  or  52.734375. 


(129)  In  what  respect  does  evolution  differ  from  involu- 
tion ? 

Note. — In  the  answers  to  the  following  examples,  a  minus  sign  after 
a  number  indicates  that  the  last  digit  is  not  quite  as  large  as  the  number 
printed.  Thus,  12.497  —  indicates  that  tlie  number  really  is  12.496  +, 
and  that  the  6  has  been  made  a  7  because  the  next  succeeding  figure 
was  5  or  greater.  For  example,  had  it  been  desired  to  use  but  three 
decimal  places  in  example  121  (^),  the  answer  would  have  been  written 
33,169.516-. 

(130)  Find  the  square  root  of  the  following:  (^)  3,486,- 
784.401;  (d)  9,000,099.4009;  {c)  .001225. 

'  (a)  1,867.29+. 
Ans.  <    (l?)  3,000.017—. 
^  (c)  .035. 

(131)  Extract  the  square  root  of  {a)  10,795.21  ;  (d)  73,- 
008.04;  (^)90;  (^)  .09.  f  (^)   10.3.9. 

(d)  270.2. 
(c)  9.487-. 
[(^).3. 

(132)  Extract  the  cube  root  of  (^)  .32768;  (d)  74,088; 
(c)   92,416;  {d)   .373248.  f  (^)  .G894  + 

(d)   42. 

(c)  45.212-. 

(d)  .72. 

(133)  Extract  the  cube  root  of  2  to  six  decimal  places. 

Ans.   1.259921 +. 

(134)  Extract  the  cube   root  of    {a)    1,758.416743;    {&) 


Ans. 


Ans. 


1,191,016;   {c)^j;    {d)  fj-V 


Ans. 


{a)    12.07. 
{d)    106. 


538 


ARITHMETIC. 


(135)     Extract  the  cube  root  of  3  to  six  decimal  places. 

Ans.    1.442250—. 


(c)  4/502,681;  (d)  / 00041209. 


(13G)     Solve    the    following:    {a)   4/123.21;  {d)  4/114.921; 

(a)  11.1. 

^"'-  ^    {c)  709. 
(^)  .0203. 


Ans. 


(137)  Solve    the   following:     (a)     4/. 00(55;     {d)     4/7021; 
(<:)    f 8,036,054,027;      {d)    f. 00000409 6;     (c)    4/I7. 

'  (a)  .18663  — 
{b)  .2759-. 
Ans.   J   (c)  2,003. 
(^)  .016. 
{e)   2.5713-. 

(138)  Solve    the    following:    {a)    4^6,561;    (d)    4^117,649; 

{c)    4^.000064;    {d)  \^.  f  (^)  9. 

(^)   7. 

(.)    .2. 

(d)  .72112+. 

(139)  Extract  the  square  root  of     (a)    ^|f|;  {d)  .3364; 
(^).l;  (^)  25.01;  (r)  .000|.  f  (a)  ||. 

(^)   .58. 
Ans.  i   (c)  .31623—. 

[d)  5.00749 +. 

(e)  .02108+. 

(140)  {a)  Extract  the  fourth  root  of  2  to  four  decimal 
places;  (d)  extract  the  sixth  root  of  6. 

^^((.)  1.-1892 +. 
(  {b)  1.34801  -. 

(141)  Extract  the  square  root  of  (^)  3.1416  and  (d)  .7854 
to  four  decimal  places.  »         j  (n)  1.7725  — . 

(  (l?)  .8862+. 

(142)  Extract  the  cube  root  of  {a)  3.1416  and  (/;)  .5230  to 
four  decimal  places.  a  „g    j  (^)  1-4646  — . 

*  {{d)  .8060-, 
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Find  the  value  of  x  in  the  following- : 

(143)  11.7  :  13::  20  :  x.  Ans.  22.22+. 

(144)  («)  20  +  7  :  10  +  8  ::  3  :  ;r;  {b)  12'  :  100^  ::4.:  x. 

Ans.  i  (-)  ^• 

i{b)  277.7+. 


(145) 


60 


(^) 


10    X 
150  ~  600" 

X 

24  ~ 

8 
16' 

(0 

2 

10  ~  . 

Ans.  - 

LOO  '  (^)  45  = 
'  (a)  x=  12. 
(/^)  ;i'  =  12. 

(c)  X  =  20. 
{^)x=lSO. 
(e)  X  =  40. 

;i'  :  5  ::  27  :  12.5 

Ans.  lOf 

45  :  60  ::  x  :  24. 

Ans.  18. 

X  :  35  ::  4  :  7. 

■   Ans.  20. 

9  :  X  ::  6  :  24. 

=  27 

:  X. 

Ans.  36. 

t^l,000  :  4^1,331 

Ans.  29.7. 

64  :  81  =  21^  :  x' 

. 

Ans.  23.625. 

7  +  8  :  7  =  30  :  .1-. 

Ans.  14. 

(146) 
(147) 
(148) 
(149) 
(150) 
(151) 
(152) 

(153)  A  man  whose  steps  measure  2  ft.  5  in.  takes  2,480 
steps  in  Avalking  a  certain  distance.  How  many  steps  of  2  ft. 
7  in.  will  be  required  for  the  same  distance?  Ans.  2.320  steps. 

(154)  If  a  horse  travels  12  mi.  in  ]  hr.  36  min.,  how  far 
will  he  travel  at  the  same  rate  in  15  hr.  ?  Ans.  112.5  mi. 

(155)  If  a  column  of  mercury  27.63  in.  high  weighs  .76 
of  a  pound,  what  will  be  the  weight  of  a  column  of  mercury 
having  the  same  diameter,  29.4  inches  high  .''    Ans.  .808+lb, 

(156)  If  2  gal.  3  qt.  1  pt.  of  water  will  last  a  man  5  da., 
how  long  will  5  gal.  3  qt.  last  him,  if  he  drinks  at  the  same 
rate?  Ans.  10  da. 

(157)  Heat  from  a  burning  body  varies  inversely  as  the 
square  of  the  distance  from  it.  If  a  thermometer  held  6  ft. 
from  a  stove  shoAvs  a  rise  in  temperature  of  24  degrees,  how 
many  degrees  rise  in  temperature  would  it  indicate  if  held 
12  ft.  from  the  stove?  Ans.  6°. 
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(158)  If  a  pile  of  wood  12  ft.  long,  4  ft.  wide  and  3  ft 
high  is  worth  1^12,  what  is  the  value  of  a  pile  of  wood  15  ft. 
long,  5  ft.  wide  and  G  ft.  high?  Ans.  $37.50. 

(159)  If  100  gal.  of  water  run  over  a  dam  in  2  hr.,  how 
many  gallons  will  run  over  the  dam  in  14  hr.  28  min.  ? 

Ans.   723^  gal. 

(IGO)     If  a  cistern  28  ft.  long,  12  ft.    wide,   10    ft.   deep 

holds  798  bbl.  of  water,  how  many  barrels  of  water  will  a 

cistern  hold  that  is  20  ft.  long,  17  ft.  wide,  and  6  ft.  deep  ? 

Ans.  484^  bbl. 

(161)  If  a  railway  train  runs  444  mi.  in  8  hr.  40  min.,  in 
what  time  can  it  run  1,060  mi.  at  the  same  rate  of  speed? 

Ans.  20  hr.  41.44  min. 

(162)  If  sound  travels  at  the  rate  of  6,160  ft.  in  5^  sec, 
how  far  does  it  travel  in  1  min.?  Ans.  67,200  ft. 

(163)  If  5  men  by  working  8  hours  a  day  can  do  a  certain 
amount  of  work,  how  many  men  by  working  10  hours  a  day 
can  do  the  same  work?  Ans.  4  men. 

(164)  If  a  man  travel  540  miles  in  20  days  of  10  hours 
each,  how  many  hours  a  day  must  he  travel  to  cover  630 
miles  in  25  days?  Ans.  9^  hr. 

(165)  Referring  to  example  4,  Art.  349,  what  is  the 
horsepower  of  an  engine  whose  cylinder  is  30  inches  in 
diameter,  piston  speed  660  feet  per  minute,  and  mean  effec- 
tive pressure  42  pounds  per  square  inch? 

Ans.  594  horsepower. 

(166)  The  weight  of  a  cubic  inch  of  cast  iron  is  .261 
pound.  Referring  to  Art.  345,  what  is  the  weight  of  a 
solid  cast  iron  cylinder  whose  diameter  is  12  inches  and 
length  is  60  inches?  Ans.  1,771.11  lb. 

(167)  Referring  to  Art.  348,  what  is  the  centrifugal 
force  of  a  40-pound  body  revolving  in  a  circle  having  a 
radius  of  10  inches,  at  a  speed  of  18  feet  per  second? 

Ans.  484.7  lb. 
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(168)  Change  the  fraction  —  ^  ,   ^  ^    /.  so  that  the  sign 
before  the  dividing  line  will  be  +• 

(169)  Factor  the  following:     (^?)  O.r' +  12,ry  +  4/ ;    {b) 
49rt'  -  Ib^a'b''  +  Vllb' ;   {c)  64,ry  +  G4,rj  +  16. 

(170)  Divide:     {a)    3.r^  +  ,r  +  9.r^  -  1  by  3a- -1;  {b)  a' 
-  lab''  J^b'hy  a-b\   {c)  Ix'  +  58x  -  24,r^  -  21  by  "^x  -  3. 

f  {a)    3.r^'+2a-+l. 
Ans.    }  (b)   a'-^ab-  b\ 
[  {c)    ,r»-3,r+7. 

(171)  Why  are  letters  used  in  Algebra,  and  in  what  ways 
do  they  differ  from  figures  ? 

(172)  Factor  the   expressions:   {a)  ixy  —  12xy -{- 8xy^ ; 
id)  x'-f;  (c)  8a'^-27/. 

Ans     1^^)  ('^"+/)(^'+j)(-t--7)- 

(  (c)    (2-r  -  dj^){4:x'  +  6xr  +  df). 

(173)  Multiply    3w'  +dn'  +  10///;/'  +  10///';/    by    bm'n'  — 
mn*  —  5///^;/'  +  3///^;/. 

A  j  9/;/';/  +  15/;/";/'  —  5;;/'//'  +  Gm'n^'' 

{  +  257;/'«'  +  5///';/'  —  3;//;/'. 

(174)  Raise    to   their    indicated    powers  the    following: 
{2a'b/y,  (  -  ^a'b'cy  and  (  -  7m'nxyy. 

(175)  Factor:  {a)  4.a'  -  ¥ ;  {b)  16,t''°  -  1 ;  (r)  16x  -  8;rV 

+ ^y . 

(176)  Extract  the  square  root  ol  4:a^  —  12a^x -\- 5a*x^ -\- 
Ga'x'  +  a\i-\  Ans.  2Y^'  —  3«',r  -  ax\ 

(177)  (rt)  Arrange  a'b'  +  2«/;r  +3  -  7a-b'  +  6«'/^*  accord- 
ing  to    the  decreasing  powers  of  d;  (b)   according  to  the 

For  notice  of  copyright,  see  page  iinuiediately  following  the  title  page. 
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increasing  powers  of  b.  {c)  With  tf  ■\-\-\-  2a'  +  ax  arranged 
according  to  the  increasing  powers  of  a,  should  the  1  be 
placed  first  or  last,  and  why? 

(178)  Find  the  values  of  i/l(ja'^d\%  |/  —  d2a"'  and 
V  -  l,72Sa'd''xy\ 

(17!t)  (a)  Enclose  the  first  three  and  last  three  terms  of 
a  —  2x  -\-  A:}'  —  3.:'  —  2b-\-c  in  parentheses  connected  by  a 
minus  sign.      (/;)    Place   the   expression  —  "^b  —  Ac  -\-  d  —  (2/ 

—  "6e)  in  brackets,  preceded  by  a  minus  sign,  {c)  Indicate 
the  subtraction  of  2b  —  (or  -\-2d)  —  a  from  x. 

(180)  Multiply:  {a)  2.r' +  2.i- +  2-r  -  2  by  x  -  I;  (b) 
x"  —  Aax  +  ^  by  2x  +  a,  and  {c)  —  a^  -\-  '6a^b  —  2b''  by  oa' 
+  "iab,  (  (a)  2x*  —  Ax  -f  2. 

Ans.  ]   \b)  2x'  —  7ax'  +  2cx  —  4a'x  +  ac. 

i  {c)   -  5a'  +  6a'b  +  2'7a'b'  -  lOa'b'  -  lSab\ 

(181)  Find  the  sum  of  the  following:     (a)  Axyz  —  ^xyz 

—  6xyz,  Gxyz  —  'dxyz  +  ^xyz.  (b)  3.^'  +  2a b  +  Ab^,  ba""  —  Sab 
+  b\  -  «'  +  bab  -  b\  18^'  -  20a b  -  19b''  and  Ua^  -  dab  + 
20b\     (c)  Amu  +  3ab  —  Ac,  3x  —  Aab  +  2inn  and  3;«*  —  Ap. 

!{a)   —  Axyz. 
{b)  39^'  -  2Aab  +  bb\ 
{c)  6w;/  -  ab  —  Ac  +  3,r  +  3w'  —  Ap. 

(182)  Find  the  reciprocal  of  3.141G,  .7854,  and  -rr^y 

(183)  Perform  the  indicated  additions: 


{a) 
if) 


X  —  y      y  —  X 


x'  -1     '    X  +  1 


3^  —  4/;       2a  —  b -]- c       \?,a  —  Ac 
7  3  '  12       ' 


Ans. 


{c) 


y 


x-y 
3x* 
x'-l' 
71a  -  20b 
84 


56c 
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(184)  Resolve  into  their  factors:  (tr)  45xy  —  OO-t-'j'' — 
360.ry ;  (^)  a'd'  +  2al?cd-\-  rd-,  {c)  {a  +  b)"-  -  {c  -  d)\ 

Ans.    (r)   (,?+/;  4-  r  —  d)  {a -^  b  —  c  ^  d). 

(185)  {a)  Give  an  illustration,  not  contained  in  the  text, 
which  will  explain  the  difference  between  positive  and 
negative  qviantities.  [b]  In  what  respects  are  addition  and 
subtraction  different  in  Algebra  from  addition  and  subtrac- 
tion in  arithmetic? 

(186)  Divide: 

.      2ax-^x^  X         .  G7«^;r  —  on  dn 

y^)   a'  -  x'      ^'  a^^v '   ^^  4:m';r  -  \uen  +  1     ^'  ^m'lf  -  ]  ' 


WO  +  -^by.S+     '^y 


y'     '  X — y 

Ans. 


{a) 


a'  -\-  ax  4-  x"^' 
(b)  2;;z';z  +  l. 
3x  —  2y 


(-) 


x-\-y 

(187)  State  which  of  the  following  trinomials  are  perfect 
squares :  1  —  2.r  +  x' ;  9;/r;/'  —  27;in  +  IG ;  04  +  120.r  +25,r' ; 
4^  _|_  1  -1-  4,r ;  4:a'  +  20^/^  —  25<^' ;  4,rj/'  —  4/  +  x\ 

(188)  (^^)  What  is  the  reciprocal  of  If?  (^)  Of  what  num- 
ber is  700  the  reciprocal? 

(189)  Find  the  least  common  multiple  of  12xy  {x^  —  J'^), 
2x'  {x'  +  2xy  +/),  Sy-{x-yy  and  6{x'  +  xy). 

Ans.  12xy  (.1-  -\-yy{x  -  yf. 

(190)  Multiply:  {a)  ' 2  +  4.a  -  ba-  -  da''  by  la';  {b)  4,r' 
-4/  +  6^'  by  3,r>;    (/)  3/^  +  or—  2d  by  6^. 

[  {a)  14«'  +  28rt*  -  35^'  -  42^'. 
Ans.   I  (/;)  Vlx'y  -  Uxy'  +  18,r>^*. 
(  (^)   18«<^  +  30^^  —  12^^. 

(191)  (<^)  Explain  in  your  own  words  the  difference  be- 
tween a  coefficient  and  an  exponent,  {b)  How  are  coefficients 
and  exponents  treated  in  multiplication,  and  how  in  division? 
(c)  What  is  the  laAv  of  signs  in  multiplication? 

(192)  Remove  the  symbols  of  aggregation  from  the 
following : 

{a)  2a-  {3b+  [4^  -  4«  -  {2a  -f  2^)]  4-  [3a  -X+7] } ; 
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{d)  7a  -  \^a-  [{2a  -  5a)  +  Aa]  ] ; 

{c)  a  -  {2d+  [3c  -3a-  {a+ d)] -]-[2a  -  (^  +  r)]}. 

(  (a)  5(1  —  3c. 
Ans.   •!  (/;)  5(7. 

i  (c)  3a -2c. 

(103)  What  are  the  factors  of:  (a)  x'  +  8?  (/;)  .r'  —  27/? 
and  (c)  xm  —  nm  +  xy  —  ny'i  Ans.  (<r)  (x  —  //)  (///  -V )')• 

(194)  Extract  the  square  root  of  4-r' -(- 8a.r^ -)-  4^:'^-"  4- 
\(6b\x''  +  le^Z'^.r  +  IG//.  Ans.  2.r'  +  2/?^'  +  4^'. 

/.^-N     -r^    1         c(a -\- b\ -\- cd       .        .       ,        ^ 

(19o)     Reduce  '    ,    , ' to  its  simplest  form. 

^       '  {a  -\-  b)c 

(19G)  Combine  the  like  terms  of  the  expressions:  {a) 
x^y-^z-{x-y)-{y^z)-{-y);  (^)  (2.r  -  j  +  4.-)  + 
{—  X  —  y  —  ^z)  —  {3x  —  2y  —  z)\  (c)  a  —  [2a  +  (3^  —  4^)]  — 
ba—  [da—  [{7a  +  8^)  —  9^] }.  (  {a)  2y. 

Ans.  y{d)  s  —  2x. 
i  {c)   —  5a. 

(197)  State  how  you  would  read  the  following  expres- 
sions :    {a)  a\v'  +  2a' d'  -  {a  +  d)  ;    {I?)  YTx  -^ y{a  -  ie)l  ;    {c) 


{ill  -\-  )i)  {m  —  ny{  VI.  —  -^l- 


(198)  Divide  3^'  +  2  -  4«*  -\-7a-\-  2a''  -  5a'  +  10a'  by  a^ 
—  1-a'  —  2a.  Ans.   2a'^  —  2a'  —  3a  —  2. 

(199)  Factor :  {a)  xY  -  64;iry ;  {b)  a"  -  b'  -  c^ -\- 1  -  2a 
-f  2bc;   {c)  1  -  l(ja'  +  8^^  -  ^l 

(  {a)    ,ry  (.r  +  2)  (.r  -  2)  {x'  +  2x  +  4)  (x'  -  2x  -\-  4). 
Ans.  \{b)    {a-l  +  b-c){a-l-b^ c). 
(  {c)    (1  +  Aa  -c)  {1-  Aa  +  c). 

(200)  How  may  the  signs  of  all  the  terms  of  the  denom- 
inator of  a  fraction  be  changed  from  -|-  to  —  or  from  —  to  + 
without  altering  the  value  of  the  fraction  ? 

(201)  From  a*  -  //  take  5(z'b  -  7a'b'  +  5ab\  and  from  the 
result  take  3a*  —  Ad'b  +  6a'b'  -f  5ab'  —  3b\ 

Ans.    -  2a*  -  a'b  +  a'b'  -  lOab'  -f-  2b\ 

(202)  {a)  From   3a  —  2b  +  3c  take  2a  ~7b  —  c—b.     {b) 
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Subtract    x'  +/  —  .vf    from    2.r'  —  3.i->  +  2xy.      (c)  From 
Ua  +  4^  —  Gc  —  dd  take  11a  —  21? -{- ^c  —  4^/. 

f{a)  ^  +  6<^  +  4r. 

Ans.  ■!  ((^)  ,t-'  —  s^y  +  ;ry  +  2xy  —f. 

(  {c)  ?>a  +  Gb  -  10^  +  d. 

(203)     Find  the  numerical  values  of  the  following  when 
«  =  16,  ^  =  10  and  x  =  h  \    {a)  {ab'x -\-2abx)^a\     (b)  2i/Ia 


a  —  b  '       X 

(  {a)  014,400. 
Ans.  ]  {b)  i 

(  (r)   23,400. 
(204)     Reduce  to  their  simplest  forms: 

Ihmxf  ^  x-^-l      .         (^-  +  /^^)  (^'  +  ^^^  +  ^^) 

^^  Umx-'f  '  ^^  U-{x  +  1)  '  ^^  {a'  -  b')  {a-  -  ab  +  b')' 

Ans.    U)  — "t— . 
^  '  a  —  b 


(205)     Simplify :     {a) 


1  —  X 


b'  ^  a 


l-x 


:  + 


^;  (^)T7-;r^^ 


1  +  ^' 


(^) 


//^  ab 

'  (.0  .r. 


.r  + 


1  + 


3  —  .*' 


Ans.  - 


(*) 


<j+ ^ 


Wt^ 


(806)    Simplify  i±^-?^  +  i«£^'.     Ans. 


3-1-  +  3 
1 


2  -  X 


2  +  X 


X' 


X  +  2- 


j\.x 4 

(207)     {a)  Reduce  1  +  2-r '-^ to  a  fractional  form. 


QX 


(b)  Change 


3x'  4-  2x  +  1 
,r  +  4 

.r-7 


,      4__5_  


to  a  mixed  quantity,      {c)  Multiply 
10;r"  +  ^  +  4 


Ans. 


(^) 


ox 


(b)  3.r  -  10  + 


41 
x-^4: 


(0 


x-{-5 
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(208)     Find  the  products  of: 

,    ^m'n'    bp\j         ,  24,ry        ...a'-x'  {a  +  xy 

('')  -s^'  #  ^"^  -90;^'  (^')  ^HM^'  ""^  (^rr:^^ 

(t)  3rt.r -|-  4  and 


9^?V'  +  'Z^a'x  +  16« 


Ans.  < 


(^0 


[a  4-  ;i-)  (^^  +  ax  +  x^) 
[a  —  .r)  [a^  —  ax  -{-  x^)' 
a 


'Sax  -\-  4 

(209)  Divide:  (a)  35;«>  +  28;«y  —  14;«y  by  —  77ny; 
{b)  Aa*  -  Sa'b  -  a'b^  by  a' ;  {c)  Ax'  -  8x'  +  12a-  -  IG^r"  by 
4^".  f  (a)  —  biif  —  A:my  +  2^. 

Ans.    ]  (/;)  4  -  3«^  -  a'b\ 

(  \c)  X  -  2.t-'  +  Sx'  -  4,r^ 

(210)  {a)  Write  a  monomial;  a  binomial;  a  polynomial. 
(/;)  In  the  expression,  a  -\-  lab  —  b""^  why  cannot  the  indi- 
cated addition  and  subtraction  be  performed?  {c)  What 
operation  is  indicated  between  the  quantities  in  A^ardl 


(211)     Multiply 


c?^  +  6-^  +  ac 


by 


a' -\- c^  —  b'  —  2ac 


a*c'  —  ac* 


a'-]-b"-  -  C-'  -  2ab 
Suggestion. — Factor  the  numerators  and  denominators  before  mul- 
tiplying. ^^^^  a^b  —  c 

ac{a  —  ^  +  r)  {a  —  c) ' 

(212)     Translate  the  following  algebraic  expressions  into 

la~\-  b-]-c  ,     ^  ,  b-\-c    ,     / — -—.  ,    c 
ordinary  language:   -y/ h  r  ^  H |-r'«^  +  ^  +  - 

+  (^  +  by  +  ^?  +  be. 


(213)     Simplify :   {a)  -^ j^^—  +  -.^ 


3 


l-^) 


+ 


2a{a  -\-  x)        '■Za{a  —  x)  ' 


y 


ic\  -  + 


+ 


.  Ans. 


{a) 
(0 


bx       '   Vlx""' 
80;ir'  +  64.V'  +  84;r  +  45 


mx" 


«    —  X 


x+y 
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(214)  Find  the  least  common  multiple  of: 

(a)  \8ax\    H^af    and    l^xj';     (/;)    4(1 +  .r),    4(1 -,r)    and, 
^  (1  -  -n  ;  (0  {a-l^){l^-  C-),  {b  -  c)  {c  -  a),  {c  -  a)  {a  -  b) 

(  {a)  Uaxy. 
Ans.  ]  {b)  4(1  -  x-"). 

(215)  Factor  S.r"  _  3  +  ^  —  ax\ 

Ans.  (.1-^  +  X  +  l)(.i"  -  x  +  l)(,r  +  l)(,r  -  1)(3  -  a). 

(21G)     Extract  the  square  root  of  x'  +  4i^y  +  ,r>  +  2ay 
f  4/.  Ans.  ,r'  +  ft'/  +  2/. 

(217)     AVhat  is  («)  the  arithmetic  ratio  of  x*  —  1  to  ,t-  +  1  ? 

[b)  The  geometric  ratio  ?  \        S  i^)  -^'*  —  'i^  —  '~- 

(  (z,)  (.,--i)(^-4-i) 
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(218)  {a)  Express  with  radical  signs:  xi;  Sxijr-^;  3x^jy  h\ 
{b)  Clear«-V;J-|--— -y+  (;/^  —  «)-' -^  of  negative  expo- 
nents,     {c)  Express  with  fractional   exponents:  \^1^\  ^'x~^\ 

(219)  Introduce  the  coefficients  under  the  radical  signs 
in  ?>\/-l\,a^b\/b''c  and  2,t'f^J. 

(220)  A  post  has  \  of  its  length  in  the  earth,  -|  in  the 
water,  and  13  feet  in  the  air.       What  is  its  length  ? 

Ans.  35  feet. 

(221)  The    following  formula  appears  in  works  on  Heat: 

]Y s  t  +  W s  t 
t  =  — ,'  '  '   ,    ..."  "  '.      It  is  required  to  transform  it  so  that 

/,  will  stand  alone  in  the  first  member.     In  other  words, 

solve  for  /,.  An.    /  -  ( ^^  A  +  ^^A)  ^  -  ^^,V. 

Ans.  t^  -         .  ^^ . 

(222)  A  man  performed  a  journey  of  48  miles  in  a  cer- 
tain number  of  hours,  but  if  he  had  traveled  4  miles  more 
each  hour,  he  would  have  performed  the  journey  in  6  hours 
less  time.      How  many  miles  did  he  travel  per  hour  ? 

Ans.  4  miles. 


(223)     The  formula  5  =  J\ — j^—  has  been  used  to 


^4  +  ?) 


calculate  the  diameter  of  the  shafts  for  compound  marine 
engines,  where  5  is  the  diameter  of  shaft ;  C,  the  length  of 
crank,  D  and  </,  the  diameters  of  cylinders,  and  P,  the  steam 
pressure,      {a)  Transform  this  so  that  P  will  stand  alone  in 
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the   first   member.      (/;)   Find   the  value  of   P  when  .9=6, 
C=  10,  n=  -M),  d=  18,  and  /=  8G4. 

Ans.  Y  CD'd-' 

(  (/;)  P=99.1,  nearly. 

(224)  Solve  the  equations: 

\a)  3,1'  +  6  -  2.r  =  7-r ;  {b)  hx  -  (;U-  -  7)  =  4,r  -  (6x  -  35) : 
ic)   (.1-  +  5)'  -  (4  -  xY  =  2U-.  ^  (^)  X  =  1. 

Ans.  ■!  (d)  X  =  7. 
i{c)  x=  3. 

(225)  Find  the  values  of  the  following: 

[it)  \^i  +  2^/18  +  3^/108';  -{b)  ^^^'128'+  ^f^m-\-  ^To ; 

Ans.  J  (^)   13,^2. 

(226)  A  vessel  containing  some  water  was  filled  by  pour- 
mg  in  42  more  gallons;  there  was  then  seven  times  as  much 
water  in  the  vessel  as  at  first.  How  much  did  the  vessel 
hold?  Ans.   49  gallons. 

(227)  Solve: 

{a)  2|/3.r  +  4  -  x  =  4;  {b)  |/3;r  -  2  =  2(x  -  4) ; 

(c)  \/x  +10  =  2  +  |/I^.  (  (^)  ■^'  =  ^• 

Ans.  4  (b)  X  =  6  or  2f. 
(  (r)  .r  =  9. 

(228)  Solve:        

4/7,1''+  S'ox 


{a)  \/'dx  —  5  =  - — ^-—7 ;     {b)  x'  —  {b  —  a)c  =  ax  —  (5;t; 

f  ex;   {c)   {x  -  2){x  -  4)  -  2(  x-  l){x  -  3)  =  0. 

f  {a)  X  =  0  or  —  2. 
Ans.  -j  (/;)   X  =  a  —  b  or  c: 
(  {c)   x=l±  4/3. 

(229)     Solve:     (a)  s/ x  -  \ab  =  ^"^  +  ^^ jf  ~  ^^ ; 

\/x 


|/.r  _^  1       4/.,-  -  1       4A-=  -  l' 
Ans.     ]  (',')  ••-  =  (''  +  'y  "'  -  ("  -  *'' 
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(230)     Solve  by  substitution: 

19x  —  3j  =  180.   )  (  jj/  =  —  3. 


(231)    Solve  the  following  equations:    (a)  2.r'  —  27i' =  14; 
12 


i^)  -t"  -  '^+  ^  =  0 ;  (0  '^-^  +  «'t'  .=  /;.r  +  ^^. 


(a)  X  =  14  or  —  \. 
Ans.  \  {b)   X  —  \  ox  \. 

(r)    X  =  b  or  —  a. 

(232)  A  crew  that  can  pull  at  the  rate  of  12  miles  an 
hour  down  the  stream  finds  that  it  takes  twice  as  long  to 
row  a  given  distance  up  stream  as  it  does  down  stream. 
What  is  the  rate  of  the  current?  Ans,   3  miles  per  hour. 

(233)  Solve  the  following: 

{a)  ^ =  10  {x  -  1) ; 

(^)  (.^  +  xy  =  x^  +  W  +  a^ ;  (.)  ^J  -  ^^  =  -^. 

(  («)  ,r  =  1^. 

Ans.  \  (/;)  ,r  =  2.  ' 

(  (0  '^'  =  li- 

(234)  Solve  the  following  equations,  eliminating  by- 
addition  or  subtraction: 

11^+3^^  =  100.    )  Ans.]  --8. 

4.r  -  ly  =  4.        [  (  j  =  4. 

(235)  Solve:     {a)    jt=243;      {b)     a-'"  +  3U-^  -  10  =  22, 

{c)  x'  -  4,i-i  =  96.  (  («)  J  =  27. 

Ans.  •<  {b)  -I'  =  1  or  —  2. 

({c)  .r=2^or  (-8)?. 

(236)  {a)  What  is  the  value  of  a'l     (b)  What  does^'  h-^  -' 

equal  ?     (c)  What    does  4/  (3-t'''  +  5xy  -\-  Qxyy   equal  when 
x=2  and  J  =  4  ? 

(237)  What  is  the  value  of  .r  in: 
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(^) 


6.r  +  1        2x—  4:        %x—l 


15 


Ix  -  16 


\/x  +7       yx  -\-l 


(238)     Simplify: 


'  (./)  X  =  _  2. 
Ans.         ^   (f^)  '■'^ 


(c)  x=25. 


3_ 
11 


yf^    W  -s- 


Ans. 


'  (a)  i/e: 


^  (c)  ^%xz' 


(239)     Solve  the  equations: 


{a) 

9,1' +20  _  4(;i--3)       ;ir_ 
36       ~"    5;r-4    +4' 

(0 

am  —  b -, =  0. 

0        m 

[b)  ax 


Ans. 


3a  —  bx 

2 
(a)  X 


1^ 
2' 


8. 
,,.  3^  +  1 

(^)'"  =  2^rR. 

(^)  ;r  =  bin. 


(240)  Solve  the  following  equations: 

x  +  f=  13.  ) 
xj/  =  36.  ) 

(241)  Solve  the  equations: 

jir'-y  =  98.  < 
X  —y  =    2.) 


A 


4. 


Ans. 


ns.  -^  '  -' 

( ,r  =  4,  J  =  9 


j  ,r  =  5,  J'  =  3. 

Lr  =  -  3,  J  =  -  5. 


(242)  In  the  composition  of  a  quantity  of  gunpowder,  the 
niter  was  10  lb.  more  than  f  of  the  Avhole,  the  sulphur  was 
4^  lb.  less  than  i  of  the  whole,  and  the  charcoal  was  2  lb. 
less  than  \  of  the  niter.  What  was  the  amount  of  gun- 
powder? Ans.  69  lb. 

(243)  The  hind  and  fore  wheels  of  a  wagon  have  circum- 
ferences of  16  and  14  feet,  respectively.  How  far  has  the 
carriage  advanced  when  the  fore  wheels  have  made  51  revo- 
lutions more  than  the  hind  wheels?  Ans.  5,712  feet. 
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(244)     Find  the  values  of  x  in  the  following: 
{a)   5,r'  -  9  =  2x^  +  24;     (^)  ±^-±,  =  1; 


1  2 

x^        x^ 


10 


15 


=  7 


50  +  x' 


25 


±\/ll. 


Ans. 


(245)     Solve  by  comparison: 

A:X-\-dy  =  48.  I 
5j/  -  3.r  =  22.  j 


Ans 


j.ar=  6. 

■  |y  =  8. 


(246)  Two  trains  start  at  the  same  time  to  run  1,200 
miles.  One  runs  10  miles  an  hour  faster  than  the  other  and 
arrives  10  hours  sooner;  what  was  the  speed  of  each,  sup- 
posing it  to  be  uniform?  Ans.  30  and  40  m"iles  an  hour. 


(247)     Solve; 

y  -  3 


2.r  — ■ 


4=0. 


37  + 


X 


2 


3 


—  9  =  0. 


Ans. 


i;= 


r  =  3. 
3. 


(248)     Find  the  product  of  the  following: 

\a)    t^  X  f  3;  {b)  i^2^  X  i^^^ ;  (c)  2|/^  X  dp" xy. 

[  {a)  'fseT 

Ans. 


{b)    V8a'x'\ 

{c)  6'i/yy: 

(249)  A  can  do  a  piece  of  work  in  5  days,  B  in  G  days,  and 
C  in  7^  days ;  in  what  time  will  they  do  it,  working  together? 

Ans.  2  days. 

(250)  A  person  has  two  horses,  and  a  saddle  worth  $10. 
If  the  saddle  be  put  on  the  first  horse,  his  value  becomes 
double  that  of  the  second ;  but  if  the  saddle  be  put  on  the 
second  horse,  his  value  will  not  amount  to  that  of  the  first 
horse  by  $13.     What  is  the  value  of  each  horse? 

Ans.  I5G  and  $33. 
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(251)  If  A  should  give  B  $5  he  would  then  have  16  less 

than  B;  but  if  he  received  $5  from  B,  three  times  his  money 

would  be  820  more  than  four  times  B's.      How  much  money 

did  each  have  ?  .         ( A,  $31. 

Ans.  i     '  .^^ 
i  B,  $27. 

(252)  Solve  the  following  equations  ; 

la)  x"  -  (jx  =  IG ;  {d)  x'  -  7x  =  8 ;  {c)  9x'  -  Vlx  =  21. 

(  {a)  X  =  8  or  —  2. 
Ans.  -j  (d)  -r  =  8  or  —  1. 
(    (c)  x  =  2i  or  —  1. 

(253)  Find  the  values  of  the  following: 

(254)  A  wine  merchant  has  two  kinds  of  wine,  one  worth 
90  cents  a  quart,  and  the  other  50  cents  a  quart.  How  much 
of  each  must  be  put  in  a  mixture  of  60  quarts,  that  the 
mixture  may  be  worth  75  cents  a  quart? 

A         i  ^^i  *5^-  *-*^  90-cent  wine. 
1  22^  qt.  of  50-cent  wine. 

(255)  What  fraction  is  that  whose  numerator  being 
doubled,  and  denominator  being  increased  by  7,. the  value 
becomes  f ;  but  the  denominator  being  doubled,  and  the 
numerator  increased  by  2,  the  value  becomes  f .  Ans.  |. 

(256)  There  is  a  number  consisting  of  two  digits,  which 

is  equal  to  four  times  the  sum  of  those  digit-s;  and  if  18  be 

added  to  the  number,  the  digits  will  be  inverted.     What  is 

the  number? 

Note. — Remember  that  any  number,  as  28,  equals  20  +  8i=10X 
2  +  8.  Ans.  24. 

(257)  When  4  is  added  to  the  greater  of  two  numbers, 
the  greater  number  is  3|-  times  the  less;  but  when  8  is  added 
to  the  less,  the  less  is  one-half  the  greater.  What  are  the 
two  numbers?  Ans.  48  and  16. 


LOGARITHMS. 

(ARTS.   618-667.) 


(258)  Solve,  using  logarithms, 

.r  =  351.36  X  100  X  24  [1  —  (fo^)-29  o78j. 

Note. — In  logarithmic  work  negative  quantities  are  used  as  though 
they  were  positive,  the  sign  of  the  result  being  determined  independ- 
ently. 

Ans.  x—  —  188,300. 

(259)  What  are  the  logarithms  of  the  following  numbers; 
(«)  2,376?     (/^)  .0413?     (r)  .0002507? 

(260)  Divide  the  following  by  using  logarithms: 

(«)  755.4-^.00324;  (^)  .05555 -H  .0008601;  (^)  4. 62 -•  .  3448. 

r  {a)  233,150. 
Ans.  ■!  {d)  64.584. 
(  (c)   7.1648. 

(261)  Find  the  value  of  x,  by  using  logarithms,  in 

238  X  1000 

.0042-'^"'  • 

Ans.  ^=2,432,700,000. 


x'*  = 


(262)     Divide -^/.  00743  by -.^Cooe'. 

Ans.    1,893.6. 
(203)     Multiply    together    the    following    by  using  loga- 
rithms: 1,728,  .00024,  .7402,  302.1  and  7.6094.     Ans.  711.40. 


(204)     Calculate  the  value  of  —  '  r      • 


t/298.54       Ans.   3.0759. 


(265)  Calculate  the  value  of  V- 0532864.  Ans.  .65780. 

(266)  Obtain  the  values  of:     {a)    32'-'';    (d)   .76'-",   and 
(c)  .84-".  t  (a)   16,777,000. 

Ans.  ]  (d)  .37028. 
i{c)  .93590. 
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Ans.  .4-9950. 

(208)  Find  the  numbers  corresponding  to  the  following 
logarithms:     .81293,  2.52400,1.27031. 

(209)  Find    the    value    of   7',  in  /  T'^-^t  =^^7-^1-4 1^  when 
/  =  134.7,  v=  1.495,  and/,  =  10.421.  Ans.  0.0504. 

(270)  What  is  the  value  of 

5/7. 1895  X  4,704.2*  X  0.00320^ ,      .  .^_.^ 

A/       .000489  X  457- X. 570-       '     ^ns.  .020780. 

ji2  .18 

(271)  In  the  formula  /  =  900,000 -y^,  find  the  value  of 

/,  when  /  =  ^V,  /=  1-20,  and  d=  2^.  Ans.  92.480. 

(272)  Referring  to  example  271,  what  is  the  value  of  /, 
when/  =  160,  /=  132  and  c/ =  2?  Ans.  .23863. 


Geometry  and  Trigonometry. 


Note. — In  solving  the  following  examples,  the  student  will  find 
that  he  will  understand  them  much  better  if  he  draws  a  diagram  for 
each,  showing  the  given  conditions  and  results  sought. 

(1)  If  one  of  the  angles  formed  by  one  straight  line 
meeting  another  straight  line  equals  4  of  a  right  angle,  what 
is  the  other  angle  equal  to  ?  Ans.   1\  right  angles. 

{2)  If  a  triangle  has  two  eqtial  angles,  what  kind  of  a 
triangle  is  it  ? 

(3)  The  perimeter  of  a  regular  decagon  is  40  inches; 
what  is  the  length  c^f  a  side  ?  Ans.   4    in. 

(4)  What  is  one  angle  of  a  regular  dodecagon  equal  to  ? 

Ans.    If  right  angles. 

(o)     A  triangle  has  three  equal  angles;   what  is  it  called  ? 

(n)  A  certain  triangle  has  two  equal  angles.  If,  from 
the  vertex  of  the  other  angle,  a  perpendicular  is  drawn  to 
the  side  opposite,  which  is  7  inches  long,  what  are  the 
lengths  of  the  two  parts  of  the  side  thus  divided  by  the 
perpendicular  ? 

(T)  The  shortest  distance  from  a  given  point  to  a  given 
line  is  9  inches;  the  distances  from  this  point  to  the  two 
extremities  of  the  line  are  12  inches  and  15  inches;  what 
is  the  length  of  Lhe  line  ?  Ans.    19.94  in. 

(8)  What  is  one  of  the  angles  of  an  equiangtdar  octagon 
equal  to  ?  Ans.    14  right  angles. 
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(W)  Given  three  points  ./.  7),  and  (\  and  the  distance 
from  A  to  B  equal  to  li  inches,  from  />'  {<>  C'  lA  inches,  and 
from  C  to  A  2  inches;  pass  a  circle  through  these  three 
points. 

(10)  The  chord  of  an  arc  in  a  circle  whose  radiu.s  is 
t>  inches  is  4  inches  long;  what  is  the  length  of  the  chord  of 
half  the  arc  ?  Ans.   2.03  in. 

(11)  The  length  of  a  perpendicular  from  the  center  of  a 
circle  to  a  chord  is  5|  inches;  if  the  diameter  of  the  circle  is 
17  inches,  what  is  the  length  of  the  chord  ?       Ans.    12.. r>  in. 

(12)  The  sides  of  an  inscribed  angle  intercept  three- 
fourths  of  the  circumference;  how  many  quadrants  are  there 
in  the  angle  ?  Ans.    li  quadrants. 

(13)  How  many  equal  sectors  are  there  in  a  circle,  if 
each  sector  measures  ^  of  a  right  angle  ?        Ans.    1-1  sectors. 

(14)  If  the  perimeter  of  a  regular  inscribed  octagon  is 
24  inches  and  the  length  of  the  perpendicular  from  the 
center  to  one  of  tiie  sides  is  3.62  inches,  what  is  the  diameter 
of  the  circle  in  which  the  octagon  is  inscribed  ? 

Ans.   7.84  in. 

(15)  What  part  of  a  circle  is  an  arc  of  19°  19'  and  19"  ? 
Express  it  decimally.  Ans.   .053672  of  a  circle. 

(16)  In  a  triangle  A  />  C,  .1  />  =:  2(i  feet  7  inches,  A  C 
=  40  feet,  and  the  included  angle  A  =  36°  20'  43";  find  the 
remaining  parts.  /  C—  40°  16'  52". 

Ans.  -  /,'  z=  103°  22'  25". 
(  BC  =  24:  ft.  4.4  in. 


(17)      In  a  triangle  A  />  C,  the  side  A  />  =  16  feet  5  inches, 
the   side   BC=  13  feet   6^   inches,    and   the  angle  .1  =54° 


54'  54";   find  the  remaining  parts. 


Ans. 


/,'  =42°  19'  36",  or 
27°  50'  36". 

C  =  82°  45'  30",  or 
97°  14'  30". 

.]  C'=  11  ft.  If  in., 
or  7  ft.  8f  in. 
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(18)  If  one-third  of  an  angle  of  a  certain  triangle  =  14" 
47'  10",  what  are  the  angles,  one  of  the  other  two  being  two 
and  one-half  times  the  given  angle  ?  r  24°  44'  45  ". 

Ans.  ]  44°  21'  30". 
(  110°  53'  45". 

(19)  In  a  right  triangle  A  B  C,.  the  two  sides  are  437  feet 
and  792  feet  in  length;  find  the  hypotenuse  and  the  two 
acute  angles  ?  /  28°  53'  19". 

Ans.  ]  01°  6'  41". 

(  904  ft.  6f  in. 

(20)  In  a  triangle  A  B  C,  angle  A  =  29°  21',  angle  C 
=  76°  44'  18",  and  the  side  A  C  =  31  feet  10  inches;  find 
the  other  three  parts.  ^  B  C  =  16  it.  3  in. 

Ans.  }aB  =  32  ft.  3  in. 
(  B      =  73°  54'  42". 

(21)  (ir)  The  area  of  a  circle  is  89.42  square  inches; 
what  is  its  diameter  and  circumference  ?  (d)  What  is  the 
length  of  a  side  of  the  largest  regular  hexagon  that  could  be 
inscribed  in  it  ?  Ans.    {/?)     5.335  in. 

(22)  The  distance  between  two  parallel  sides  of  a 
wrought-iron  octagon  bar  is  2  inches;  what  is  the  Aveight  of 
a  bar  10  feet  long,  a  cubic  inch  of  wrought  iron  weighing 
.282  pound  ?  Ans.    1121b.  2  oz. 

(23)  The  outside  and  inside  diameters  of  a  cast-iron 
spherical  shell  are  16  inches  and  12  inches;  what  is  its 
weight,  a  cubic  inch  of  cast  iron  weighing  .261  pound  ? 

Ans.   323.61  lb. 

(24)  The  length  of  an  arc  of  a  circle  is  5^f  inches  by 
measurement.  If  the  number  of  degrees  in  the  arc  is  27, 
what  is  the  diameter  of  the  circle  ?  Ans.   22.95  in. 

(25)  {a)  What  is  the  area  of  a  circle  whose  diameter  is 
176V  inches  ?  (/;)  What  is  the  length  of  an  arc  of  16°  7'  21" 
in  the  above  circle  ?  Ans.    (/?)     2.394  in. 

(26)  (a)  What  is  the  area  of  an  ellipse  whose  axes  are 
12  inches  and  8  inches  ?     (fi)   What  is  its  perimeter  ? 

j(.0     75.4sq  in. 
i  (d)     31.731  in. 
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(■.*7)  AVhat  is  tlic  entire  surface  of  a  c(jne  whose  base  is 
7  inches  in  diameter  and  wliose  aUitiulc  is  11   inches? 

Ans.    1(;5.41  sq.  in. 

(■>S)  What  is  the  height  of  a  cone  having  the  same  vol- 
ume and  diameter  as  a  10-inch  sphere  ?  Ans.   20  in. 

{V.))  What  is  the  height  of  a  cyHnder  having  the  same 
vohune  and  diameter  as  a  I'^-inch  sphere  ?  Ans.    8  in. 

(;)0)  {(f)  What  is  the  area  of  a  triangle  whose  base  is 
9  J  inches  and  whose  altitude  is  ]  •>  inches  ?  {/?)  If  the  angle 
which  one  side  forms  with  the  base  is  79°  22',  what  is  the 
perimeter  of  the  triangle  ?  Ans.    (/>)     35.73  in. 

(31)  The  diagonal  of  a  trapezium  is  1 1  inches ;  the  lengths 
of  the  perpendiculars  from  the  opposite  vertexes  upon  this 
diagonal  are  4^  inches  and  7  inches;  what  is  the  area  of  the 
trapezium  ? 

(32)  The  length  of  a  chord  of  a  segment  in  a  circle  whose 
diameter  is  10  inches  is  6|  inches;  what  is  the  area  of  the 
segment  and  the  ninnber  of  degrees  in  its  arc  ? 

Ans    i«-0^^^q-  in- 
^"^-   I  84°  54'  28.6". 

(:)3)  What  is  the  volume  and  entire  area  of  a  frustum 
of  a  cone  whose  upper  base  is  12  inches  and  lower  base  is 
18  inches  in  diameter  and  whose  altitude  is  14  inches  ? 

j  2,500.997  cu.  in. 
'^"^^   /  1,042.38  sq.  in. 

(34)  What  is  the  area  of  the  surface  of  a  sphere  27  inches 
in  diameter  ?  Ans.    2,290.2  sq.  in. 

(35)  What  is  the  volume  of  an  engine  cylinder,  in  cubic 
feet,  whose  diameter  is  19  inches  and  whose  stroke  is 
24  inches  ?  Ans.    3.938  cu.  ft. 

(30)  The  chord  of  the  arc  of  a  segment  is  14  inches  long 
and  the  height  of  the  segment  is  2  inches;  what  is  the 
radius  ?  Ans.    13:^  in. 

(37)  (rt)  What  is  the  volume  and  area  of  a  cylindrical 
ring  whose  outside  diameter  is  Ki  inches  and  inside  diameter 
13  inches  ?     (/;)   If  made  of  cast  iron,  what  is  its  weight  ? 

Ans.    (/;)     21  11). 
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(38)  The  altitude  of  a  parallelopipedou  is  IS  inches;  its 
base  is  a  square,  one  edge  measuring  5\  inches;  what  is  its 
convex  area,  entire  area,  and  volume  ?  r  378  sq.  in. 

Ans.  ■!  433.125  sq.  in. 
(  496.125  cu.  in. 

(39)  What  is  the  convex  area  and  entire  area  of  a  hex- 
agonal pyramid,  the  slant  height  being  37  feet  and  one  edge 
of  the  base  measuring  12  feet  ?  \         \  1,332  sq.  ft. 

^^'   ll, 706. 112  sq.  ft. 

(40)  If  the  altitude  of  the  pyramid  in  the  last  problem 
had  been  37  feet,  what  would  have  been  its  volume  ? 

Ans.   4,614  cu.  ft. 

(41)  What  is  the  area  of  a  sector  if  the  chord  of  the  arc 
is  6^  inches  long  and  the  diameter  of  the  circle  is  10  inches  ? 

Ans.    18.95  sq.  in. 

(42)  What  is  the  area  in  square  feet  of  a  parallelogram 
whose  base  is  129  inches  long,  if  the  shortest  distance 
between  the  base  and  side  opposite  is  7  feet  ? 

(43)  The  parallel  sides  of  a  trapezoid  are  15  feet  7  inches 
and  21  feet  11  inches  long;  the  altitude  is  7  feet  8  inches. 
What  is  the  area  of  the  trapezoid  ?  Ans.    143.75  sq.  ft. 

(44)  What  would  be  {a)  the  length  of  a  side  of  a  square 
having  the  same  area  as  the  trapezoid  in  the  last  problem  ? 
(d)  the  diameter  of  a  circle  ?  (r)  How  much  shorter  is  the 
circumference  of  the  circle  than  the  perimeter  of  the  square  ? 

f{a)     11.99  ft. 
Ans.  ]  (d)     lU  ft. 

(  (c)      5  ft.  G.6  in. 

(45)  In  a  triangle  A  B  C,  A  B  =  24  feet,  B  C  =11  feet 
3  inches,  and  A  C  ^=  19>  feet;  required,  the  three  angles. 

I  A  =  26°  28'  5". 
Ans.  ]  B  =  45°  29'  23". 
(  C  =  108°  2'  32". 


NOTICE. 

The  present  set  of  questions  on  the  subject  of  Geometry  and  Trigonometry 
are  less  in  number  than  were  contained  in  the  former  edition.  As  a  consequence, 
there  is  a  slight  break  in  the  page  numbers  between  the  last  page  of  the  questions 
on  Geometry  and  Trigonometry  and  the  Paper  following. 


ELEMENTARY  MECHANICS. 

(ARTS.  828-966.) 


(355)  A  ball,  thrown  horizontally  by  the  hand,  has  a 
velocity  of  500  ft.  per  second.  If  the  ground  is  level,  and 
the  distance  from  the  ground  to  the  hand  at  the  instant  the 
ball  leaves  the  hand  is  5  ft.  6  in.,  how  far  will  the  b_ali  gc 
before  striking  the  ground  ?  Ans.  292.42  ft. 

(356)  An  engine  fly-wheel,  80  in.  in  diameter,  makes  160 
revolutions  per  minute ;  what  is  the  velocity  in  feet  per  sec- 
ond of  a  point  on  the  rim  ?  Ans.  55.85  ft.  per  sec. 

(357)  In  the  last  example,  through  how  many  degrees, 
minutes  and  seconds  will  a  point  on  the  rim  turn  in  one- 
seventh  of  a  second  ?  Ans.  137"  8'  34f". 

(358)  The  fly-wheel  of  an  engine  drives  a  pulley,  rigidly 
connected  to  a  drum  on  which  an  elevator  rope  winds.  The 
fly-wheel  is  4  ft.  in  diameter  and  makes  54  revolutions  per 
minute;  the  diameter  of  the  pulley  is  36  in.,  and  of  the 
drum,  18  in. ;  (a)  how  long  will  it  take  the  elevator  to  reach 
the  top  of  a  building  100  ft.  high  ?  (/;)  If  required  to  reach 
it  in  30  seconds,  how  many  revolutions  should  the  fly-wheel 
make  per  minute  ?  .         j   (a)  17. 68  sec. 

"^^^   (    (/)  31.83  R.   P.    M. 

(359)  Define  and  give  an  example  of  uniform  motion;  of 
variable  motion. 

(360)  Define  force.     Name  five  different  kinds  of  forces. 

(361)  Explain  -what  you  understand  by  inertia. 

(362)  Is  inertia  a  force  ?     If  so,  why  ? 

(363)  What  is  weight  ?     How  is  it  measured  ? 

(364)  In  order  that  the  effect  of  a  force  upon  a  body  may 
be  compared  wath  that  of  another  force  acting  on  the  same 
body,  what  three  conditions  must  be  fulfilled  ? 

For  notice  of  the  copyright,  see  pa^e  immediately  following  the  title  page. 
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(3G5)     What  is  motion  ?     What  is  rest  ? 

(3GG)  Can  a  body  be  in  motion  with  respect  to  one  body 
and  at  rest  with  respect  to  another  ?     Give  examples. 

(3G7)  Where  will  a  body  weigh  the  more,  on  the  top  of  a 
high  mountain  or  at  the  bottom  of  a  deep  valley,  the  bottom 
of  the  valley  being  as  far  below  sea-level  as  the  top  of  the 
mountain  is  above  ? 

(3G8)  If  the  top  of  a  mountain  is  31,G80  feet  above 
sea-level,  what  would  a  body  weighing  20,000  lb.  at  sea- 
level  weigh  at  the  top  of  the  mountain  ?  Take  the  radius  of 
the  earth  at  sea-level  as  3,9GO  miles.      Ans.  19,939  lb.  8|-  oz. 

(369)  If  the  body  in  the  last  example  had  been  dropped 
in  a  hole  just  big  enough  to  let  it  fall  to  the  bottom,  and  the 
bottom  of  the  hole  was  2  miles  below  sea-level,  how  much 
would  it  have  weighed  at  the  bottom  of  the  hole  ? 

Ans.  19,989  lb.  14.4  oz. 

(370)  State  the  three  laws  of  motion. 

(371)  What  is  acceleration  ? 

(372)  What  do  you  understand  by  initial  velocity  ? 

(373)  Why  is  it  dangerous  to  jump  from  a  moving  train  ? 

(374)  Why  is  it  that  a  man  cannot  lift  himself  by  pulling 
Jiis  boot  straps  ? 

(375)  Explain  how  forces  are  represented  by  lines. 

(37G)  What  is  meant  by  the  expression,  "  the  resultant 
of  several  forces  "? 

(377)  If  a  line  5  in.  long  represents  a  force  of  20  lb.,  (a) 
how  long  must  the  line  be  to  represent  a  force  of  1  lb.?  {&) 
Of  Gi  lb.  ? 

(378)  What  do  you  understand  by  the  components  of  a 
force  ? 

(379)  If  a  body  be  acted  upon  by  two  equal  forces,  one 
due  east  and  the  other  due  south,  in  what  direction  will  the 
body  move  ?  What  is  the  direction  of  the  resultant  of  the 
two  forces  ? 

(380)  Find  the  point  of  suspension  of  a  rectangular  cast 
iron  lever  4  ft.  G  in.  long,  2  in.  deep  and  f  in.  thick,  having 
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weights  of  47  lb.  and  Tl  lb.  hung  from  each  end,  in  order 

that  there  may  be  equilibrium.     Take  the  weight  of  a  cubic 

inch  of  cast  iron  as  .261  lb. 

Suggestion. — First  find  the  weight  of  the  lever;  then  consider  this 
weight  to  be  concentrated  at  the  center  of  gravity  of  the  lever,  and 
combine  it  with  the  other  two  weights  in  the  same  manner  as  though 
there  were  three  weights. 

Ans    ■!  ^^°^^  ^^^  =  ^'^-  ^^^  ^"• 
(  Long  arm  =  31.G58  in. 

Solve  the  two  following  examples  by  the  method  of  tri- 
angle of  forces,  and  parallelogram  of  forces,  and  mark  the 
direction  of  the  resultant: 

(381)  Two  forces  act  upon  a  body  at  a  common  point; 
one  with  a  force  of  75  lb.,  and  the  other  with  a  force  of  40 
lb. ;  if  the  angle  between  them  is  60°,  and  both  forces  act 
towards  the  body,  what  is  the  value  of  the  resultant  ? 

Ans.  101.12  lb. 

(382)  In  the  last  example,  if  one  force  (the  one  of  75  lb.) 
acts  away  from  the  body,  and  the  other  towards  it,  what  is 
the  resultant  ?  Ans.  65  lb. 

(383)  If  two  forces  of  27  lb.  and  46  lb.,  respectively,  act 
in  exactly  opposite  directions  upon    a   body,   what    is   the- 
resultant  ? 

(384)  The  entire  solar  system  is  moving  through  space 
at  the  rate  of  18  miles  per  second;  (a)  what  is  its  velocity 
in  miles  per  hour  ?  (/?)  How  far  will  it  go  in  one  day  ? 

(385)  Two  bodies,  starting  from  the  same  point,  move 
in  opposite  directions,  one  at  the  rate  of  11  ft.  per  second, 
and  the  other  at  the  rate  of  15  miles  per  hour;  {a)  what 
will  be  the  distance  between  them  at  the  end  of  8  minutes  ? 
{d)     How  long  before  they  will  be  825  ft.  apart  ? 

Ans.  \  (^)  ^  ^^^^'- 

(  (d)  25  seconds. 

(386)  If  six  forces  act  towards  the  center  of  gravity  of  a 
body  at  angles  of  30°,  45°,  135°,  210°,  225°,  and  300°,  whose 
magnitudes  are  75,  47,  61,  32,  53,  and  98  pounds,  respectively, 
Avhat  is  the  value  of  their  resultant  ?  Solve  by  method  of 
polygon  of  forces.  Ans.  45f  lb. 
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(387)  Suppose  that  the  velocity  of  a  steamboat  in  still 
water  is  10  miles  per  hour,  and  that  it  is  placed  in  a  river 
flowing  4  miles  per  hour;  also,  that  a  man  is  walking  the 
deck  from  stern  to  bow  at  the  rate  of  3  miles  per  hour,  {a) 
What  is  the  velocity  of  the  boat  when  headed  up  stream  ? 
(/;)  When  headed  down  stream  ?  (c)  Of  the  man  in  each  case  ? 

(388)  A  peg  in  the  wall  is  pulled  by  two  strings,  one 
with  a  force  of  21  lb.,  at  an  angle  to  the  vertical  of  45°,  and 
the  other  with  a  force  of  28  lb.,  at  an  angle  of  G0°;  what  is 
the  value  and  direction  of  the  resultant  when  the  forces  are 
on  opposite  sides  of  the  vertical  line  ?  Use  the  method  of 
parallelogram  of  forces.  Ans.  30.34  lb. 

(389)  A  force  of  87  lb.  acts  at  an  angle  of  23°  to  the  hori- 
zontal; what  are  its  horizontal  and  vertical  components? 
Find,  first,  by  the  method  of  triangle  of  forces,  and,  second, 
by  trigonometry.  ^^^    J  80.084  lb. 

(33.994  1b. 

(390)  A  weight  of  325  pounds  rests  upon  a  smooth 
inclined  plane,  as  shown  in  Fig.  119,  Art.  884.  If  the 
angle  of  the  plane  is  15°,  {a)  what  is  the  perpendicular  pres- 
sure against  it  ?  (l?)  What  force  would  it  be  necessary  to 
exert  parallel  to  the  plane,  to  keep  it  from  sliding  down- 
wards, there  being  no  friction  ?  Solve  by  trigonometry,  and 
also  by  the  method  of  the  triangle  of  forces. 

^^g    Ua)   313.93   ib. 
■  I  (l?)  84.12  lb. 

(391)  If  the  weight  of  a  body  is  125  lb.,  what  is  its  mass  ? 

(392)  If  the  mass  of  a  body  is  53.7,  what  is  its  weight  ? 

(393)  {a)  Is  the  mass  of  a  body  always  the  same  ?  (b) 
If  the  mass  of  a  body  on  the  earth's  surface  is  25,  what 
would  be  its  mass  at  the  center  of  the  earth  ?  {c)  On  the 
surface  of  the  moon  ? 

(394)  A  body  on  the  earth's  surface  weighs  141  lb.;  {a) 
at  what  point  above  the  surface  will  it  weigh  100  lb.  ?  {I?)  At 
what  point  below  the  surface  ?  Take  the  earth's  radius  as 
4,000  miles.  ^^^   j  (a)  749. 736  miles. 

^^'  (  (d)  1,163.12  miles. 
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(395)  If  a  body  were  dropped  from  a  balloon  1  mile  above 
the  earth's  surface,  (a)  how  long  a  time  would  it  require  to 
fall  to  the  earth  ?  [d)  What  would  be  its  velocity  when  it 
struck  ?  ^^g    j  {a)  18.12  seconds. 

■  I  (/;)  582. 7G  ft.  per  sec. 
(39G)     In  the  last  example,  if  the  body  weighed  160  lb  , 
what  would  be  the  kinetic  energy  on  striking  the  earth  ? 

Ans.  844,799  ft. -lb. 

(397)  If  a  cannon  ball  were  fired  vertically  upward  with 
a  velocity  of  2,360  ft.  per  second,  {a)  how  high  would  it  go  ? 
(^)   How  long  would  it  take  to  return  to  the  earth  ? 

Ans    i^"")  16.4  miles. 

I  (/;)   2  min.  26.77  sec. 

(398)  The  earth  turns  round  once  in  24  hours.  If  it  were 
a  perfect  sphere  8,000  miles  in  diameter,  how  far  would  a 
point  on  the  equator  travel  in  one  minute  ? 

(399)  If  a  projectile  weighing  400  pounds  be  fired  from 
a  cannon  with  a  velocity  of  1,875  ft.  per  second,  at  a  target 
6  ft.  distant,  (a)  what  will  be  its  kinetic  energy,  on  striking 
the  target,  in  foot-pounds  ?  (l?)  In  foot-tons  ?  (r)  If  it  pene- 
trates but  6  in.,  what  will  be  its  striking  force  ? 

(  (a)  21,863,339.55  ft.-lb. 
Ans.  )  {b)  10,931.67  ft. -tons. 
(  {c)    43,726,679  lb. 

(400)  If  the  acceleration  due  to  gravity  were  20  ft.  per 
second,  instead  of  32.16  ft.  per  second,  how  much  longer 
would  it  take  a  body  to  fall  to  the  earth  from  a  height  of  200 
ft.  than  it  does  now  ?  Ans.   0.9454  second. 

(401)  What  do  you  understand  by  center  of  gravity  ? 

(402)  What  do  you  understand  by  specific  gravity  ? 

(403)  {a)  What  is  the  density  of  a  cubic  foot  of  a  body 
occupying  a  space  of  800  cu.  in.,  and  weighing  500  lb.?  [b) 
What  is  its  specific  gravity  ?  A        i  ^^^   33.582. 

{{b)   17.28. 

(404)  A  body  has  been  falling  freely  for  5  seconds;  what 
is  its  velocity  ? 
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(405)  Suppose  that  a  body,  under  certain  conditions,  were 
to  fall  freely  for  3  seconds,  and  then  fall  uniformly  with  the 
velocity  it  had  at  the  end  of  the  third  second  for  6  seconds 
longer,  how  far  would  it  fall  ?  Ans.  723.  G  ft. 

(406)  The  weight  of  the  head  and  piston  of  a  steam  ham- 
mer, together  with  the  piston  rod,  is  8  tons.  If  it  falls  8  ft. 
and  compresses  a  mass  of  iron  ^  in.,  what  is  the  force  of  the 
blow  ?  Ans.  1,536  tons. 

(407)  Explain  what  you  understand  by  centrifugal  force. 

(408)  If  a  cast  iron  sphere  4  in.  in  diameter  be  revolved 
in  a  circle,  in  w^hich  the  distance  from  the  center  of  the 
sphere  to  the  center  of  the  circle  is  15  in.,  what  will  be  the 
tension  of  the  string,  the  sphere  making  60  revolutions  per 
minute  ?  Ans.  13.38  lb. 

(40ii)  The  outside  diameter  of  an  engine  fly-wheel  is  80 
in. ;  width  of  face,  26  in. ;  average  thickness  of  rim,  5  in. : 
revolutions  per  minute,  175;  what  is  the  centrifugal  force 
tending  to  burst  the  rim  ?  Ans.   38,641  lb. 

(410)  If  a  body  weighs  one  pound  at  a  distance  of  100 
miles  from  the  center  of  the  earth,  (a)  what  will  it  weigh  at 
the  surface  ?  (d)  At  100  miles  above  the  surface  ?  Take  the 
earth's  radius  as  4,000  miles.  j^^^   j  {a)  40  lb. 

i  (l?)   38.0721b. 

(411)  What  would  be  the  horsepower  of  ^  machine  that 
could  raise  10,746  lb.  354  ft.  in  10  minutes  ? 

Ans.  11.5275  H.  P. 

(412)  How  far  above  the  surface  of  the  earth  will  a  2-lb. 
ball  weigh  3  oz.?  Ans.  9,064  miles. 

(413)  What  is  the  range  of  a  projectile  thrown  horizon^ 
tally,  50  ft.  above  a  level  plain,  the  initial  velocity  being  140 
ft.  per  second  ?  Ans.  246.87  ft. 

(414)  A  projectile  has  an  initial  velocity  of  30  ft.  per 
second.  How  far  below  the  horizontal  line  of  direction  will 
it  strike  a  body  10  ft.  away  ?  Ans.  1  ft.  9.44  in. 

(415)  What  do  you  understand  by  moment  of  a  force? 
Illustrate  it. 
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(416)  Illustrate  your  idea  of  a  couple. 

(417)  Can  a  couple  have  a  single  resultant  force  ? 

(418)  Where  is  the  center  of  gravity  of  a  triangle  located  ? 

(419)  If  A  B  C  D'ls  a  quadrilateral,  and  A  B  =10  in., 
BC=S  in.,  CD=7  in.,  DA  =  9  in.,  and  the  angle  be- 
tween A  B  and  B  Cis  90°,  where  is  the  center  of  gravity  of 
the  figure  ?     Determine  it  graphically. 

(420)  Where  is  the  center  of  gravity  of  a  regular  penta- 
gon, the  length  of  a  side  being  seven  inches  ? 

(421)  If  the  weight  of  the  balls  shown  in  Fig.  128  were 
IV,  =  21  lb.,  W,  =  lo  lb.,  W^  =  17  lb.,  and  H\  =  9  lb.,  where 
would  the  center  of  gravity  be,  the  distance  between  the 
centers  of  W,  and  W^  being  34  in.  between  W^  and  W^,  25 
in. ;  between  JV^  and  IV^,  40  in. ,  and  between  IV^  and  W,, 
18  in.? 

(422)  Find  the  center  of  gravity  of  a  square  board  of 
uniform  thickness  whose  sides  are  14  in.  in  length,  and  having 
one  of  its  corners  cutoff  at  a  distance  of  4  in. ,  measured 
from  that  corner  each  way;  or,  what  is  the  same  thing, 
cutting  off  a  right-angled  triangle  whose  sides,  including  the 
right  angle,  are  4  in.  long. 

(423)  A  bookbinder  has  a  press,  the  screw  of  which  has 
4  threads  to  the  inch.  It  is  worked  by  a  lever  15  in.  long,  to 
which  is  applied  a  force  of  25  lb. ;  (a)  what  will  be  the  pres- 
sure if  the  loss  by  friction  is  5,000  lb.?  (d)  What  would  be 
the  theoretical  pressure  ?  {c)  What  is  the  efficiency  in  this 
case?  ^  (a)  4,424.8  lb. 

Ans.  -j  (d)  9,424.8  lb. 
(   {c)  46.95^. 

(424)  How  would  you  determine  whether  a  body  was 
stable  or  not  if  placed  in  a  certain  position  ? 

(425)  If  a  prism  10  inches  square  has  been  so  cut  that  its 
axis  is  22  inches  long  and  makes  an  angle  of  C0°  with  the 
base,  will  the  prism  stand  or  fall  when  placed  on  its  base  ? 
Consider  the  plane  of  the  upper  base  as  being  at  right 
angles  to  tne  axis. 
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(4'.2(»)  If  the  force  moves  through  a  distance  of  5  ft.  6  in., 
while  the  weight  is  moving  G  in.,  (a)  what  is  the  velocity 
ratio  of  the  machine  ?  {d)  What  weight  would  a  force  of 
5  lb.  applied  to  the  power  arm  raise  ? 

(427)  In  the  last  example,  if  the  efficiency  were  65^,  what 
weight  could  be  raised  ? 

(428)  The  length  of  a  lever  is  5  ft.  ;  where  must  the  ful- 
crum be  placed,  so  that  a  weight  of  35  lb.  at  one  end  may 
balance  one  of  180  lb.  at  the  other  end  ? 

(429)  In  a  block  and  tackle  the  theoretical  force  neces- 
sary to  raise  a  weight  of  1,000  lb.  is  50  lb.  ;  (a)  what  is  the 
velocity  ratio  ?  {d)  How  many  pulleys  are  there  ?  (c)  If  the 
actual  force  necessary  to  raise  the  load  is  95  lb.,  Avhat  is  the 
efficiency?  Ans.  (^)  52.63^. 

(430)  The  nuts  on  a  cylinder  head  are  tightened  by  a 
wrench  whose  handle  is  20  in.  long.  If  the  force  exerted 
upon  the  wrench  is  GO  lb.,  and  the  efficiency  of  the  combina- 
tion is  40^,  what  pressure  will  the  nut  exert  against  the  head 
(or,  in  other  words,  what  is  the  tension  of  the  stud),  the 
pitch  of  the  screw  being  ^  of  an  inch  ?  Ans.  24,127.5  lb. 

(431 )  The  base  of  an  inclined  plane  is  20  ft.  in  length  and 

its  height  is  5  ft.  ;   (n)  \vhat  force  acting  parallel  to  the  plane 

Avill  balance   a  weight  of  1,580  lb.?     (/;)  What   force   actmg 

parallel  to  the  base  w'ould  balance  this  weight  ? 

(  (a)  383.2  lb. 
Ans.  i),i  „...,. 


(432)  Find  what  the 
weights  IV  and  W  must  be 
to  produce  equilibrium 
when  the  levers  shown  in 
Fig.  1  are  suspended  from 
the  ring  A. 

(433)  If  in  Fig.  141,  the 
power  arms  /'  /''  ecpial  14, 
21  and  19  inches,  respec- 
tively, and  the  Aveight  arms 


(  {b)  395  lb. 


_IS1 


jr 


w 


^^: 


\42lh. 


Fig.  1. 
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W  F  equal  24,  3^  and  2|-  inches,   respectively,  what  force 
apphed  at  Pwill  raise  a  load  of  725  lb.?  Ans.  3.032  lb. 

(434)  In  Fig.  144,  suppose  the  radius  of  the  wheel  A  is  15 
in. ;  of  C,  12  in.,  of  E,  20  in. ;  of  the  drum  i%  5  in. ;  of  the 
pinion  D,  3|-  in.,  and  of  B,  3  in. ;  [a)  Avhat  load  would  a  force 
of  35  lb.  applied  at  /^  raise  ?  [b)  What  is  the  velocity  ratio  ? 
(r)  If  the  weight  actually  raised  was  1,932  lb.,  Avhat  is  the 
efficiency?  Ans.  Efficiency  =  80.5^. 

(435)  A  frame  having  the  shape  of  an  equilateral  triangle 
measuring  15  in.  on  each  edge  is  suspended  in  a  horizontal 
position,  weights  of  12,  15, and  18  lb.,  respectively,  being  hung 
from  each  corner.  Where  is  the  point  of  suspension  that  the 
frame  may  remain  horizontal  ?  Solve  graphically,  and 
measure  the  perpendicular  distances  from  the  point  of  suspen- 
sion to  each  edge  of  the  triangle. 

(436)  A  stone  weighing  500  lb.  is  balanced  on  the  edge  of 
the  roof  of  a  building  75  ft.  high;  {a)  what  is  its  potential 
energy  ?  (/;)  If  all  of  its  potential  energy  could  be  changed 
into  kinetic  energy,  without  any  loss  through  friction  or  heat, 
how  many  horsepower  would  be  developed,  on  the  supposition 
that  the  work  was  done  in  the  same  time  that  it  would  take 
the  stone  to  fall  freely  to  the  ground  ?      Ans.  {b)  31.57  H.P. 

(437)  A  cubic  foot  of  a  certain  kind  of  stone  weighs  127 
lb. ;  what  is  its  specific  gravity  ?  Ans.   2.032. 

(438)  The  specific  gravity  of  bismuth  is  9.823;  what  is 
the  Aveight  of  a  cubic  inch  ?  Ans.   .3553  lb. 

(439)  In  the  differential  pulley  shown  in  Fig.  149,  the 
radius  of  the  larger  pulley  is  6^  in.,  and  of  the  smaller  pulley, 
5f  in. ;  what  weight  will  a  force  P  of  GO  lb.  raise  if  the  effi- 
ciency of  the  mechanism  is  48^^  ?  Ans.   499.2  lb. 

(440)  If  a  hammer  whose  head  weighs  l|-lb.,  strikes  a 
nail  with  a  velocity  of  25  ft.  per  second,  driving  it  f  of  an 
inch  into  the  wood,  what  is  the  force  of  the  blow  ? 

Ans.   466.42  lb. 

(441)  If  4  cu.  ft.  of  copper  alloy  weigh  a  ton  (2,000  lb.), 
{a)  what  is  its  specific  gravity  ?  {b)  What  is  the  weight  of  a 
cu.  in.  !•  Ans.   {a)  Sp.  Gr.  8. 

M.  E.    I.— 38 
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(442)  If  the  distance  between  the  center  line  of  the  handle 
and  the  axis  of  the  drum  shown  in  Fig,  143  is  14^  in.,  and 
the  diameter  of  the  drum  is  5  in.,  what  load  will  a  force  of 
30  lb.  exerted  on  the  handle  at  P  raise  ? 

(443)  If  the  coefficient  of  friction  is  .21,  what  force  would 
be  required  to  move  a  body  weighing  75  lb.  ? 

(444)  If  a  man  raises  a  weight  of  900  lb.  150  feet  in  15 
minutes,  by  means  of  a  fixed  and  movable  pulley,  [a)  how 
much  work  has  he  done  ?  {b)  What  part  of  a  horsepower  is 
this  equivalent  to  ?  Ans.    {b)  -^  H.P. 

(445)  In  the  last  example,  what  horsepower  would  the 
man  have  actually  expended  if  the  resistance  due  to  friction 
had  been  36,^^  of  the  load  ?  Ans.  .3709  H.P. 

(44G)  If  a  force  of  18  lb.  is  just  sufficient  to  move  a  weight 
of  88  lb.  along  a  horizontal  plane,  what  is  the  coefficient  of 
friction?  Ans.  .2045. 

(447)  If  3  cu.  ft.  of  a  certain  material  weigh  1,200  lb., 
what  is  its  density  ?  Ans.  12.438. 

(448)  An  iron  plate  rests  upon  four  supports;  upon  it  is 
placed  a  weight  of  125  lb. ;  a  compressed  spring,  placed  under 
the  plate  directly  under  the  center  of  gravity  of  the  plate 
and  weight,  exerts  an  upward  pressure  of  47^  lb.  What  is 
the  pressure  upon  each  support  ?     Neglect  weight  of  plate. 

(449)  Find  the  resultant  of  the 
forces  acting  in  Fig.  2 — all  acting 
towards  the  same  point. 

(450)  The  distance  between 
the  center  line  of  the  handle  and 
the  axis  of  the  drum  in  Fig.  143 
is  12  in.,  and  the  diameter  of  the 
drum  is  \.\  in.  The  free  end  of 
the  rope,  forming  part  of  a  block  fig.  2. 
and    tackle    having    6    pulleys,    is 

wound  up  on  this  drum.  How  great  a  weight  can  be 
lifted  by  the  pulleys  if  a  force  of  30  lb.  is  <;xerted  on  the 
handle  ?  Ans.  960  lb. 
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(451)  {a)  What  is  the  velocity  ratio  in  the  last  example  ? 
(d)  If  the  weight  actually  lifted  by  a  force  of  30  lb,  was 
790  lb.,  what  is  the  efficiency  ?  a        -!  (^)  ^^• 

^"^-  (  {d)  82.29^. 

(-452)  It  is  desired  to  raise  a  weight  by  means  of  a  pulley 
fixed  overhead,  the  free  end  of  the  rope  passing  over  another 
pulley,  fixed  to  the  floor.  If  the  resistance  due  to  friction  is 
24^  of  the  load  lifted,  (a)  what  force  would  be  necessary  to 
raise  a  weight  of  475  lb.  ?  {d)  What  is  the  efficiency  ? 

(  {a)  589  lb. 

(  {d)  80.64^. 

(453)  Explain  your  idea  of  work,  power,  horsepower,  and 
kinetic  energy.  If  a  constant  force  of  6  pounds  can  cause  a 
body  weighing  60  pounds  to  move  a  distance  of  25  feet  in  2-^ 
seconds,  what  is  {a)  the  work  done  ?  (^)  The  power  expended  ? 


HYDROMECHANICS. 

(ARTS.   967-1038.) 


(454)  An  iron  sphere  is  sunk  in  the  ocean  to  a  depth  of 
2  miles.  The  diameter  of  the  sphere  is  20  inches;  what  is 
the  total  pressure  upon  it  ?  Ans.    5,908,971  lb. 

(455)  A  hollow  sphere  weighs  125  pounds  in  air  and  83-1- 
pounds  in  water;  what  is  its  volume  ?      Ans.    1,147.4  cu.  in. 

(456)  What  should  be  the  diameter  of  a  pipe,  2,800  feet 
long,  that  will  discharge  225,000  gallons  of  water  per  hour, 
under  a  head  of  2(5  feet  ?     Calculate  to  the  nearest  inch. 

Ans.    16  in. 

(457)  A  squirt-gun  has  a  hole  in  it  3^^  of  an  inch  in  diame- 
ter. It  is  held  vertically  upwards,  and  a  pressure  of  50  lb. 
is  applied  to  the  piston,  which  is  |-  of  an  inch  in  diameter. 
Neglecting  all  resistances,  (a)  how  high  will  the  water  rise  ? 
(d)  If  held  horizontally  10  ft.  from  the  ground,  what  will 
be  its  range?  .  j  (a)   191.6  ft. 

■    (  (/;)   87.54  ft. 

(458)  A  weir,  whose  top  is  3  ft.  6  in.  below  the  surface  of 
the  water,  is  2  ft.  deep  and  30  in.  broad;  (a)  what  is  the 
actual  mean  velocity  ?  (/;)  What  is  the  discharge  in  cubic  feet 
per  second  ?  {c)  In  gallons  per  hour  ? 

^  (a)   10.44  ft.  per  sec. 
Ans.    }  {d)   52.21  cu.  ft.  per  sec. 

(  (r)   1,405,910.9  gal.  per  hour. 

(459)  A  pipe  12,000  ft.  long  and  7^  in.  in  diameter  dis- 
charges water  under  a  head  of  76  ft.  ;  what  is  the  discharge 
in  gallons  per  minute  ?  Ans.    447.6  gal. 

For  notice  of  the  copyright,  see  page  immediately  following  the  title  page. 
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(4G0)  In  the  last  example,  (a)  what  is  the  velocity  of  dis- 
charge in  feet  per  minute?     (d)  What  is  the  discharge  in 

cubic  feet  per  second  ?  a         i  ^^"^  ^^^"^  ^^'  P^'"  niin. 

I  {/>)   1  cu.  ft.,  nearly. 

(4G1)  An  8-in.  pipe  has  a  hole  in  it  J-  of  an  inch  in  diam- 
eter; what  would  be  the  theoretical  velocity  of  efflux,  if  the 
surface  of  the  water  were  10  ft.  above  the  center  of  the  hole  ? 

Ans.  25.36  ft.  per  sec. 

(462)  What  must  be  the  necessary  head  in  order  that  a 
6^  in.  pipe  1,500  ft.  long  shall  discharge  42,000  gallons  of 
water  per  hour  ?  Ans.  42.48  ft. 

(4G3)  A  vertical  cylinder  having  a  diameter  of  20  in.,  and 
a  length  inside  of  36  in.,  is  filled  with  water.  A  pipe  having 
a  diameter  of  -g-  of  an  inch  is  screwed  into  the  upper  head 
and  fitted  with  a  piston  weighing  10  oz.,  on  Avhich  is  laid  a 
weight  of  25  lb.  If  the  end  of  the  pipe  is  10  ft.  above  the 
level  of  the  water  in  the  cylinder,  (a)  what  is  the  pressure 
per  square  inch  on  the  bottom  of  the  cylinder  ?  (d)  On  the 
top  ?  (c)  What  equivalent  weight  laid  on  the  lower  cylinder 
head  would  replace  the  pressure  it  sustains  ? 

f  (a)  237.75  lb.  per  sq.  in. 
Ans.  ]  {/?)  236.45  lb.  per  sq.  in. 

(  (V)    74,691.54  1b. 

(464)  If,  in  the  last  example,  a  hole  1  inch  in  diameter  be 
drilled  through  the  cylinder  wall  midway  of  its  length,  and 
covered  by  a  flat  plate  in  such  a  manner  that  the  water  can- 
not leak  out,  what  will  be  the  pressure  against  the  plate  ? 

Ans.  186.22  lb. 

(465)  A  piece  of  wood  weighs  11:^  oz.  in  air.  It  is 
attached  to  a  piece  of  marble  weighing  5  lb.  in  air  and  3  lb. 
2  oz.  in  water.  Both,  together,  weigh  2  lb.  9  oz.  in  water. 
(a)  What  is  the  specific  gravity  of  the  wood  ?  (/;)  Of  the 
marble?  .         {{a)  .555. 

^'''-  l{d)  2.667. 

(466)  What  is  the  mean  velocity  of  efflux  from  a  straight 
pipe  4  in.  in  diameter  and  4,000  ft.  long,  under  a  head  of 
120  ft.?  Ans.  5.4  ft.  per  sec. 
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(4G7)  If  the  length  of  the  pipe,  in  the  last  example,  had 
been  2,000  ft.,  what  would  the  mean  velocity  have  been  in 
feet  per  second  ?  Ans.  7.8  ft.  per  sec. 

(4G8)  A  cylinder  fitted  with  a  piston  is  used  as  a  lifting 
cylinder  by  passing  a  rope  over  a  pulley  and  fastening  one 
end  to  the  piston  rod.  The  piston  is  moved  by  means  of 
water  obtained  from  the  city  reservoir,  and  a  gauge  attached 
to  a  pipe  near  the  cylinder  shows  the  pressure  to  be  90  lb. 
per  sq.  in.  The  diameter  of  the  cylinder  is  19  in.,  and  of 
the  pipe  ^  of  an  inch.  If  friction  be  neglected,  (a)  how 
great  a  weight  can  be  raised  ?  (l?)  How  great  a  weight 
could  be  raised  if  the  pipe  were  ^  of  an  inch  in  diameter  ? 

Ans.  {a)  25,517.6  lb. 

(469)  A  10-inch  pipe  5,280  ft.  long  is  required  to  deliver 
water  with  a  velocity  of  8  feet  per  second ;  {a)  what  is  the 
necessary  head  ?  (l?)  What  is  the  discharge  in  gallons  per 
hour?  a  a)  130.73  ft. 

•  ]  (/?)  117,504  gal.  per  hour. 

(470)  What  is  the  actual  velocity  of  •  discharge  from  a 
small,  square-edged  orifice  in  the  side  of  a  vessel,  if  the 
water  at  the  center  of  the  orifice  has  a  pressure  of  30  lb.  per 
sq.  in.?  Ans.  65.34  ft.  per  sec. 

(471)  The  upper  base  of  a  cylinder  submerged  in  water 
is  40  feet  below  the  surface.  The  diameter  of  the  cylinder 
is  20  inches,  the  altitude  is  36  inches,  and  the  bases  are 
parallel.  If  the  bases  are  horizontal,  (a)  what  is  the  upward 
pressure  of  the  water  on  the  cylinder  ?  {d)  The  downward 
pressure?  ^  (a)  5,862.85  lb. 

\{5)  5,453.82  lb. 

(472)  A  bottle  weighs  2  lb.  in  air  and  10  oz.  in  water. 
A  pound  of  sugar  is  put  into  the  bottle,  and  the  bottle  then 
weighs  16  oz.  in  water.  What  is  the  specific  gravity  of  the 
sugar  ?  Ans.  1.6. 

(473)  A  jet  of  water  issues  with  a  velocity  of  33  feet  per 
second;  what  theoretical  head  is  necessary  to  give  it  this 
velocity?  Ans.  16.931  ft. 
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(474)  A  weir  having  a  depth  of  15  in.  and  a  breadth  of 
21  in.  has  its  top  on  a  level  with  the  upper  surface  of  the 
water,  {a)  How  many  gallons  will  it  discharge  per  hour  ? 
{d)  What  is  the  actual  mean  velocity  in  feet  per  second  ? 

Ans    ^^^^   210,551  gal.,  nearly. 
/  (/;)   3.GTG  ft.  per  sec. 

(475)  A  3-in.  pipe  6,000  ft.  long  is  required  to  deliver 
water  at  a  velocity  of  12  ft.  per  sec.  What  head  will  be 
necessary?  Ans.    1,040.37  ft. 

(476)  If  the  weight  of  40  cu.  in.  of  lead  in  air  is  10.4  lb., 
(a)  how  much  will  it  weigh  in  water  ?  (/;)  If  a  piece  weigh- 
ing 2  lb.  be  cut  off,  what  will  be  the  volume  of  the  remain- 
ing portion  ?  j  (rt)  14. 953  lb. 

■   (  (d)   35.122  cu.  in. 

(477)  A  vessel  having  an  elliptical  base  is  filled  with 
water.  The  area  of  the  upper  surface  of  the  water  is  47  sq. 
in.,  and  the  long  and  short  diameters  of  the  base  are  13^  in. 
and  9  in.,  respectively.  If  a  pressure  of  12  lb.  per  sq.  in. 
is  applied  to  the  upper  surface,  and  the  depth  of  the  water 
is  20  in.,  (a)  what  is  the  total  downward  pressure  ?  (/;)  The 
pressure  against  upper  base  ?  a        i  ^^^^  1,214.144  lb. 

•   (  (/;)  504  lb. 

(478)  In  the  last  example,  suppose  that  a  fiat  rectangu- 
lar plate^5  in.  by  8  in.  were  so  placed  on  the  bottom  of  the 
vessel  as  to  make  an  angle  of  53  degrees  with  the  base,  one 
of  the  narrow  edges  resting  upon  the  base,  (a)  What  is 
the  perpendicular  pressure  on  one  side  of  the  plate  ?  {d) 
The  horizontal  pressure  ?     (c)  The  vertical  pressure  ? 

(  {a)  504.314  lb. 
Ans.  ]  (V;)  402.76  Ib.- 
(  {c)  303.5  lb. 

(479)  A  5-in.  pipe  discharges  water  with  a  velocity  of  7.2 
ft.  per  second.  How  many  gallons  will  it  discharge  in  one 
day?  Ans.    634,478  gal,  nearly. 

(480)  A  5^-in.  pipe  discharges  38,000  gallons  of  water 
per  hour;  what  is  the  mean  velocity  in  feet  per  second  ? 

Ans.  8.5526  ft.  per  sec. 
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(481)  A  piece  of  brass  tubing  is  1  ft.  long;  its  inside 
diameter  is  2  in.,  and  its  outside  diameter,  2^  in.  If  its 
weight  in  air  is  6  lb.  5  oz.,  what  is  its  specific  gravity  ? 

Ans.  8.23. 

(482)  If  the  pipe  which  supplies  a  city  hydrant  with 
water  is  6  in.  in  diameter,  and  the  vertical  height  of  the 
reservoir  is  180  ft.  above  the  pipe,  {a)  what  is  the  pressure 
on  a  section  of  the  pipe  1  ft.  in  length  tending  to  separate 
one  half  from  the  other,  due  to  the  head  only  ?  [d)  What  is 
the  pressure  per  sq.  in.  at  the  hydrant  ? 

Ans   ]('')  5,624.64  1b. 

■  i{d)  78.12  lb.  per  sq.  in. 

(483)  A  weir,  whose  top  is  on  a  level  with  the  upper  sur- 
face of  the  water,  is  27  in.  broad  and  36  in.  deep;  {a)  what  is 
the  actual  discharge  in  cubic  feet  per  second  ?  (l?)  What  is 
the  theoretical  discharge  ?  «         {{a)  38.44  cu.  ft. 

"^*  (  (/;)   62. 0  cu.  ft. 

(484)  If  the  surface  of  the  water  in  a  6-in.  pipe  is  45  ft. 
above  the  discharge  orifice,  Vv^hich  is  1|-  in.  in  diameter,  (a) 
what  will  be  the  theoretical  velocity  of  efflux  ?  (l?)  If  the 
upper  surface  of  the  water  sustains  an  additional  pressure  of 
10  lb.  per  sq.  in.,  what  will  be  the  velocity  of  efflux  ? 

Ans   -i  (^)  ^^'^  ^^-  P^^  ^^^• 
*   (  (^)    66.28  ft.  per  sec. 

(485)  What  is  the  discharge  in  gallons  per  second  from  a 
6-in.  pipe,  if  the  mean  velocity  is  7.5  ft.  per  second  ? 

Ans.  11.016  gal.  per  sec. 

(486)  A  hollow  iron  cylinder  is  27  in.  long  over  all;  its 
outside  diameter  is  14  in. ;  inside  diameter,  13  in.,  and  the 
ends  are  ^  of  an  inch  thick.  If  placed  in  water,  will  it  sink 
or  float  ? 

(487)  An  empty  bottle  weighing  1  lb.  5  oz.  is  filled  with 
water,  and  then  weighs  2  lb.  When  filled  with  linseed  oil,  it 
weighs  1  lb.  15.34  oz.  What  is  the  specific  gravity  of  the 
oil  ?  Ans.  .94. 

(488)  What  is  the  velocity  of  discharge  from  a  small 
square-edged   orifice,   if    the    pressure  of  the  water  at   the 
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center  of  the  orifice  is  41  pounds  ])er  square  inch  ? 

Ans.  7(i.39  ft.  j^er  sec. 

(489)  If  in  tlie  last  example  the  discharge  were  through 
a  short  tube  li  in.  in  diameter,  the  head  being  constant, 
{(t)  what  would  be  the  discharge  in  cubic  feet  per  minute  ? 
(/;)  What  would  be  the  theoretical  discharge  ?  (r)  What  is  the 
ratio  between  {(t)  and  (d),  or,  in  other  words,  the  efficiency  ? 

r  [a)  4G.77  cu.  ft. 
Ans.  •!  (/;)    57.39  cu.  ft. 
(  (r)    .815. 

(490)  In  the  last  example,  suppose  that  the  discharge 
had  been  through  a  square-edged  orifice  having  the  same 
area  as  the  short  tube;  (a)  what  would  the  discharge  have 
been  per  second  ?  (d)  The  theoretical  discharge  ?  [c)  The 
efficiency  ?  "       (  (^)  -5883  cu.  ft. 

Ans.  ■!  {I?)   .95G6  cu.  ft. 
/  {c)   .G15. 

(491)  The  base  of  a  vessel  is  an  ellipse  whose  long  and 
short  diameters  are  9  in.  and  5  in.,  respectively,  and  the 
depth  of  the  water  is  G  ft.  ;  {a)  what  is  the  theoretical 
velocity  of  efflux  through  a  2-in.  circular  hole  in  the  bottom 
of  the  vessel  ?  {I?)  What  is  the  pressure  on  the  base  per 
square  inch?  \  (a)  19.722  ft.  per  sec. 

■   i{d)  2.G  lb.  per  sq.  in. 

(492)  A  cross-section  of  the  upper  end  of  a  vessel  filled 
with  water  is  an  ellipse  whose  axes  are  6  in.  and  4  in. ;  the 
lower  end  is  circular  and  has  a  diameter  of  15  in.  ;  the 
depth  of  the  water  in  the  vessel  is  24  in.  ;  what  is  the  total 
pressure  upon  the  base  when  a  weight  of  132  lb.  is  laid  upon 
the  upper  surface?  Ans.    1,390.9  Ih.- 

(493)  A  4-in.  pipe  discharges  12,000  gal.  per  hour;  what 
is  the  velocity  of  discharge  in  feet  j)er  second  ? 

(494)  The  cylinder  of  a  hydraulic  press  is  10  in.  in  diam- 
eter. The  plunger  is  forced  outwards  by  means  of  a  small 
pump  which  supplies  the  press  cylinder  with  w"itcr,  its 
piston  being  4-  in.  in  diameter,  and  its  stroke  H  in.  If  a 
force  of  100  lb.  be  applied  to  the  pump  piston,  (a)  how  great 
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a  force  can  it  exert  on  the  plunger  ?  {b)  What  is  the 
velocity  ratio  between  the  piston  and  the  plunger  ?  {c)  How 
far  does  the  plunger  advance  for  one  stroke  of  the  piston  ? 

(  {a)  40,000  lb. 
Ans.  -j  \b)  400  :  1. 

(  (r)   .00375  in. 
(495)     How  many  gallons  per  minute  will  a  weir  14  in.  by 
20   in.   discharge  if  the  top  of  the  weir  is  9  ft.   below  the 
upper  surface  of  the  liquid,  {a)  when  the  long  side  is  verti- 
cal ?  {b)  When  the  short  side  is  vertical  ? 

Ans    -i  (^)  1^'^^^  g^^- 
'  (  (/;)   13,323  gal. 

(49G)  What  is  the  mean  velocity  for  both  cases  of  the 
last  example  ?  \        S  i^)  15.47  ft.  per  sec. 

\  \b)   15,27  ft.  per  sec. 

(497)  The  weight  necessary  to  sink  a  Nicholson's  hydrom- 
eter to  a  fixed  point  on  the  rod  is  2  lb.  8|-  oz.  The  weight 
necessary  to  sink  the  hydrometer  to  this  point,  when  a  piece 
of  slate  is  in  the  basket,  is  1  lb.  11  oz.,  and  when  the  slate  is 
in  the  upper  pan  12  oz.  ;  {a)  what  is  the  specific  gravity  of 
the  slate  ?     {b)  What  is  its  volume  ? 

Ans.  ](^^)l-9- 

(  {b)   25.92  cu.  in. 

(498)  What  is  the  theoretical  mean  velocity  of  discharge 
through  a  weir  whose  depth  is  3  ft. ,  and  whose  top  is  level 
with  the  upper  surface  of  the  water  ?      Ans.  9.26  ft.  per  sec. 

(499)  The  surface  of  the  water  contained  in  a  vessel  is 
19  ft.  above  the  ground;  {a)  what  is  the  range  of  the  water 
issuing  from  an  orifice  4  ft.  9  in.  from  the  top  ?  [b)  How 
far  below  the  surface  is  the  other  point  of  equal  range  ? 
{c)  What  is  the  greatest  range  ?  A        i  ('^^)   1G.454  ft. 

^^"   (  (/)   19  ft. 

(500)  A  5-in.  pipe  1,300  ft.  long  discharges  water  under 
a  head  of  25  ft.  ;  what  is  the  number  of  gallons  discharged 
per  hour  ?  Ans.  17,350  gal. 

(501)  What  values  of /would  you  use  for  v,,^  =  2.37,  3.19, 
5.8,  7.4,  9.83,  and  11.5,  respectively? 
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(502)  What  would  be  the  total  pressure  on  a  cube,  one 
edge  of  which  measures  10^  in.,  if  sunk  Similes  below  sea- 
level  ?  Ans.   5,443,383  lb. 

(503)  A  spherical  shell  whose  inside  diameter  is  10  in.  is 
filled  with  water,  which  is  subjected  to  a  pressure  of  80  lb. 
per  sq.  in.  What  is  the  pressure  tending  to  separate  one 
half  of  the  sphere  from  its  opposite  half  ?  Neglect  the 
weight  of   the  water  Ans.   22,082  lb. 


PNEUMATICS. 

(ARTS.   1039-1088.) 


(504)  "What  do  you  understand  by  tension  of  gases? 

(505)  A  cylinder  filled  with  compressed  air  supports  a 
column  of  mercury  4  feet  high,  (c?)  What  is  the  tension  of 
the  air  in  pounds  per  square  inch  ?  {Jf)  In  atmospheres  ? 
Take  the  Aveight  of  a  cubic  inch  of  mercury  in  all  cases  as 
.49  pound.  ^^^^   j  {a)  23.52  lb. 

(  {b)   l.G  atmos. 

(506)  By  reason  of  a  partial  vacuum,  a  column  of  water 
19  feet  in  height  is  supported  by  the  atmosphere,  {a)  How 
many  inches  of  vacuum  does  the  gauge  show,  and  {b^  what  is 
the  pressure  above  the  mercury  in  pounds  per  square  inch  ? 

^^A{a)  lG.828in. 

(  {J})   6.454  lb.  per  sq.  in. 

(507)  A  closed  vessel,  fitted  with  a  piston,  contains  coal 
gas  under  a  pressure  of  three  atmospheres.  If  the  piston 
is  so  moved  that  the  volume  is  2|-  times  its  former  volume, 
what  is  the  tension  of  the  gas  in  pounds  per  square  inch  ? 
The  temperature  is  the  same  in  both  cases. 

Ans.   17.64  lb.  per  sq.  in. 

(508)  A  certain  quantity  of  air,  under  a  pressure  of  1| 
atmospheres  and  a  temperature  of  75°,  weighs  7.14  pounds. 
It  is  put  in  an  empty  vessel  in  which  one  cubic  foot  of  air 
weighs  .08  pound,  {a)  What  is  the  new  volume  ?  {U)  The 
temperature,  the  pressure  remaining  the  same  ?  {c)  The 
original  volume  ?  i  [a)  89.25  cu.  ft. 

Ans.  ]  \b)  283.887°. 

(  \c)   G4.188CU.  ft. 

(500)  The  temperature  of  the  discharged  air  of  an  air 
compressor,  the  tension  of  which  is  40  pounds  per  square 

For  notice  of  the  copyright,  see  page  immediately  following  the  title  page. 
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inch,  is  120" ;  when  it  has  cooled  down  to  the  temperature 
of  the  surrounding  air,  which  is  55°,  what  is  its  tension  ? 

Ans.   35.517  lb.  per  sq.  in. 

(510)  What  is  the  weight  of  a  cubic  foot  of  air  at  G0°, 
under  a  pressure  of  one  atmosphere  ?  Ans.  .07G29G  lb. 

(511)  The  total  pressure  upon  a  body  is  175,000  pounds 
per  square  foot;  what  is  the  equivalent  pressure  in  atmos- 
pheres ?  Ans.  82.672  atmos. 

(512)  Three  gases,  oxygen,  hydrogen,  and  nitrogen,  are 
mixed  together  in  a  vessel  containing  40  cubic  feet.  The 
volume  and  tension  of  the  oxygen  are  12  cubic  feet  and  one 
atmosphere,  respectively;  of  the  hydrogen,  10  cubic  feet  and 
two  atmospheres;  of  the  nitrogen,  8  cubic  feet  and  three 
atmospheres.  The  temperature  of  the  separate  gases  and 
of  the  mixture  remaining  the  same  throughout,  what  is  the 
tension  of  the  mixture  ?  Ans.   20.58  lb.  per  sq.  in. 

(513)  In  the  last  example,  suppose  the  volume  of  the 
mixture  is  not  known,  and  that  the  tension  is  required  to  be 
23  pounds  per  square  inch;  what  is  the  volume  of  the 
mixture  ?  Ans.   35.79  cu.  ft. 

(514)  A  balloon  is  filled  with  10,000  cubic  feet  of  hot  air 
at  a  t'emperature  of  280°.  If  the  temperature  of  the  sur- 
rounding air  is  77°,  and  the  weight  of  the  balloon  and 
fixtures  is  100  pounds,  how  great  a  weight  will  it  lift  ?  The 
tension  of  the  hot  air  is  one  atmosphere.         Ans.   102.08  lb. 

(515)  A  vessel  containing  13  cubic  feet  of  air  having  a 
temperature  of  73°  and  a  tension  of  one  atmosphere  is 
j)laced  in  communication  with  another  vessel  containing  18 
cubic  feet  of  air,  at  a  temperature  of  53°  and  a  tension  of  30. 
pounds  per  square  inch.  What  is  the  new  temperature  if 
the  tension  of  the  mixture  is  20  pounds  per  square  inch  ? 

Ans.    -20.65°. 

(516)  What  is  a  vacuum  ?     Illustrate  it. 

(517)  What  pressure  per  square  foot  is  equivalent  to  a 
receiver  pressure  of  J„- of  an  inch  of  mercury  ?    Ans.  1.7641b. 

(518)  A  horizontal  cylinder,  closed  at  one  end  and  open 
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at  the  other,  is  exactly  fitted  with  a  piston  having  a  hole  in 
it  to  allow  the  confined  air  to  escape.  The  length  of  the 
cylinder  is  6  feet,  and  the  diameter  is  40  inches.  The  piston 
weighs  325  pounds,  and  is  moved  inwards  until  the  length 
of  the  space  between  the  cylinder  head  and  the  piston  is  40 
inches,  (a)  How  great  a  force  will  be  necessary  to  pull  the 
piston  out  of  the  cylinder  after  the  hole  has  been  plugged, 
if  the  coefficient  of  friction  is  14^  ?  (d)  To  shove  it  in  until 
the  length  of  the  enclosed  space  is  G  inches  ?  Assume  that 
the  temperature  remains  constant. 

Ans    -l^^')  8.255.55  1b. 
■  (  (Z-)   104,723.6121b. 

(510)  There  are  8.47  cubic  feet  of  air,  under  a  pressure 
of  38  pounds  per  square  inch.  If  4|-  cubic  feet  be  removed, 
what  will  be  the  tension  of  the  remainder,  the  temperature 
remaining  the  same  ?  Ans.   17.812  lb.  per  sq.  in. 

(520)  A  vessel  containing  3  cubic  feet  of  gas  weighing 
.5  pound  under  a  pressure  of  one  atmosphere  has  com- 
pressed into  it  enough  more  of  the  gas  to  make  it  weigh  1 
pound  and  6  ounces;  the  temperature  remaining  the  same, 
what  is  the  new  tension  of  the  gas  in  pounds  per  square 
inch  ?  Ans.   40.425  lb.  per  sq.  in. 

(521)  If  4,516  cubic  inches  of  gas  having  a  temperature 
of  260°  are  cooled  down  to  a  temperature  of  80°,  the  pressure 
remaining  the  same,  what  is  the  volume  ? 

Ans.    1.96  cu.  ft. 

(522)  If  55  cubic  feet  of  air,  under  a  pressure  of  1;^^ 
atmospheres,  have  a  temperature  of  88°,  what  is  the  weight  ? 

Ans.   4.977  lb. 

(523)  Two  vessels,  the  volumes  of  which  are  each  7^ 
cubic  feet,  are  filled  with  air;  the  temperature  is  the  same 
in  both,  but  the  tension  in  one  is  two  atmospheres,  and  in 
the  other  40  pounds  per  square  inch.  If  all  of  the  air  in 
one  vessel  is  compressed  into  the  other,  what  is  the  tension 
of  the  mixture  after  it  has  cooled  down  to  the  original 
temperature?  Ans.   69.4  1b.  per  sq.  in. 
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(524)  A  solid  block  of  wood,  48'  X  30"  X  24",  weighs  in 
air  1,200  pounds;  how  much  will  it  weigh  in  vacuum  ?  The 
temperature  of  the  air  is  G0°.  Ans.   1,201.83  lb. 

(525)  A  double-acting  steam  pump  is  required  to  force 
water  to  a  height  of  127  feet;  the  height  of  the  suction  is 
16  feet.  Allowing  25j^  for  friction,  etc.,  {a)  what  must  be 
the  horsepower  of  a  steam  engine  to  drive  this  pump,  if  the 
diameter  of  the  plunger  is  9  inches,  stroke  12  inches,  and 
number  of  strokes  per  minute  125  ?  (If)  How  many  gallons 
could  be  discharged  per  hour  ?  .         j  (a)  19.942  H:  P. 

■  \{l?)  24,784.3  gal. 

(520)     In  the  last  example,  if  the  pump  is  single-acting, 

and  the  number  of  strokes  per  minute  100,  what  will  be  the 

discharge  in  gallons  per  hour  ?  Ans.   9,914.4  gal. 

(527)  If  you  are  told  that  the  vacuum  gauge  of  a  con- 
denser shows  23  inches  vacuum,  what  do  you  understand 
by  it  ?     What  is  the  pressure  in  the  condenser  ? 

(528)  What  is  a  pressure  of  one  atmosphere  equivalent 
to  in  pounds  per  square  foot  ?        Ans.   2,116.8  lb.  per  sq.  ft. 

(529)  If  the  weight  of  3  cubic  feet  of  air  at  a  certain 
temperature  and  under  a  pressure  of  30  pounds  per  square 
inch  is  .27  pound,  what  is  the  weight  of  1  cubic  foot  under 
a  pressure  of  65  pounds  per  square  inch  and  at  the  same 
temperature?  Ans.   0.195  lb. 

(530)  In  the  last  example,  what  is  the  temperature  of 
the  air?  Ans.   439.6°. 

(531)  What  are  the  absolute  temperatures  corresponding 
to  32°,  212°,  62°,  0°  and  -  40°  ? 

(532)  Three  and  one-half  pounds  of  air,  under  a  pressure 
of  10  atmospheres,  occupy  a  volume  of  4  cubic  feet.  What 
is  the  temperature  ?  Ans.  —  6.583°. 

(533)  Fifteen  cubic  feet  of  oxygen,  having  a  tension  of 
63  pounds  per  square  inch,  and  19  cubic  feet  of  nitrogen, 
having  a  tension  of  three  atmospheres,  are  mixed  together 
in  a  vessel  the  volume  of  which  is  25  cubic  feet.  The  tem- 
perature of  both  gases  and  of  the  mixture  being  the  same, 
what  is  the  tension  of  the  mixture  ?  Ans.   71.316  lb. 
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(534)  One  pound  of  air  has  a  temperature  of  80°  and  a 
volume  of  10  cubic  feet ;  what  is  its  tension  ? 

Ans.   20  lb.  per  sq.  in. 

(535)  If  an  indicator  card  taken  from  a  condensing 
engine  shows  a  pressure  of  12^  pounds  below  the  atmos- 
phere, how  many  inches  of  vacuum  will  the  vacuum  gauge 
show  ? 

(536)  A  vacuum  of  27  inches  will  support  a  column  of 
water  of  what  height  ?  Ans.   30.6  ft. 

(537)  A  certain  vessel  has  a  volume  of  6.7  cubic  feet.  A 
vacuum  gauge  attached  to  it  shows  17^  inches,  {a)  How 
much  air  at  atmospheric  pressure  will  it  be  necessary  to 
admit  to  have  the  vacuum  gauge  show  5  inches  ?  (d)  to 
show  0  inches  ?  Ans.    [a)  2.79|-  cu.  ft. 

(538)  A  certain  vessel  contains  11  cubic  feet  of  gas 
weighing  2.4  pounds.  If  put  in  communication  with  a 
second  vessel  from  which  all  the  air  has  been  removed,  and 
which  has  a  volume  of  25  cubic  feet,  what  will  be  the  weight  of 
a  cubic  foot  of  the  gas,  the  temperature  remaining  constant  ? 

Ans.   ^  lb. 

(539)  The  air  contained  in  a  closed  vessel,  under  a  pres- 
sure of  12  pounds  per  square  inch,  is  heated  from  60°  to 
300° ;  what  is  its  tension  ?  Ans.   17.54  1b. 

(540)  What  is  the  weight  of  a  cubic  foot  of  air  at  212°, 
under  a  pressure  of  one  atmosphere  ?  Ans.   .059039  lb. 

(541)  The  diameter  and  stroke  of  the  piston  of  an  air 
compressor  is  20  inches  and  32  inches,  respectively.  If  the 
discharge  valve  opens  when  the  piston  has  completed  26 
inches  of  its  stroke,  (rt:)  what  is  the  volume  ?  (d)  the  weight? 
(<;)  the  tension  of  the  air  discharged  ?  Take  the  temper- 
ature of  the  outside  air  as  75°,  and  the  temperature  at  dis- 
charge as  125°.  r  {a)  1,884.96  cu.  in.  =  1.0908  cu.  ft 

Ans.  .  (^)  .43143  lb. 

(  (4  85.727  lb.  per  sq.  in. 

(542)  Nineteen  cubic  feet  of  air,  having  a  tension  of  12 
pounds  per  square  inch,  are  mixed  in  a  vessel  which  holds  30 
cubic  feet,  with  21  cubic  feet  of  air  from  another  vessel.     ^ 
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the  tension  of  the  mixture  is  35  pounds  per  square  inch, 
what  was  the  tension  of  the  second  volume  of  gas  ? 

Ans.   39.14  lb.  per  sq.  in. 

(543)  A  vessel  containing  45  cubic  feet  of  air  at  a  tem- 
perature of  60°  and  a  tension  of  13  pounds  per  square  inch 
is  emptied  into  another  vessel  containing  GO  cubic  feet  of  air 
at  a  temperature  of  80°  and  a  tension  of  17  pounds  per 
square  inch.  What  is  the  tension  of  the  mixture  if  its 
temperature  is  72°  ?  Ans.  20.723  lb.  per  sq.  in. 

(544)  What  is  z.  partial  vacuum  ?  If  enough  air  is  ad- 
mitted to  the  vacuum  chamber  to  cause  the  column  of  mer- 
cury to  be  4|-  inches  shorter  than  the  barometer  column, 
how  many  inches  of  vacuum  will  the  gauge  show  ? 

(545)  By  reason  of  a  partial  vacuum,  a  column  of  alcohol 
16  feet  high  is  supported.  How  many  inches  will  the 
vacuum  gauge  show  ?  Ans.  11.337  in. 

(540)     The  stroke  and  diameter  of  the  piston  of  a  blowing 

engine  (one  form  of  an  air  compressor)  are  each  80  inches. 

The  valves  are  so  set  that  they  will  open  for  discharge  when 

the  tension  of  the  compressed  air  becomes  9  pounds  above 

the  atmosphere,      {ci)  At  what  point  of  the  stroke  will  the 

valves  open  ?     {U)  How  many  cubic  feet  of  air  having  this 

tension  will  be  discharged  during  one  stroke  of  the  piston, 

the  temperature  being  constant  throughout  ?  , 

^^g   j  {a)  30.38  in. 

'  ]  {b)  144.34  cu.  ft. 

(547)  A  certain  quantity  of  air  under  a  pressure  of  3^ 
atmospheres  weighs  13  pounds.  After  expanding  under  a 
constant  temperature,  the  weight  of  the  same  volume  is 
only  2  pounds.     What  is  the  tension  of  the  air  ? 

Ans.  7.915  lb.  per  sq.  in. 

(548)  The  stroke  of  the  piston  in  an  air  compressor  is  60 
inches.  When  the  piston  has  traveled  50  inches,  what  is  the 
tension  (the  temperature  at  discharge  being  130°)  of  the 
enclosed  air,  assuming  that  the  delivery  valves  do  not  open 
until  this  point  is  reached  ?  The  original  temperature 
is  00°.  Ans.  100.07  lb.  per  sq.  in. 
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(549)  A  pound  of  air  has  a  temperature  of  127°  and  a 
tension  of  27  pounds  per  square  inch.     What  is  its  volume  ? 

Ans.  8.055  cu.  ft. 

(550)  The  weight  of  a  certain  body  of  air  having  a  ten- 
sion of  4,000  pounds  per  square  foot  and  a  temperature  of 
100°  is  .5  pound.     What  is  its  volume?      Ans.  3.735  cu.  ft. 

(551)  Forty  cubic  feet  of  air  having  a  temperature  of 
100°  and  a  tension  of  90  pounds  per  square  inch  are  mixed 
with  57  cubic  feet  having  a  temperature  of  130°  and  a  ten- 
sion of  80  pounds  per  square  inch.  The  tension  of  the 
mixture  is  120  pounds  per  square  inch  and  the  temperature 
is  110°.      AVhat  is  the  volume  ?  Ans.  07.248  cu.  ft. 

(552)  If  a  bottle  fitted  with  a  rubber  bulb,  as  shown  in 
Fig.  199,  be  filled  with  water  until  the  air  in  the  bulb  oc- 
cupies a  space  of  20  cubic  inches  under  a  tension  of  exactly 
one  atmosphere,  what  will  be  the  difference  between  the 
internal  and  external  pressure  on  the  bottom  of  the  bottle 
after  the  bulb  is  squeezed  until  the  space  is  only  ^  of  the 
original  volume  ?  The  opening  of  the  neck  of  the  bulb  is 
^  oi  a.  square  inch,  the  bottom  of  the  bottle  is  3  inches  in 
diameter,  and  the  depth  of  the  water  is  12  inches. 

Ans.   314.793  lb. 

(553)  Four  cubic  feet  of  air  is  heated  under  a  constant 
pressure  from  40°  to  115°.     What  is  the  resulting  volume  ? 

Ans.   4.6  cu.  ft. 
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(554)  If  two  pounds  of  a  certain  substance  and  one  pound 
of  water  are  heated  under  exactly  the  same  conditions  from 
60°  to  170°,  and  it  takes  55  minutes  to  heat  the  substance 
to  this  point  and  9  hours  and  25  minutes  to  heat  the  water 
to  the  same  point,  what  is  the  specific  heat  of  the  substance  ? 

Ans.   .04807. 

(555)  A  steel  piston  is  bored  to  a  diameter  of  3.9985 
inches  to  receive  a  steel  rod  4  inches  in  diameter.  To  what 
temperature  must  the  piston  be  heated,  assuming  its  orig- 
inal temperature  to  be  80°,  and  the  diameter  of  its  bore 
after  heating  to  be  4.001  inches,  to  allow  the  rod  to  enter 
freely?  Ans.  184.4°. 

(556)  If  the  whole  piston  was  raised  to  the  same  tempera- 
ture as  the  bore,  and  its  weight  was  360  pounds,  {a)  how 
many  units  of  heat  were  required,  assuming  a  loss  of  12fo  by 
radiation,  etc.?  (d)  How  many  foot-pounds  of  work  is  this 
equivalent  to?  A        i  ^"^^  •i,9'^5.6  B.  T.  U. 

•  I  (/;)  3,871,017  ft.-lb. 

(557)  The  stroke  of  the  piston  of  an  air  compressor  is  80 
inches,  and  its  cylinder  is  80  inches  in  diameter.  If  the  air 
be  compressed  isothermally  to  a  pressure  of  120  pounds  per 
square  inch,  (a)  what  will  be  the  volume  discharged,  and  (l?) 
how  much  work  will  be  required  ? 

j  (a)  28.507  cu.  ft. 
■  l{d)  1,034,289  ft.-lb. 

(558)  In  the  last  example,  if  the  air  had  been  compressed 
adiabatically  to  the  same  pressure,  (a)  what  would  have  been 
the  volume  discharged,  and  (d)  what  work  would  have  been 
required  ?  (  (a)  52. 494  cu.  ft. 

i{d)  1,011,317  ft.-lb. 

For  notice  of  copyright,  see  page  immediately  following  the  title  page. 
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(550)  (a)  What  is  sensible  heat  ?  (d)  What  is  the  specific 
heat  for  constant  volume  ? 

(500)  Change  (a)  2,917°  C,  (d)  637°  C,  and  {c)  -  200°  C. 
into  their  corresponding  Fahrenheit  temperatures. 

f  {a)  5,282.6°. 

Ans.  ]  (/»)   1,178.0°. 

(  (r)      -430°. 

(501)  How  many  units  of  heat  would  be  required  to 
vaporize  12  pounds  of  solid  mercury  having  a  temperature 
of  —  50°  ?  Use  the  same  value  for  the  specific  heat  of  solid 
mercury  as  given  in  the  table  for  liquid  mercury. 

Ans.  2,229.505  B.  T.  U. 

(502)  What  is  the  weight  of  100  cubic  feet  of  hydrogen 
gas  having  a  temperature  of  80°  and  a  tension  of  18  pounds 
per  square  inch  ?  Ans.  .6231  lb. 

(563)  How  many  B.  T.  U.  will  be  required  to  raise  7 
pounds  5  ounces  of  copper  to  its  melting  point  from  a  tem- 
perature of  78°  ?  Ans.  1,406.13  B.  T.  U. 

(504)  If  2^  pounds  of  lead  having  a  temperature  of  40° 
be  mixed  with  4  pounds  of  water  having  a  temperature  of 
65°  in  a  cast  iron  vessel  whose  weight  is  If  pounds  and 
temperature  02°,  what  will  be  the  temperature  of  the 
mixture  ?  Ans.  64.43°. 

(565)  A  wrought  iron  bar  4  inches  square  and  20  inches 
long  is  heated  1,200°;  {a)  what  is  its  cubical  expansion  ?  {d) 
its  linear  expansion  ?  {c)  How  much  larger  will  the  area  of 
a  cross-section  he?  f  (a)  7.903  cu.  in. 

Ans.  •!  {d)  .16404  in. 

(  (c)   .2034  sq.  in. 

(566)  If  10  pounds  of  nitrogen  gas  having  a  tension  of 
61  pounds  per  square  inch  occupy  a  volume  of  73  cubic 
feet,  what  is  its  temperature  ?  Ans.  707.45''. 

(567)  Why  are  light  clothes  cooler  than  dark  ones? 

(568)  In  order  to  find  the  temperature  of  a  stove  fire,  a 
piece  of  cast  iron  weighing  1  pound  is  placed  in  it.  A 
copper  vessel  weighing  1^  pounds  is  partly  filled  with  3^ 
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pounds  of  water,  the  temperature  of  both  being  85°.     After 
the  cast  iron  piece  has  been  placed  in  the  vessel  of  water, 


Fig.  3. 


Fig.  4. 


the  temperature  of  the  mixture  is  found  to  be  128°;  what 
was  the  temperature  of  the  fire?  Ans.  1,252°. 
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(509)  Construct  a  curve  similar  to  the  one  shown  in  Fig. 
223  by  calculating  the  ordinates.  Take  the  initial  pressure 
as  84  pounds  per  square  inch,  and  the  final  pressure  as  14 
pounds.  . 

(570)  Under  the  conditions  of  the  last  example,  calculate 
the  work  done  by  the  air  while  expanding. 

Ans.  21,673  ft.  lb. 

(571)  What  are  the  absolute  temperatures  corresponding 
to  {a)  96°  F.?  (d)  32°  C?  {c)  180°  C.  ?  (d)  650°  F.?  (r) 
-  40°  C.  ? 

(572)  If  7  pounds  of  ice  at  20°  are  converted  into  steam 
at  212°  in  43  minutes,  what  is  the  equivalent  horsepower  of 
heat  energy  expended  ?  Ans.  4.971  H.  P. 

(573)  One  cubic  foot  of  air  at  atmospheric  pressure  is 
compressed  adiabatically  4  times;  that  is  to  say,  the  volume 
after  compression  is  only  ^  that  before  compression;  what 
work  was  necessary  to  compress  this  air? 

Ans.  3,953.28  ft.  lb. 

(574)  Calculate  by  the  method  mentioned  in  connection 
with  Fig.  225  the  mean  ordinate  of  Fig.  3,  and  mark  it  in 
the  figure. 

(575)  Calculate  in  a  similar  way  the  area  of  Fig.  4, 
using  A  B  as  the  line  from  which  to  draw  the  ordinates. 

(576)  Four  pounds  of  oil  of  turpentine  at  80°  are  mixed 
with  a  certain  quantity  of  water  at  73°  in  a  brass  vessel  of 
the  same  temperature  weighing  one-half  a  pound.  The 
temperature  of  the  mixture  being  75.61°,  Avhat  is  the  weight 
of  the  water  ?  Ans.  2.819  lb. 

(577)  Illustrate  your  idea  of  latent  heat,  specific  heat, 
inner  work,  and  outer  work. 

(578)  A  cannon  ball  weighing  120  pounds  is  fired  with  a 
velocity  of  1,200  feet  per  second.  If  15^  of  its  kinetic 
energy  on  leaving  the  cannon  is  converted  into  heat  on 
striking  the  target,  how  many  heat  units  is  this  equivalent  to  ? 

Ans.  517.975  B.  T.  U. 

(579)  What  do  you  understand  by  the  terms:  {a)  Hot 
body  ?  (d)  Cold  body  ?  (c)  Heat  unit  ? 
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(580)  A  tin  vessel  weighing  1:^  pounds  contains  30  ounces 
of  water;  the  temperature  of  both  is  91°.  Into  this  is  placed 
5  pounds  of  lead  ore  having  a  temperature  of  40°.  If  the 
temperature  of  the  mixture  is  86°,  what  is  the  specific  heat 
of  the  ore  ?  Ans.  .0423. 

(581)  A  hot  air  engine  receives  air  at  a  temperature  of 
450°,  and  exhausts  it  at  70°;  what  is  its  ideal  maximum 
efficiency  ? 

(582)  What  is  the  weight  of  700  cubic  feet  of  hydrogen 
having  a  temperature  of  200°  and  a  tension  of  20  pounds  per 
square  inch  ? 

(583)  (a)  Name  the  kinds  of  thermometers  in  general  use. 
(d)  Reduce  44°  R.  to  the  corresponding  Centigrade  tempera- 
ture; (c)  to  the  corresponding  Fahrenheit  temperature. 

i  {c)  131°  F. 

(584)  If  a  pound  of  air  at  atmospheric  pressure,  and 
having  a  temperature  of  60°,  be  compressed  adiabatically 
until  its  tension  is  235  pounds  per  square  inch,  what  will  be 
its  new  volume  and  temperature  ?  A        i  1-8356  cu.  ft. 

"^*   (  704.2°. 

(585)  {a)  In  what  three  ways  may  a  body  be  considered  to 
expand  ?  {3)  To  which  of  these  three  ways  does  the  expan- 
sion of  a  gas  correspond  ?     (r)  What  is  absolute  temperature  ? 

(586)  A  hollow  copper  cylinder  is  heated  by  the  applica- 
tion of  7,000  B.  T.  U.  If  its  outside  diameter  is  10  inches, 
inside  diameter  9:^  inches,  and  length  6  feet,  (a)  what  will  be 
its  linear  expansion  ?     (d)  Its  cubical  expansion  ?     (c)  How 

much  larger  will  its  outside  diameter  be  ? 

f  (a)  .195  in. 

Ans.  ■)  [d)  6.63  cu.  in. 

(  (c)   .027  in. 

(587)  Twelve  cubic  feet  of  gas  are  heated  from  65°  to 
390° ;  what  is  the  increase  in  volume,  the  pressure  remaining 
constant  ?  Ans.   7.428  cu.  ft. 

(588)  If  a  piece  of  cast  iron  weighing  75  lb.  be  drawn 
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back  and  forth  over  another  piece  of  cast  iron,  3  feet  each 
way,  at  the  rate  of  20  times  a  minute,  how  many  heat  units 
will  be  developed  in  one  hour,  assuming  a  coefficient  of 
friction  of  .18?  Ans.  83.29  B.   T.  U. 

(589)  One-half  a  pound  of  air  occupies  a  space  of  .9  of  a 
cubic  foot,  and  expands  adiabatically  until  its  volume  is  4^ 
times  as  large.  If  the  initial  temperature  is  150°,  {a)  what 
is  the  final  temperature  ?  {d)  The  initial  pressure  ?  {c)  The 
final  pressure  ?  (  (^)   —  130.70°. 

Ans.  <  (d)   125. 5G5  lb.  per  sq.  in. 
(  [c)    15.06  lb.  per  sq.  in. 

(590)  A  solid  zinc  sphere  12  inches  in  diameter  is  placed 
in  8  pounds  of  boiling  water.  If  the  original  temperature  of 
the  sphere  was  70°,  what  is  its  increase  in  volume  ? 

Ans,   1.71  cu.  in. 

(591)  How  much  would  a  steel  wire  rope  900  feet  long 
shorten,  if  cooled  from  90°  to  28°  ?  Ans.  4.01  in. 

(592)  If  it  takes  5  heat  units  to  raise  the  temperature  of 
a  certain  body  weighing  26  pounds  1°,  what  is  its  specific 
heat?  Ans.  .1923. 

(593)  Draw  an  isothermal  expansion  curve  by  the  method 
shown  in  Fig.  227,  and  calculate  the  work  done.  Choose 
your  own  dimensions,  volumes,  and  pressures. 

(594)  {a)  What  equivalent  work  would  represent  the 
melting  of  13  pounds  of  sulphur  from  a  temperature  of  40°  ? 
{d)  If  done  in  10  minutes,  what  would  be  the  equivalent 
horsepower?  A„g   j  (^)  519,956.5ft.  lb. 

*  i  [b)  1.5756  H.  P. 

(595)  Three  pounds  of  gaseous  turpentine  at  its  temper- 
ature of  vaporization  are  mixed  with  4  pounds  of  water  at 
75° ;  what  is  the  temperature  of  the  mixture  ?     Ans.  203.  ll''. 

(596)  What  equivalent  work  would  represent  the  raising 
of  25  pounds  of  lead  at  46°  to  a  temperature  of  800°  ? 

Ans.  678,353.76  ft.  lb. 

(597)  Eleven  and  one-half  pounds  of  cast  iron  at  180°,  43 
pounds  of  brass  at  240°,  10  pounds  of  ice  at  10°,  and  50  pounds 
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of  water  at  120°  are  mixed  together  in  a  lead  vessel  weigh- 
ing 20  pounds,  and  having  a  temperature  of  80°.  The  ice 
is  added  last;  what  is  the  temperature  of  the  mixture  ? 

Ans.   91.55°. 

(598)  If  3  cubic  feet  of  air  whose  tension  is  140  pounds 
per  square  inch  expand  adiabatically  to  IG  cubic  feet,  what 
would  be  (a)  the  area  ?  {/>)  The  mean  ordinate  ?  [c)  The 
mean  pressure  of  a  space  corresponding  to  A  £  jF  L,  in  Fig. 
229,  Art.  1164,  drawn  to  the  same  scale?  Obtain  your 
result  by  calculation  only.  r  {a)  25.434  sq.  in. 

Ans.  ]  (/;)  1.9565  in. 

(  (r)   39.131b.  persq.  in. 

(599)  Change  (a)  -  10°  F.,  (/;)  25°  F.,  and  {c)  2,200°  F. 
into  the  corresponding  Centigrade  readings. 

(  (a)  -  231°  C. 
Ans.  ]  {b)  -  31°  C. 
(  \c)  l,204f°  C. 

(600)  Sketch  a  diagram  illustrating  a  reversible  cycle 
process,  and  explain  in  your  own  language  what  it  means. 

(601)  What  work  is  necessary  to  compress  10  cubic  feet 
of  air  isothermally,  from  15  pounds  per  square  inch  tension 
to  85  pounds  per  square  inch  ?  Ans.   37,467.74  ft.  lb. 

(602)  If  the  indicated  horsepower  of  a  steam  engine  is 
520,  to  how  many  heat  units  per  hour  would  this  work  be 
equivalent?  Ans.   1,323,393.31  B.  T.  U. 

(603)  Four  pounds  of  melted  zinc  at  the  temperature  of 
fusion  are  mixed  with  10  pounds  of  water  having  a  tem- 
perature of  60°.  If  the  temperature  of  the  mixture  is  102^°, 
what  is  the  latent  heat  of  fusion  of  the  zinc  ?  Neglect  the 
effect  of  the  vessel  containing  the  mixture.  Ans.   50.61. 

(604)  {a)  In  what  ways  may  heat  be  propagated  from  one 
body  to  another  ?  {b)  What  is  meant  by  convection,  and 
how  does  it  differ  from  conduction  ? 

(605)  Define  {a)  good  conductors;  {b)  bad  conductors; 
{c}  non-conductors. 
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(GOG)  What  is  your  idea  of  the  reason  that  radiant  heat 
is  transmitted  in  a  vacuum  ? 

(G07)     {a)  Change  798  B.  T.  U.  to  calories.      {I?)  Change 

40  calories  to  B.  T.  U.  a         i  (^)  201.515  calories. 

Ans.  i  ; , ' 

(  ((^)    158.4  B.  T.  U. 

(G08)  How  many  foot-pounds  of  work  are  equivalent 
to  the  heat  required  to  raise  the  temperature  of  7.G8  cu.  ft. 
of  oxygen  gas,  having  a  tension  of  18  lb.  per  sq.  in.,  from 
40°  to  41G°  (a)  when  the  volume  is  constant  ?  {d)  AVhen  the 
pressure  is  constant  ?  .         \  (a)  37,379  ft.  lb.,  nearly. 

"^"  (  (^)   52,429  ft.  lb.,  nearly. 

(G09)     Name  the  different  sources  of  heat. 
(GIO)     {a)  Explain    your   idea  of   isothermal    expansion; 
(^)  of  adiabatic  expansion. 

(611)  If  3.72  cu.  ft.  of  air  are  compressed  to  a  volume  of 
1.2  cu.  ft.,  what  is  the  resulting  temperature,  the  original 
temperature  being  G8°  ?  Ans.   380°,  nearly. 

(612)  State  the  first  and  second  laws  of  thermodynamics. 

(613)  An  air  compressor  has  a  stroke  of  48".     Assuming 

the  discharge  valves  to  open  when  the  piston  has  completed 

38"  of  the  stroke,  what  is  the  tension  and  temperature  of 

the  air  at  discharge  ?     Take  the  original  temperature  as  40° 

and  assume  the  compression  to  be  adiabatic. 

A         J  Tension  =  134.24  lb.  per  sq.  in 
Ans.  "( 

(  Temperature  =  491  ,  nearly. 
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